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ADVERTISEMENT. 


The  Committee  appointed  by  the  Roijal  Society  to  direct  the  publication  of  tlie 
Philosophical  Transactions  take  this  opportunity  to  acquaint  the  public  that  it  frilly 
appears,  as  well  from  the  Council-books  and  Journals  of  the  Society  as  from  repeated 
declarations  which  have  been  made  in  several  former  T’ramsactions,  that  the  printing  of 
them  was  always,  from  time  to  time,  the  single  act  of  the  respective  Secretaries  till 
the  Forty-seventh  Volume ;  the  Society,  as  a  Body,  never  interesting  themselves  any 
further  in  their  publication  than  by  occasionally  recommending  the  revival  of  them  to 
some  of  their  Secretaries,  when,  from  the  particular  circumstances  of  their  alfairs,  the 
Transactions  had  happened  for  any  length  of  time  to  be  intermitted.  And  this  seems 
principally  to  have  been  done  with  a  view  to  satisfy  the  public  that  their  usual 
meetings  w^ere  then  continued,  for  the  improvement  of  knowledge  and  benefit  of 
mankind  :  the  great  ends  of  their  first  institution  by  the  Royal  Charters,  and  which 
they  have  ever  since  steadily  pursued. 

But  the  Society  being  of  late  years  greatly  enlarged,  and  their  communications  more 
numerous,  it  was  thought  advisable  that  a  Committee  of  their  members  sliould  be 
appointed  to  reconsider  the  papei’s  read  before  them,  and  select  out  of  them  such  as 
they  should  judge  most  proper  for  publication  in  the  future  'Transactions ;  which  was 
accordingly  done  upon  the  26th  of  March,  1752.  And  the  grounds  of  their  choice  are, 
and  will  continue  to  be,  the  importance  and  singularity  of  the  subjects,  or  the 
advantageous  manner  of  treating  them  ;  without  pretending  to  answer  for  the 
certainty  of  the  facts,  or  propriety  of  the  reasonings  contained  in  the  several  papers 
so  published,  which  must  stdl  rest  on  the  credit  or  judgment  of  their  respective 
authors. 

It  is  likewise  necessary  on  this  occasion  to  remark,  that  it  is  an  established  rule  of 
the  Society,  to  which  they  will  always  adhere,  never  to  give  their  opinion,  as  a  Body, 
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upon  any  subject,  either  of  Nature  or  Art,  that  comes  before  them.  And  therefore  the 
thanks,  which  are  frequently  proposed  from  the  Chair,  to  be  given  to  the  authors  of 
such  papers  as  are  read  at  their  accustomed  meetings,  or  to  the  persons  through  whose 
hands  tliey  received  them,  are  to  be  considered  in  no  other  light  than  as  a  matter  of 
civility,  in  return  for  the  respect  shown  to  the  Society  by  those  commmiications.  The 
like  also  is  to  be  said  with  regard  to  the  several  projects,  inventions,  and  curiosities  of 
various  kinds,  which  are  often  exhibited  to  the  Society ;  the  authors  whereof,  or  those 
who  exhibit  them,  frequently  take  the  liberty  to  report,  and  even  to  certify  in  the 
public  newspapers,  that  they  have  met  with  the  highest  applause  and  approbation. 
And  therefore  it  is  hoped  that  no  regard  will  hereafter  be  paid  to  such  reports  and 
public  notices ;  which  in  some  instances  have  been  too  lightly  credited,  to  the 
dishonour  of  the  Society. 
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PHILOSOPHICAL  TRANSACTIONS. 


I.  On  the  Tempering  of  Iron  Hardened  hij  Overstrain.^ 

By  James  Muir,  B.Sc.,  B.A.,  Trinity  College,  Cambridge  (1851  Exhibition  Research 

Scholar,  Glasgow  University). 

Communicated  by  Professor  Ewing,  F.  R.S. 

Received  July  11, — Read  December  6,  1900. 


[Plate  1.] 

It  is  well  known  that  iron  hardened  by  overstrain — for  example,  by  permanent 
stretching — may  have  its  original  properties  restored  again  by  annealing,  that  is,  by 
heating  it  above  a  definite  high  temperature  and  allowing  it  to  cool  slowly. 
Experiments  to  be  described  in  this  paper,  however,  show  that  if  iron  hardened  by 
overstrain  be  raised  to  any  temperature  above  about  300°  C.,  it  may  be  partially 
softened  in  a  manner  analogous  to  the  ordinary  tempei'ing  or  “  letting  down  ”  of  steel 
which  has  been  hardened  by  quenching  from  a  red  heat.  This  tempering  from  a 
condition  of  hardness  induced  by  overstrain,  unlike  ordinary  tempering,  is  applicable 
not  only  to  steel  but  also  to  wrought  iron,  and  possibly  to  other  materials  which  can 
be  hardened  by  overstrain  and  softened  by  annealing. 

The  experiments  about  to  be  described  were  all  carried  out  on  rods  of  iron  or  steel 
about  fths  of  an  inch  in  diameter  and  11  inches  long,  the  elastic  condition  of  the 
material  being  in  all  cases  determined  by  means  of  tension  tests.  The  straining  and 
testing  were  performed  by  means  of  the  50-ton  single-lever  hydraulic  testing  machine 
of  the  Cambridge  Engineering  Laboratory,  and  the  small  strains  of  extension  were 
measured  by  an  extensometer  of  Professor  Ewing’s  design,  which  gave  the  extension 
on  a  4-inch  length  of  the  specimen  to  the  rooVoof^  of  an  inch.  This  instrument, 
which  is  shown  attached  to  a  specimen  in  the  following  illustration,  is  of  a  design 

*  The  work  described  in  this  paper  was  a  continuation  of  that  already  described  in  a  paper  by  the 
present  author,  “On  the  Recovery  of  Iron  from  Overstrain,”  ‘Phil.  Trans.,’  A,  vol.  193,  1899. 
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slightly  modified  from  that  of  the  larger  extensometer  folly  described  by  Professor 
Ewing  in  a  paper  “  On  iNIeasurements  of  Small  Strains  in  the  Testing  of  Materials 
and  Structures.”"^ 

For  the  purposes  of  tempering  and  annealing  a  gas  furnace  was  employed,  2  feet  in 
length.  This  furnace  (manufactured  by  Fletcher,  PtUSSELL,  and  C.'o.,  Warrington) 
is  heated  by  means  of  a  series  of  inclined  bunsens  entirely  detached  from  the  fire-clay 
portion  of  the  furnace,  so  that  regulation  can  be  effected  not  only  by  altering  the  gas 
supply,  but  also  by  moving  the  bunsens  nearer  to  or  further  from  the  orifices  into 


4-iiich  Extensometer. 


which  they  play.  The  specimens  were  protected  from  direct  contact  with  the  flame 
by  enclosing  them  in  a  thick  porcelain  tube.  The  temperature  inside  this  tidie  was 
measured  by  means  of  a  Callkndar’s  direct-reading  platinum-resistance  pyrometer,  t 
To  ensure  that  the  temperature  recorded  b}"  the  pyrometer  was  as  accurately  as 
})ossihle  that  assumed  by  the  specimen,  readings  were  taken  for  both  ends  of  the 
furnace,  the  specimen  being  moved  from  one  end  to  the  other  to  allow  of  the  insertion 
of  the  pyrometer  tube.  In  this  reversal  of  positions  the  pyrometer  tube  in  passing- 
through  the  air  was  slightly  cooled,  so  that  the  temjieratures  recorded  immediaely 
after  a  change  of  ])ositions  were  somewhat  low.  The  following  series  of  pyrometer 
readings  is  given  by  way  of  illustration  : — 

*  ‘Roy.  Soc.  Proc.,’  vol.  58,  April,  1895. 

t  “On  the  Construction  of  Rlatinum  Thermometers,”  ‘Phil.  M<ag.,’  Jufv,  1891  ;  “On  Platinum  Ther¬ 
mometry,”  ‘Phil.  xMag.,’  February,  1899.  The  instrument  referred  to  above  ^vas  made  by  the  Cambridge 
Scientific  Instrument  Company,  Limited. 
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Position  of  the  Pyrometer. 

Times  in 
minutes. 

Pyrometer 

readings. 

Pyrometer  on  the  right  ... 

0 

562°  C. 

5)  ,,  ...  ... 

2 

582 

— 

3 

592 

— 

55  55  55 

4 

599 

Bunsens  slightly  removed. 

Pyrometer  on  the  left 

k 

574°  C. 

_ 

55  55  55 

8 

580 

- - 

10 

584 

Bunsens  slightly  closer  on  the  left. 

55  55  55 

12 

595 

Pyrometer  on  the  right  ... 

13 

597°  C. 

55  55  55 

14 

605 

Bunsens  slightly  removed. 

55  55  55 

15 

605 

— 

Pyrometer  on  the  left 

16 

598°  C. 

5  5  5  5  5  5  •  •  •  •  •  • 

17 

607 

Gas  supply  turned  oft‘. 

55  55  55 

18 

604 

— 

From  tlie  above  series  of  readings  tlie  specimen  in  tlie  furnace  would  Ije  said  to 
have  been  heated  to  605°  C. 


Preliminarij  Examination  of  the  JSLaterial  in  the  State  as  siijoified. 

The  elastic  properties  of  the  materials  to  be  employed  were  examined  not  only  in 
the  usual  fasliion  Ijy  breaking  a  specimen  in  the  testing  machine,  and  recording  the 
breaking  load  and  the  ultimate  elongation,  but  also  in  a  manner  which  has  already 
been  described  in  a  paper  by  the  present  author  on  the  recovery  of  iron  from 
overstrain.^  Diagram  No.  1  of  the  present  ])aper  illustrates  this  method  of 
examination,  the  material  examined  being  a  rod  of  steel  ratlier  under  half  an  inch  in 
diameter. 

A  specimen  about  a  foot  long  was  cut  from  this  rod,  and  was  turned  down  in  the 
centre  for  a  length  of  5  inches  to  a  diameter  just  over  fths  of  an  inch.  Sufficient 
length  was  left  unturned  at  each  end  to  enable  the  specimen  to  be  securely  gripped  in 
the  jaws  of  the  testing  machine.  The  diameter  of  the  turned  portion  of  the  specimen 
was  then  accurately  measured  ;  a  4-inch  length  was  marked  off  by  means  of  a 
marking  instrument  of  Professor  Ewixg’s  design  ;  the  extensometer  was  attached  to 
this  4-inch  length,  the  specimen  was  put  into  the  testing  machine,  and  load  was 
applied.  Extensometer  readings  were  taken  after  the  addition  of  every  ton  per 

*  The  diagram  in  ‘Phil.  Trans.,’  A,  vol.  195,  p.  31,  1899,  shows  this  method  of  examining  iron  and 
steel. 
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sq.  inch  of  load  until  higher  stresses  were  obtained,  and  then  readings  were  taken 
after  every  half  ton,  and  while  each  half  ton  was  being  slowly  added  the  eye  was 
kept  at  the  microscope  of  the  extensometer  in  oi'der  to  detect  as  accurately  as  possible 
the  load  at  which  large  plastic  yielding  commenced.  Curve  No.  1,  Diagram  1  (p.  6), 
shows  that  such  yielding  began  at  tlie  high  load  of  38  tons  per  sq.  inch,  a  well- 
defined  yield-point  being  obtained  at  that  stress. 

In  plotting  the  curves  of  the  j^resent  exanqjle  and  of  all  other  diagrams  in  this  paper, 
tlie  method  of  “  shearing  back  ”  the  curves,  which  was  adopted  on  Professor  Ewixg’s 
suggestion  in  the  author's  previous  paper  on  Recovery  from  Overstrain,  has  again  been 
employed."^  This  method  consists  in  diminishing  all  extensions  before  jdotting  by  an 
amount  proportional  to  the  loads  producing  them.  By  this  means  curves  which 
would  otherwise  stretch  far  across  the  paper  in  the  direction  of  extensions  are  brought 
more  nearly  into  an  upright  position,  so  that  a  large  scale  for  the  measurement  of 
extensions  may  he  retained  without  an  inconvenient  amount  of  sj^ace  being  occupied. 
All  the  curves  in  this  paper  have  been  “sheared  hack”  by  the  same  amount; 

of  an  inch  have  been  deducted  from  the  extension  of  a  4-inch  length 
for  every  4  tons  of  stress.  For  example,  the  extensometer  readings  for  Curve  1, 
Diagram  1,  corresponding  to  the  stresses  of  4,  8,  and  12  tons  per  sq.  inch,  were  120, 
240,  and  362  respectively.  The  numbers  actually  plotted  were  10,  20,  and  32. 

It  should  be  remarked  that  in  all  the  diagrams  of  this  paper,  the  origin  for  the 
measurement  of  extensions  has  been  displaced  by  an  arbitrary  amount  between  each 
curve  and  the  next  in  the  series.  This  was  merely  to  keep  the  various  curves  distinct, 
and  to  facilitate  comparison. 

The  yielding  which  is  shown  by  Curve  No.  1,  Diagram  1,  to  have  begun  at  the 
stress  of  38  tons  per  sq.  inch  soon  became  very  rajDid  under  this  stress.  The  load  was 
therefore  slightly  reduced!  until  a  rate  of  extension  convenient  for  observation  was 
obtained,  and  it  was  then  found  that  the  stretching  continued  at  a  more  or  less 
constant  speed  (the  lever  of  the  testing  machine  being  kept  floating)  for  a  consider¬ 
able  time,  and  then  abruptly  stopped  ;  or,  to  he  more  accurate,  rapid  extension  then 
abruptly  changed  into  very  slow  creeping.  The  replacement  of  the  full  load  of 
38  tons  was  found  to  produce  comparatively  little  further  extension. 

Th  is  yielding  which  takes  jdace  at  the  yield-point  does  not  occur  simultaneously 
throughout  the  length  of  the  specimen.  The  material  at  some  point  in  the  bar 
yields  and  the  yielding  is  ol)served  to  spread.  The  yielding  at  any  point  increases 
the  intensity  of  tlie  stress  at  nelghhourlng  points  of  the  bar,  so  that  adjacent 
portions  of  material  3deld,  and  the  action  is  transmitted  piecemeal  throughout  the 
whole  length  of  the  specimen.  With  unturned  material  the  progress  of  this 
yielding  can  he  observed  in  the  skin  of  oxide  cracking  and  springing  off  as  the 

*  In  ‘Phil.  Trans.,’  A,  vol.  193,  p.  12,  1899,  a  full  account  of  “shearing  hack”  is  to  be  found. 

t  With  Lowmoor  iron  it  was  found  that  the  load  at  the  yield-point  eould  sometimes  be  i  educed  by 
almost  two  tons/in-  without  causing  the  yielding  at  the  yield-point  to  eease. 


HARDENED  BY  OVERSTRAIN. 


5 


action  travels  along  the  bar.^  It  was  usually  found  with  unturned  specimens  that 
the  yielding  started  in  the  grips  of  the  testing  machine,  and  spread  upwards  or 
downwards  as  the  case  might  be.  Sometimes  yielding  was  observed  to  begin  at  both 
ends  and  to  travel  towards  the  centre  of  the  bar. 

The  amount  of  stretching  which  occurred  at  the  yield-point  shown  in  Curve  1, 
Diagram  1  was  very  considerable,  the  specimen  having  been  given  a  permanent 
extension  of  0'13  of  an  inch  on  a  4 -inch  length.  The  horizontal  part  of  Curve  No.  1 
would  thus  require  to  be  continued  for  over  8  feet  in  order  to  represent  this  yielding 
to  the  scale  employed  in  the  diagram. 

After  Curve  No.  1  had  been  determined  and  the  load  removed,  the  reduced 
diameter  of  the  specimen  was  measured  and  the  new  area  of  section  was  calculated. 
A  4-inch  length  was  again  marked  off  by  means  of  the  marking  instrument,  the 
extensometer  was  readjusted,  and  the  load  was  reapplied  in  tons  per  sq.  inch  of 
actual  section.!  Extensometer  readings  were  taken  after  the  addition  of  every 
4  tons  per  sq.  inch,  and  Curve  No.  2  was  plotted  from  these  readings.  This  curve 
shows  the  semi-plastic  nature  of  the  material  immediately  after  overstrain. 

It  was  noticed  in  previous  experiments  on  the  recovery  from  overstrain,  that 
different  steels,  after  tensile  overstrain,  recovered  their  elasticity  at  very  different 
rades  ;  so  it  was  decided  to  examine  the  rate  at  which  the  material  in  question 
recovered  from  the  semi-plastic  condition  illustrated  l)y  Curve  2,  Diagram  1.  The 
specimen  was  simply  allowed  to  rest  and  was  tested  at  intervals.  Curves  Nos.  3 
and  4  illustrate  the  progress  made  towards  recovery  of  elasticity,  one  and  three- 
quarter  days,  and  two  weeks  after  overstrain,  respectively. 

In  order  to  effect  perfect  recovery  of  elasticity,  the  specimen  was  put  in  the  gas 
furnace  described  above  and  was  heated  until  the  pyrometer  recorded  about  200°  C. 
It  is  probable  that  a  few  minutes  at  the  temperture  of  boiling  water  woidd  have 
been  nearly  thougli  perhajjs  not  quite  as  effective  in  restoring  the  lost  elasticity.;]; 
After  cooling,  the  specimen  was  tested  by  reloading  and  carefully  increasing  the 
load  above  its  previous  maximum  amount.  A  well-defined  yield-point  was  obtained 
(as  is  shown  by  Curve  No.  5,  Diagram  1)  at  the  stress  of  49  tons  per  sq.  inch,  the 
yield-point  having  been  raised  by  the  large  step  of  11  tons  per  sq.  inch.  The 
amount  by  which  the  material  yielded  at  this  second  yield-point  was,  to  the  nearest 
yjoth  of  an  inch,  the  same  as  that  by  which  it  yielded  at  the  primaiy  yield-jjoint, 
namely,  by  0'13  of  an  inch  on  the  4-inch  length. 

The  material  after  this  second  overstrain  was  once  more  in  the  semi-plastic  state, 

*  Professor  Ewing,  in  the  paper  referred  to  above,  “  On  Measurements  of  Small  Strains,”  &e.,  has 
already  observed  that  yielding  may  begin  near  one  end  of  the  specimen  and  gradually  spread  throughout 
the  length,  ‘Roy.  Soc.  Proc.,’  vol.  58,  p.  135,  April,  1895. 

t  This  procedure  was  adopted  throughout  the  course  of  the  work.  Whenever  a  yield-point  had  been 
passed,  the  specimen  was  re-measured  and  the  loading  altered  to  suit  the  new  area  of  section. 

I  “  On  the  Recovery  of  Iron  from  Overstrain,”  ‘Phil.  Trans.,’  A,  vol.  193,  p.  22,  1899. 
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so  to  effect  recovery  of  elasticity  the  specimen  was,  as  before,  heated  to  about 
200°  C.  and  slowly  cooled.  It  was  known  as  the  result  of  earlier  experiments  that 
the  yield-point  had  been  raised  by  this  j^i'ocess  through  a  second  step  of  1 1  tons,^ 


Diagram  No.  1.  (Steel  as  supplied.) 


Curve  No.  1 — Primary  test. 

,,  „  2 — Shortly  after  No.  1. 

,,  ,,  3  days  ,,  ,,  1. 


Curve  No.  4 — 2  weeks  after  No.  1. 

,,  „  5 — After  heating  to  200°  C. 

„  „  6-  „  ,r  200°  C. 


SO  that  the  sjrecimen  should  not  yield  until  a  stress  of  60  tons  per  sq.  mch  had 
been  applied.  Curve  No.  6,  Diagram  1  shows  that  the  specimen  bore  the  stress 
of  60  tons,  but  that  with  60|-  tons  per  sc[.  inch  a  yield-point  and  fracture  occurred. 


*  “On  the  Recovery  of  Iron  from  Overstraiip”  ‘Phil.  Trans.,’  A,  vol.  193,  p.  34,  1899. 
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Diagram  No.  2.  (Annealed  Steel.) 


Extensions—  diminished  as  explained  on  page  4- 
Scale-.— 1  Unit  =  of  an  inrh  ?  1 


Curve  No.  1 — Primary  test. 

,,  „  2 — Shortly  after  No.  1. 

j)  ^  f'j  days  ,,  ,,  1. 

„  „  4—2  weeks  „  „  1. 


5 — After  heating 

to  about 

300'’  C, 

6 —  „ 

n 

300'’  C, 

300°  C. 

8— 

300°  C. 

The  Effect  of  Annealing. 

It  was  found  that  the  process  of  annealing  altered  in  an  interesting  fashion  the 
elastic  properties  of  the  material  whose  virgin  properties  are  illustrated  in  Diagram 
No.  1.  The  primary  yield-point  was  found  to  he  considerably  lowered  by  annealing, 
and  the  step  by  wdiich  the  yield-point  was  raised  in  consequence  of  overstrain  and 
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recovery  from  overstrain  was  decidedly  reduced.  Diagram  No.  2  gives  the  history 
of  a  specimen  of  this  steel,  which  was  first  of  all  annealed  by  heating  for  a  few 
minutes  to  about  750°  C.  with  a  slow  cooling,  and  was  then  subjected  to  series  of 
operations  exactly  similar  to  that  described  for  Diagram  No.  1. 

A  comparison  of  Diagrams  No.  1  and  No.  2,  or  an  examination  of  the  following 
tables  of  extensometer  readings,  clearly  shows  the  effect  produced  on  the  elastic 
properties  of  the  material  by  the  process  of  annealing.  Only  a  few  of  the  readings 
taken  to  obtain  the  various  curves  of  the  two  diagrams  will  be  tabulated  for  the 
sake  of  comparison ;  and  it  should  be  mentioned  that  the  curves  were  in  many 
cases  obtained  from  second  loadings  of  the  material  at  the  varies  stages  of  the 
experiments. 


Readings  for  Diagram  No.  1.  (Steel  as  supplied.) 


Load  in 
tons/sq. 
inch. 

Extensometer  readings.  (Unit  =  of  an  inch.) 

Curve  1. 

Cm-ve  2, 
zero  time. 

Curve  3, 

If  days. 

Curve  4, 

2  weeks. 

Curve  5, 
200°  C. 

Curve  6, 
200°  C. 

0 

0 

0 

0 

0 

0 

0 

8 

240 

262 

260 

260 

242 

246 

16 

484 

548 

533 

519 

490 

494 

24 

734 

856 

832 

789 

738 

746 

32 

986 

1192 

1154 

1061 

990 

1004 

36 

1112 

1396 

— 

— 

— 

— 

38 

Yield-point 

1540 

1426 

1281 

— 

— 

40 

— 

— 

— 

1248 

1256 

44 

— 

— 

— 

— 

1374 

1386 

48 

— 

— 

■ - 

1506 

1513 

49 

— 

— 

— 

— 

Yield-point 

52 

— 

— 

— 

— 

— 

1638 

56 

— 

.  - 

— 

— 

— 

1758 

60 

— 

— 

— 

— 

— 

1884 

60i 

— 

— 

— 

— 

— 

Fracture 

Curves  5  and  6  relate  to  tests  made  after  exposing  the  material  to  a  temperature  of  200°  C.  for  a  few- 


minutes. 
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Readings  for  Diagram  No.  2.  (Annealed  Steel.) 


i 

Extensometer  readings.  (Unit  =  inch.) 


Load  ill 

tons/sq, 

inch. 

Curve  1. 

Curve  2, 
zero  time. 

Curve  3, 
If  days. 

Ciu’ve  4, 
2  weeks. 

Curve  5, 
300°  C. 

Curve  6, 
300°  C. 

Curve  7, 
300°  C. 

Curve  8, 
300°  C. 

0 

0 

0 

0 

0 

0 

0 

0 

0 

4 

122 

— 

— 

— 

120 

120 

122 

120 

8 

248 

254 

258 

251 

241 

241 

249 

241 

16 

498 

532 

528 

510 

491 

491 

498 

490 

24 

751 

838 

820 

770 

746 

742 

751 

'  740 

29 

932  and 

1060 

1022 

935 

32 

yield-point 

1010 

992 

1010 

991 

36 

— 

— 

t— 

— 

1146 

1122 

1140 

361 

— 

— 

— 

— 

1250  and 

40 

yield-point 

1256 

1264 

1242 

44 

— 

— 

- - 

— 

— 

1387 

1391 

44J 

— 

— 

- - 

— 

— 

1406  and 

48 

_ 

yield-point 

1520 

1499 

50 

— 

— 

_ 

— 

— 

1581 

52 

— 

— 

— 

— 

— 

— 

1661  and 

1627 

56 

yield-point 

1756 

58 

— 

— 

— 

— 

— 

___ 

1828 

59 

— 

— 

— 

— 

— 

— 

- - 

1880 

591 

— 

— 

— 

— 

_ 

— 

Fracture 

Curve  No.  1  of  Diagram  2  shows  that  annealing  has  had  the  effect  of  lowering  the 
yield-point  of  the  material  by  about  9  tons  per  stp  inch.  With  the  virgin  material 
the  primary  yield-point  occurred  at  about  38  tons  per  .sq.  ijich,  with  the  annealed 
material  at  29  tons  per  sq.  inch.  The  stretching  which  occurred  at  the  yield-point 
was  also  less  in  the  case  of  the  annealed  material,  the  permanent  extensions  in  the 
two  cases  being  respectively  0T3  and  0‘08  of  an  inch  on  the  4-inch  lengths. 

A  comparison  of  Curves  2,  3,  and  4  of  Diagram  No.  1,  with  Curves  2,  3,  and  4 
of  Diagram  No.  2,  shows  that  immediately  after  overstrain  annealed  material 
exhibits  rather  less  hysteresis  than  the  same  metal  not  previously  annealed  ;  and 
that  recovery  from  the  semi-plastic  condition  induced  by  overstrain  takes  place  rather 
more  rapidly  in  the  case  of  the  material  which  has  been  first  of  all  annealed. 

Curve  No.  5  and  the  remaining  three  curves  of  Diagram  No.  2  show  that  with  an 
annealed  specimen  the  step  by  which  the  yield-point  is  raised  in  consequence  of 
tensile  overstrain  and  recovery  from  overstrain  is  about  tons  per  sq.  inch,  and 
that  four  such  steps  can  be  obtained  before  fracture  occurs  at  about  59|-  tons  per 
sq.  inch.  With  the  material  in  the  condition  as  supplied,  fr-acture  occurred  at 
GOi-  tons  per  sq.  inch  after  two  steps  of  about  1 1  tons. 

VOL.  CXCVIII. — A.  c 
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It  may  be  of  interest  to  refer  to  the  amount  of  stretcliing  which  occurred  at 
the  various  yield-points  shown  in  Diagram  No.  2.  At  the  first  yield -point  the 
permanent  set  was  found  to  be  0'08  of  an  inch  on  the  4-inch  length,  at  the  second 
it  was  again  0’08  of  an  inch,  at  the  third  it  was  O'll,  at  the  fourth  0'15,  and  at 
tlie  fifth  fracture  occurred  and  only  local  yielding  of  about  0'07  of  an  inch  Avas 
obtained.  Although  the  extensions  at  the  third  and  fourth  yield -points  Avere  thus 
greater  than  those  at  the  first  and  second,  it  is  probable  that  theoretically  there 
need  have  been  no  such  difference.  Had  it  been  possible  to  remove  the  load  from 
each  little  portion  of  the  specimen  as  soon  as  the  yielding  Avhich  occurs  at  a 
yield-point  had  spread  throughout  that  portion  of  material,  then  probably  the 
yielding  at  the  third  and  fourth  yield-points  Avould  not  haA^e  been  different  from 
that  at  the  first  tAvo.  The  extra  extension  at  the  higher  yield-points  was  in  all 
likelihood  due  to  creejAing,  whicli  continued  after  the  break-down  AAdiich  occurs  at  a 
yield-point  had  taken  place.  In  fact  the  elongation  obtained  at  the  fourth  yield- 
point  shoAvii  in  Diagram  No.  2  would  have  been  greater  still  had  not  the  load  been 
removed  shortly  after  the  large  yielding  action  had  spread  throughout  the  length 
of  the  specimen.  Had  this  not  been  done,  creeping  Avould  have  continued,  and 
jjrobably  fracture  AV(3uld  have  supervened,  for  previous  experiments  had  shoAvn  that 
there  Avas  considerable  danger  of  fracture  occurring  Avhen  a  yield-point  AA^as  j^assed 
at  a  high  stress.* 

The  total  elongation  of  the  specimen  Avhose  history  is  given  in  Diagram  2  was 
thus  0‘49  of  an  inch,  or  rather  over  12  j^er  cent,  on  a  4-inch  length.  The  breaking 
load  Avas  59|-  tons  per  sq.  inch.  Another  specimen  of  this  material  which  Avas 
annealed  and  tlien  broken  by  the  testing  machine  in  the  usual  fashion,  that  is, 
Avithout  alloAving  intermediate  recoveries  of  elasticity  to  take  place,  gave  an  ultimate 
strength  of  slightly  over  44  tons  per  sq.  inch,  Avith  an  elongation  of  about  26  per  cent, 
on  a  4-inch  length. 


Comparison  of  Two  Materials. 

The  folloAA'ing  comparison  of  the  material  Avhose  elastic  properties  have  just  been 
described,  Avith  that  employed  preAuously  in  the  AA'ork  on  recovery  from  OA^erstrain, 
Avhich  has  been  referred  to  more  than  once  already,  may  be  of  interest.  The  chemical 
analyses  of  these  tAvo  materials  Avere  kindly  supplied  by  Messrs.  Edgar  Allen  and 
Co.,  Limited,  Sheffield.  They  are  as  follows  : — 


*  “  On  the  Recovery  of  Iron  from  Overstrain,”  ‘  Phil.  Trans.,’  A,  vol.  193,  p.  35,  1899. 
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Steel  examined 
in  the  present 
paper 

(|-inch  rod). 

Steel  used 
previously 
(l-inch  rod). 

Carbon  ... 

0  •  35 

0-430 

Silicon  ... 

0-102 

0-112 

Sulphur  ... 

0-063 

0-010 

Phosphorus 

0-034 

0-016 

Maganese 

1-16 

0  -  450 

Iron  (by  difterence) 

98-291 

98-982 

100-000 

100-000 

The  elastic  properties  of  the  two  materials  are  compared  in  the  table  given  below. 
In  each  case  the  results  of  an  ordinary  tensile  test  are  given  hrst,  and  then  the  data 
obtained  by  testing  the  material  in  the  manner  illustrated  by  Diagram  1  or 
Diagram  2  of  this  paper.  In  the  second  last  column  of  the  table  there  are  tabulated 
the  number  of  times  the  yield-point  was  raised  in  consequence  of  overstrain  and 
recovery  from  overstrain  when  the  material  was  tested  in  tlie  manner  just  referred 
to,  and  in  the  last  column  the  amount  {in  tons  per  sq.  inch)  by  which  the  yield-point 
was  raised  each  time.  By  way  of  illustration,  in  Diagram  1  the  yield-point  is  sliown 
to  have  been  raised  twice  by  a  step  of  about  1 1  tons  per  sq.  inch,  while  in  Diagram  2 
it  is  shown  to  have  been  raised  four  times  by  a  step  of  7|-  tons  per  sq.  incli.  In  an 
ordinary  tensile  test  of  course  the  specimen  is  not  strained  by  steps. 


Material. 

Diameter  of 
a  turned 
specimen. 

Yield-point. 

Breaking  stress. 

Ultimate  extension. 

No. 

of 

steps. 

“Step.” 

l-in.  steel  rod,  1 

0  '40  of  an  in. 

37 i  tons/sq.  in. 

47  tons/sq.  in.* 

23  per  cent,  on  4  ins.* 

_ 

_ 

as  supplied  J 

0-10  ,.  „ 

Q7.L 

^  *  ‘1  >>  ij  5) 

904  „  „ 

8  or  9  ,,  ,,  ,, 

2 

11  tons/sq.  in. 

i-in.  steel  rod,  1 

0-44  „  ., 

29  ,j  ,, 

44  „  ,.  „ 

20  „  „  „ 

_ 

_ 

1  annealed  J 

0-40  .,  „ 

29  „  „  „ 

594  1.  ., 

12  „  „ 

4 

74  tons/sq.  in. 

1-in.  steel  rod,! 

0-80  .,  „ 

23  „  .,  .. 

,,  ,, 

23  per  cent,  on  8  ins. 

_ 

_ 

as  supplied  j 

0-79  „  ., 

23  „  „  „ 

454  „  „  „ 

19  ,,  ,,  ,j 

4 

54  tons/sq.  in. 

From  this  table  it  will  be  seen  that  the  1-inch  steel  rod  as  supplied  resembled  in 
elastic  properties  tlie  ^-inch  rod  in  the  annealed  state,  and  not  in  the  condition  as 
supplied  by  the  makers. 

*  These  two  figures  were  not  obtained  by  experiment,  but  were  estimated  from  results  obtained  with 
material  very  similar  to  the  above,  but  containing  more  silicon  (O' 6  per  cent.)  and  f  inch  in  diameter. 
This  thinner  material  gave  when  in  the  condition  as  supplied  a  yield-point  at  36-^-  tons.'sq.  inch  and 
broke  under  an  ordinary  tensile  test  at  43-^  tons  with  an  elongation  of  16  per  cent,  on  4  inches.  After 
annealing,  the  yield-point  occurred  at  25  tons/sq.'  inch  and  fracture  at  39-1-  tons/sq.  inch,  the  elongation 
being  19^-  per  cent,  on  a  4-inch  length. 
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Microscopic  Examination  of  Steel. 


The  two  steels  whose  elastic  properties  have  just  been  compared,  and  whose 
chemical  analyses  are  given  above,  v^ere  also  examined  by  means  of  the  microscope. 
Tin  •ee  methods  of  examination  were  adopted,  the  first  being  tlie  ordinary  method  by 
etching  a  polished  surface  with  dilute  nitric  acid. 

A  smootli  surftice  was  prepared  1)y  means  of  commercial  emery  j^aper,  the  final 
polishing  l:)eing  done  by  wet  rouge  contained  on  a  piece  of  chamois  leather  stretched 
over  a  rotating  disc.  All  or  nearly  all  th_e  fine  scratches  left  on  tlie  surface  of  the 
steel  by  the  emery  paper  liaving  been  removed  l)y  the  rouge,  the  surface  was  washed 
and  dried,  and  then  etched  with  dilute  nitric  acid  (0‘1  per  cent,  strength). 

Figs.  A  and  (Plate  1)  show,  under  a  magnification  of  150  diameters  and  with 
vertical  illumination,  the  appearance  (after  polishing  and  etching  in  this  manner)  of 
transverse  sections  of  the  F-inch  steel  rod  used  in  the  experiments  described  in  this 
paper.  Fig.  A  shows  the  structure  of  this  steel  when  in  the  condition  as  supplied  by 
the  makers,  that  is  when  in  the  condition  having  the  elastic  properties  illustrated  by 
Diagram  1.  Fig.  B  shows  the  structure  of  the  same  steel  after  annealing  l^y  heating 
for  a  few  minutes  to  750°  C.,  that  is,  fig.  B  shows  the  structure  of  the  steel  after 
it  had  been  brought  by  annealing  into  the  condition  having  the  elastic  properties 
illustrated  by  Diagram  No.  2  of  this  paper. 

Tlie  photographs  from  which  figs.  A  and  B  have  been  reproduced  were  taken  three 
or  four  weeks  after  the  specimens  had  been  prepared  and  etched,  so  that  the  surfaces 
had  become  slightly  tarnished.  The  tarnish,  however,  seemed  only  to  emphasise  the 
distinction  between  the  two  constituents,  the  “  ferrite  ”  and  the  “  pearlite.” 

A  comparison  of  figs.  A  and  B  shows  that  by  annealing  at  750°  C.  the  structure 
of  the  |-inch  steel  rod  had  been  considerably  altered.  After  annealing  the  steel  was 
much  coarser  grained  than  when  in  the  somewhat  hardened  condition  as  supplied  by 
the  makers.  This  change  produced  by  annealing  on  the  dimensions  of  the  micro¬ 
structure  of  steel  has  been  often  observed  before.!  Figs.  A  and  B  are  given  here 
for  the  sake  of  comparison  with  the  change  in  elastic  properties  illustrated  by 
Diagrams  1  and  2  of  this  paper.  It  had  been  thought  that  this  change  in  elastic 
properties  could  be  entirely  accounted  for  on  the  supposition  that  the  bars  left  tlie 
rolling  mills  at  a  comparatively  low  temperature  (say  a  dull  red  heat),  and  had  so 
become  hardened  by  a  species  of  overstrain.  The  microscopic  examination  illustrated 


*  Reproduced  from  photographs.  The  author  is  indebted  to  JMr.  Roseniiain,  of  St.  John’s  College, 
for  photographing  the  micro-sections  prepared  for  the  paper,  and  also  for  information  as  to  the  methods 
of  polishing  and  etching. 

t  For  example,  by  Osmond,  “  JMethode  generale  pour  I’Analyse  micrographique  des  Aciers  au  Carbone,” 
‘Bulletin  de  la  Soc.  d’Encouragement,’  Mai,  1895  ;  by  Arnold,  “  The  Influence  of  Carbon  on  Iron,” 
‘  Proc.  Inst.  Civ.  Eng.,’  December,  1895;  l)y  Stead,  “The  Crystalline  Structure  of  Iron  and  Steel,” 
‘  Journ.  of  Iron  and  Steel  Institute,’  1898. 


HARDENED  BY  OVERSTRAIN. 


13 


by  figs.  A  and  B  seems,  however,  to  indicate  that  the  change  in  the  properties  of  the 
material  has  to  he  attributed  more  to  a  thermal  cause.  It  is  unlikely  that  the 
structure  of  the  material  could  be  changed  back  from  the  annealed  condition  {fig.  B) 
to  the  hardened  condition  (fig.  A)  by  purely  mechanical  means.  Mechanical 
hardening  is  accomjianied  by  distortion  of  the  grains,  not  by  change  in  their 
dimensions. 

The  second  method  of  microscopic  examination  which  was  adopted  may  lie 
classified  as  what  Osmond  calls  un  polissage-attaque.”  The  process  was  dis¬ 
covered  accidentally,  and  consists  simply  in  rubbing  a  surface  of  steel  polished  with 
wet  rouge  in  the  manner  described  above,  with  ordinary  moistened  cocoa.  The 
cocoa  stains  the  pearlite  areas  of  the  steel,  which  are  thrown  into  relief  by  the 
jiolishing,  the  effect  being  probably  very  analogous  to  that  produced  liy  the  infusion 
of  liquorice  root,  which  Osmond  and  others  usually  employ.  Fig.  C  (Plate  1)  shows, 
under  a  magnification  of  150  diameters  and  with  vertical  illumination,  the  structure 
of  the  1-inch  steel  rod  whose  properties  are  given  in  the  preceding  section  of  this 
paper ;  the  surface  examined  rvas  polished  with  emery  and  rouge  in  the  ordinary 
manner,  and  then  rubbed  for  a  little  while  on  a  piece  of  chamois  leather  which  had 
been  moistened  and  covered  with  Van  Houten’s  cocoa.  The  surface  was  also 
examined  under  a  magnification  of  about  3000  diameters,  and  the  beautiful  laminated 
structure  of  the  pearlite  areas  was  thus  very  clearly  shown.  One  series  of  the 
laminre — the  Sorbite  series — were  stained  a  brown  colour,  the  other  series  remained 
bright.  It  was  found  that  benzene  removed  the  staining  produced  by  the  cocoa. 

The  specimens  from  which  figs.  A  and  B  had  been  obtained  were  repolished  to 
remove  the  effect  of  the  etching  by  nitric  acid,  and  were  then  stained  with  cocoa  in 
the  manner  just  described,  and  examined  under  magnifications  of  150  and  of  3000 
diameters.  The  structures  shown  were  much  better  defined  than  when  produced  by 
ordinary  etching,  and  under  tlie  high  magnification  tlie  laminated  nature  of  the 
pearlite  areas  was  clearly  visible.  The  laminm  were  more  distinct  in  the  annealed, 
that  is  in  the  coarser  grained  specimen. 

The  third  method  of  microscopic  examination  which  was  adopted  consisted  simply 
in  polishing  the  steel  in  the  ordinary  way  with  emery  and  wet  rouge,  and  then 
drying  the  surface  and  rubl)ing  it  on  a  leather  pad  coated  with  dry  rouge.  The 
polishing  with  wet  rouge  on  chamois  leather  brought  the  surface  into  bas-relief,  the 
rubbing  on  the  dry  pad  filled  the  hollows  with  fine  rouge,  so  that  when  examined 
under  a  magnification  of  150  diameters  the  structure  of  the  steel  could  readily  be 
seen.  The  difference  between  the  structures  slioum  in  figs.  A  and  B  was  quite  as 
clearly  and  accurately  shown  by  this  means  as  by  etching  or  by  staining,  but  of 
course  under  hio-h  mag;nification  the  nature  of  the  constituents  was  not  resolved. 

O  o 
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The  Tempering  of  Steel  from  the  Condition  as  supplied. 

It  was  found  that  the  change  in  elastic  properties  shown  by  a  comj)arison  of 
Diagrams  1  and  2  to  be  produced  by  annealing,  could  be  brought  about  gradually 
by  heating  the  material  to  temperatures  lower  than  that  which  is  commonly  known 
as  an  annealing  temperature.  Any  temperature  exceeding  600°  C.  was  found 
sufficient  to  produce  a  distinct  lowering  of  the  primary  yield-point  and  a  reduction 
of  the  step  by  which  the  yield-point  is  raised  in  consequence  of  recovery  from  over¬ 
strain.  Diagram  No.  3  illustrates  this  gradual  tempering  of  the  material  from  the 
condition  as  supplied  by  the  makers,  that  is,  from  the  condition  of  high  yield-point 
and  large  step. 

Six  sjDecimens  were  employed  to  obtain  the  curves  shown  in  Diagram  3,  and  these 


Diagram  No.  3.  (Tempering  of  Steel  from  the  condition  as  supplied.) 


Scale  :— /  Unit  = 

Curves  A — Material  as  supplied. 

„  B — After  heating  to  600°  C. 

C-  „  „  „  650°C. 


of  an  iticlt.  ^ - i - 5 

Curves  D — After  heating  to  700°  C. 
„  E-  „  „  730°  C. 

„  F_  „  „  ..  7S0-O. 


5) 
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were  all  taken  from  a  rod  of  steel  similar  in  quality  to  that  used  for  Diagrams  1  and 
2,  but  of  a  smaller  diameter."^  This  rod,  in  the  rough,  was  about  fths  of  an  inch  in 
diameter,  but  some  of  the  specimens  after  being  slightly  turned  down,  except  at  the 
ends,  measured  only  about  0‘32  of  an  inch. 

Specimen  A  was  tested  in  the  condition  as  supplied,  and  the  two  curves  marked  A 
in  Diagram  No.  3  show  that  the  primary  yield-point  has  occurred  at  36|-  tons  per 
sq.  inch,  and  that  after  recovery  from  overstrain  the  yield-point  has  been  raised  by 
1 1  tons  j)er  sq.  inch. 

The  second  specimen,  B,  was  heated  to  600°  C.  for  a  few  minutes,  slowly  cooled, 
and  then  tested,  with  the  result  that  creeping  set  in  at  the  stress  of  36  tons  jDer 
sq.  inch.  The  load  was,  however,  immediately  reduced,  no  time  being  allowed  for 
the  extension  of  the  yield-point  to  take  place.  It  had  thus  been  shown,  however, 
that  600°  C.  was  sufficient  to  produce  a  very  slight  annealing  action.  This  specimen, 
B,  was  again  used  to  obtain  the  curves  marked  D  in  Diagram  No.  3. 

Specimen  C  was  heated  to  650°  C.  and  slowly  cooled.  On  testing,  a  yield-point 
was  obtained  at  33|-  tons  per  sq.  inch,  and  the  step  by  which  the  yield-point  was 
raised  after  recovery  from  overstrain  was  found  to  be  about  9|-  tons  per  sq.  inch. 

The  curves  marked  D  in  Diagram  3  show  that  material  which  had  been  heated  to 
700°  C.  gave  a  yield-point  at  about  31|-  tons  per  sq.  inch,  and  that  the  step  by 
which  the  yield-point  was  raised  by  recovery  from  overstrain  was  about  9  tons  per 
sq.  inch. 

Specimen  E  was  raised  to  730°  C.,  and  the  yield-point  was  found  to  be  thereby 
lowered  to  28^  tons  per  sq.  inch  and  the  step  reduced  to  8  tons ;  while  specimen  F, 
which  was  tested  after  being  heated  to  780°  and  slowly  cooled,  showed  that  780°  C. 
brought  the  primary  yield-point  to  24  tons  per  sq.  inch,  and  reduced  the  step  to 
7  tons  per  sq.  inch. 

The  extensions  which  occurred  at  the  various  yield-points  shown  in  Diagram  3  are 
all  marked  within  brackets  in  the  diagram,  and  it  will  be  noticed  that  the  extensions 
at  the  yield-points  obtained  with  any  one  specimen  are  ap^^roximately  equal,  while 
for  different  specimens  these  extensions  become  less  and  less  as  the  primary  yield- 
point  is  lowered  and  the  step  diminished  in  consequence  of  tempering  or  annealing  at 
higher  and  highei*  temperatures.  In  the  following  table  there  will  be  found  the 
various  data  obtained  from  the  experiments  which  have  just  been  described. 


*  Particulars  of  this  material  are  given  in  a  footnote  on  p.  1 1 . 
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Table  showing  the  Tempering  of  Steel  from  the  condition  as  supjDhed. 


Condition  of  the  material. 

Primary  yield-point. 

Extension  at  yield- 
points. 

“  Step.” 

A. 

As  supplied . 

36-i  tons/sri.  inch 

0"-16  on  4  inches 

11  tons  sq.  inch. 

B. 

Annealed  at  600^  C. 

36 

C. 

„  650°  „  .  . 

334 

0"-16 

94 

U. 

700°  „  .  . 

3U 

0"-15 

9 

E. 

„  730°  „  .  . 

284 

0"-09 

8 

F. 

„  780°  „  .  . 

24 

0"-07 

7 

There  is  thus  a  relation  between  the  yielding  at  the  yield-point  and  the  step  by 
which  the  yield-point  is  raised  in  consequence  of  recovery  from  overstrain.  This 
step  does  not  depend  on  the  actual  extension  which  the  material  receives,  for  it 
was  shown  in  the  author’s  paper  on  “  Recovery  from  Overstrain  that  a  specimen 
could  be  stretched  by  any  amount  (by  increasing  the  overstraining  load  to  any  extent) 
without  altering  the  step  by  which  the  yield-point  was  raised  aljove  the  previous 
maximum  stress.  The  amount  by  which  the  yield-point  is  raised  after  restoration  of 
elasticity,  and  the  extension  which  occui's  just  at  a  yield-j^oiiit,  are  thus  definite 
properties  of  the  material — properties  which  can  be  altered,  at  least  in  some  cases,  by 
thermal  treatment. 

In  the  experiments  which  have  just  been  described  the  specimens  were  only  kept 
for  a  few  minutes  at  the  annealing  temperatures,  and  the  times  taken  to  heat  up  and 
to  cool  down  were  in  all  cases  practically  the  same.  As  it  was  thought  probable 
that  a  prolonged  exposure  to  any  temperature  would  have  a  greater  effect  than 
a  short  exposure  to  the  same  temperature,  the  following  experiment  was  tried : — 

A  sj^ecimen  of  the  same  mateiial  as  was  used  to  obtain  Diagram  3  was  raised 
to  700°  C.,  slowl}^  cooled,  and  loaded  to  31  tons  per  sq.  inch.  No  yield-point  was 
passed,  and  the  curves  marked  E  in  Diagram  3  show  that  no  yield-point  should  he 
exjDected  until  a  stress  of  31|-  tons  had  been  applied.  The  specimen  was  then  kept 
for  four  hours  at  a  temperature  of  from  670°  to  690°  C.,  and  after  cooling  it  was 
found  that  a  stress  of  26  tons  per  sq.  incli  caused  considerable  cree|3ing  to  occur,  and 
that  with  27  tons  q3er  sq.  inch  a  yield-point  was  certainly  passed  After  recovery 
from  the  overstrain  caused  by  the  application  of  the  load  of  27  tons  per  sq.  inch, 
it  was  found  that  the  yield-point  had  been  raised  to  Ijetween  35  and  36  tons  per 
sq.  inch.  By  comparing  these  figures  Avith  those  giAmn  in  the  table  in  the  preceding- 
page,  it  Avill  he  seen  that  annealing  for  four  hours  at  about  680°  C.  has  produced  a 
slightly  greater  efiect  than  AA'as  produced  by  annealing  for  a  feAv  minutes  at  730°  C. 


*  ‘Phil.  Trans.,’  A,  vol.  193,  p.  34,  1899. 
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Expei'iments  ivith  Lowmoor  Iron. 

The  Lowmoor  iron,  wLich  was  afterwards  emj)loyed  in  order  to  show  the  phenomenon 
of  temjjering  after  hardening  by  tensile  overstrain,  was  subjected  to  an  examination 
exactly  similar  to  that  described  above  for  steel.  An  iron  rod  f ths  of  an  inch  in 
diameter,  and  somewhat  over  6  feet  long,  was  employed,  and  specimens  were  tested 
without  being  previously  turned.  The  analysis  of  this  material  wms  kindly  supplied 
by  Messrs.  Edgar  Allen  &  Co.,  Limited,  Sheffield,  and  is  as  follows  : — 


Carbon . 0T2  percent. 

Silicon . 0‘149  ,, 


Sulphur . 0*011 

Phosphorus . 0*076 

Manganese . trace 

Iron  (by  diiference).  .  .  .  99*644 

100*000 


An  ultimate  strength  of  23  tons  per  sq.  inch  was  attained  with  an  elongation, 
omitting  all  local  extension,  of  24|-  per  cent,  on  a  4-inch  length,  or,  allowing  for  the 
local  elongation  at  the  neck  which  formed  just  outside  the  measured  length,  say  an 
ultimate  elongation  of  27  or  28  per  cent,  on  the  4-inch  length. 

Diagram  No.  4  shows  the  elastic  properties  of  this  material  when  tested  in  the 
conditioii  as  obtained  from  the  makers.  The  primary  yield-point  is  shown  to  have 
occurred  at  about  17  tons  per  sq.  inch,'^  and  the  stej:*  by  which  the  yield-point  is 
raised  after  recovery  from  overstrain  was  about  4  tons  per  sq.  inch.  After  the 
primary  overstrain  the  yield-point  was  raised  (when  elasticity  had  been  restored)  by 
about  4|-  tons  jjer  sq.  inch,  after  the  second  overstrain  by  4  tons  per  sq.  inch,  after  the 
third  by  less  than  3^  tons,  while  fracture  occurred  (outside  the  length  under  examina¬ 
tion,  however)  2^  tons  above  the  fourth  yield-point.  These  figures  seem  to  indicate 
a  gradual  and  consistent  diminution,  as  the  load  increases,  of  the  step  by  which  the 
yield-point  is  raised  after  recovery  from  overstrain.  This  is  contrary  to  what  was  to 
be  expected  from  the  experiments  with  steel ;  but  it  may  be  remarked  that  Diagram  5, 
which  gives  the  history  of  annealed  specimens  of  the  same  Lowmoor  iron,  shows  the 
step  by  which  the  yield-point  is  raised  remaining  j)ractically  constant. 

Curves  Nos.  2,  3,  4,  5,  and  6  of  Diagram  4  show  the  comparatively  rapid  rate 
at  which  Lowmoor  iron  recovers  from  tensile  overstrain,  the  recovery  only  taking 
hours  instead  of  days  or  weeks  as  in  the  case  of  steel.  Curve  No.  9  illustrates  the 

*  Although  17  tons  were  applied  before  considerable  yielding  began,  it  was  found  that  this  yielding 
continued  under  a  stress  slightly  over  16  tons/sq.  inch,  so  that  the  yield-point  should  perhaps  be  placed 
at  this  latter  stress. 
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semi-plastic  nature  of  the  material  immediately  after  the  fourth  overstrain.  All  these 
curves  were  obtained  from  second  loadings  at  the  various  times. 


Diagram  No.  4.  (Lovmoor  Iron  as  supplied.) 


Curve  No.  1 — Primary  test. 

„  ,,  2 — Shortly  after  No.  1. 
„  „  3—1  hour  ,,  2. 


55 


„  4—4  hours  „  „  2. 

f) _ 0]  2 

55  ^  55  5  5  5  5 


,,  „  6 — After  heating  to  230°  C. 


Curve  No.  7 — Immediately  after  No.  6. 
,,  „  8 — After  heating  to  150°  C. 

„  „  9—  „  „  „  110°  C. 

„  ,,  9' — Shortly  after  No.  9. 

,,  ,,  10 — After  heating  to  140°  C. 


The  first  series  of  curves  (A)  in  Diagram  No.  5  gives  the  history  of  another 
specimen  from  the  same  bar  of  Lowmoor  iron,  hut  after  the  specimen  had  been  heated 
to  770°  C.  and  allowed  to  cool  down  in  the  air.  The  primary  yield-point  is  shown  to 
have  been  lowered  from  17  to  about  15  tons  per  sq.  inch,  and  the  step  by  which  the 
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yield-point  is  raised  after  recovery  from  overstrain  has  been  slightly  diminished. 
Recovery  from  the  various  overstrains  was  effected  hy  heating  to  about  150^  0. 

The  series  of  curves  marked  B  in  Diagram  5  shows  by  comparison  with  the  first 
series  of  curves  in  the  diagram  the  influence  of  time  on  the  effect  of  annealing.  The 
specimens  from  which  the  two  series  of  curves  were  obtained  had  both  been  heated 


Diagram  No.  5.  (Annealed  Lowmoor  Iron.) 


Extensions — diminished  as  explained  on  page 

Scale  ; — i  Unit  —  of  an  inrhf  ^ _ j 

A — Lowmoor  Iron  annealed  for  a  few  minutes  at  770’  C.  and  allowed  to  cool  in  air. 

B —  „  ,,  ,,  6  hours  at  750°  C.  and  cooled  very  slowly. 

to  about  the  same  temperature,  but  specimen  A  was  simply  raised  to  that 
temperature  (770°  C.)  and  then  allowed  to  cool  slowly  in  the  air,  while  specimen  B 
was  kept  at  the  temperature  (about  750°  C..  and  never  higher  than  780°  C.)  for  six 
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hours,  and  then  very  slowly  cooled  by  gradually  reducing  the  gas  supply  while  the 
specimen  was  kept  in  the  furnace.  The  effect  of  prolonged  annealing  is  shown  in  the 
further  lowering  of  the  j^rimary  yield-point,  in  the  diminution  of  the  step  by  which 
the  yield-jDoint  is  raised,  and  in  the  reduction  of  the  amount  of  stretch  which  occurs 
at  a  yield-point. 

The  Lowmoor  iron,  whose  elastic  properties  have  just  been  considered,  was  also 
examined  by  means  of  the  microscope.  A  small  piece  was  cut  from  each  of  the  three 
specimens  used  to  obtain  the  curves  of  Diagrams  4  and  5  ;  these  small  pieces  of 
material  were  polished,  etched  with  dilute  nitric  acid  (2  per  cent,  strength),  and 
examined  under  a  magnification  of  100  diameters.  Fig.  I  (Plate  1)  shows  the  micro¬ 
structure  of  the  material  when  in  the  condition  as  supplied  by  the  makers.  The 
gramdes  were  comparatively  small,  and  slag  was  fairly  uniformly  distributed  in  small 
quantities  all  over  the  section.  Fig.  2  (Plate  l)^shows  the  structure  of  the  iron  which 
had  been  annealed  at  750°  C.  for  six  hours,  that  is,  this  figure  shows  the  structure  of 
the  specimen  whose  elastic  j^roperties  are  illustrated  at  B,  Diagram  5.  The  granules 
are  shovm  to  be  much  larger  than  in  the  material  in  the  condition  as  supplied  ;  the 
slag  had  consequently  segregated  into  larger  masses.*  The  sections  in  figs.  1  and  2 
were  transverse  to  the  length  of  the  rod  of  iron.  The  photograph  reproduced  in  fig.  I 
was  taken  from  a  portion  of  the  section  where  the  granules  were  larger  than  the 
average,  and  where  the  slag  was  less  thickly  distri])uted.  Fig.  2,  on  the  other  hand, 
shows  by  no  means  the  largest  granules  found  in  the  material  after  it  had  been 
annealed,  but  it  should  be  stated  that  in  some  portions  of  the  annealed  material  the 
granules  were  still  found  to  be  c[uite  small. 

The  specimen  taken  from  the  bar  used  to  obtain  curves  A  of  Diagram  5,  that  is, 
the  specimen  of  Lowmoor  iron  which  had  been  annealed  by  heating  to  750°  C.  for 
only  a  few  minutes,  showed  granules  larger  than  in  the  virgin  material,  but,  taking 
the  average,  distinctly  smaller  than  those  shown  with  the  material  which  had  been 
subjected  to  prolonged  annealing.  This  is,  of  course,  in  accordance  with  Arnold’s 
and  Stead’s  results.  It  should  be  remembered,  however,  that  the  structures  of 
annealed  specimens  in  particular  were  found  to  be  by  no  means  uniform,  so  that  a 
complete  survey  of  the  sections  had  to  be  made  in  order  to  get  a  just  comparison  of 
the  different  granular  structures. 

To  return  to  the  elastic  properties  of  the  Lowmoor  iron,  attention  may  be  called  to 
the  fact  that  the  '  permanent  sets  which  occurred  at  the  various  yield-points  are 
marked  in  both  series  of  curves  in  Diagram  5,  and  also  at  the  yield-points  in 
Diagram  4.  The  total  elongation  of  the  specimen  of  Diagram  4,  owing  to  the 
position  of  the  fracture,  could  not  be  exactly  measured,  but  it  was  pi’obably  about 
12  per  cent,  on  a  4-inch  length.  The  breaking  load  was  31|-  tons  per  sq.  inch. 

*  This  change  in  structure  produced  by  annealing  has  been  shown  by  ARNOLD,  “On  the  Influence  of 
Carbon  on  Iron,”  ‘  Proc.  Inst.  C.E.,’  1895 ;  and  by  Stead,  “  The  Crystalline  Structure  of  Iron  and  Steel,” 

‘  Journ.  Iron  and  Steel  Inst.,’  1898. 
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Specimen  A  of  Diagram  5  gave  an  ultimate  strength  of  31  tons,  with  an  elongation 
of  14i  per  cent,  on  4  inches.  The  virgin  material  tested  in  the  usual  fashion,  that  is, 
without  effecting  recoveries  from  overstrain,  broke  at  23  tons,  with  an  elongation  of 
27  or  28  per  cent,  on  4  inches. 

Distinctions  between  various  Hardnesses. 

The  examinations  of  both  iron  and  steel  which  have  been  described  above  show 
that  thin  bars  of  material  in  the  condition  as  supplied  by  the  makers  are  more  or  less 
hard  ;  abnormally  high  yield-points  are  exhibited,  ultimate  strengths  are  somewhat 
higher,  and  ultimate  elongations  somewhat  lower  than  those  obtained  with  material 
which  has  been  annealed.  Tliis  hardness  is  probably  due  to  conditions  of  manufacture. 
The  bars  may  leave  the  rolling  mills  at  a  confparatively  low  temperature  (say  not 
higher  than  600°  C.),  and  so  he  subjected,  in  passing  through  the  rolls,  to  a  species  of 
overstraining  at  a  moderately  high  temperature.  The  material  may  also  be  suddenly 
cooled  through  some  range  of  temperature  more  or  less  high.  It  has  been  shown 
above  (Diagram  3)  that  this  hardness  of  thin  rods  of  iron  and  steel,  when  in  the 
condition  as  supplied  by  the  makers,  may  be  gradually  reduced  by  the  process  of 
tempering  or  gradual  annealing. 

The  hardness  just  referred  to  is  not  such  as  coidd  be  produced  by  simple  tensile 
overstrain,  that  is,  by  giving  the  material  a  permanent  stretch;  nor  is  it  such  as  is 
produced  in  steel  by  quenching  in  cold  water.  For,  as  compared  with  the  projDerties 
of  annealed  material,  the  hardness  of  thin  rods  in  the  condition  as  supplied  is 
characterised  by  a  high  primary  yield-jDoint,  by  the  large  amount  of  stretching  which 
occurs  at  a  yield-point,  and  by  the  large  stej)  through  which  the  yield-point  is  raised 
after  recovery  from  tensile  overstrain.  This  is  shown  by  the  conqiarison  of  Diagrams  1 
and  2,  or  of  Diagrams  4  and  5.  Material  which  has  been  hardened  by  simple 
stretching  is  characterised  by  a  high  primary  yield-point,  but  by  no  change  (as 
compared  with  the  properties  of  annealed  material)  in  the  amount  of  yielding  at  the 
yield-point  or  in  the  step  by  which  tlie  yield-point  is  raised  after  recovery  from  tensile 
overstrain.  Steel  which  has  been  hardened  by  quenching  exhibits  no  distinct  yield- 
point,  and  the  structure  of  quenched  steel,  as  revealed  by  the  microscope,  is  entirely 
different  in  character  from  tliat  of  annealed  steel. 


The  Tempering  of  Steel  Hardened  by  Stretching. 

Perhaps  the  simplest  method  of  showing  the  tempering  of  steel  hardened  by 
stretching  would  have  been  to  have  taken  a  series  of  annealed  specimens  from  the 
same  rod  of  steel,  to  have  hardened  them  all  to  the  same  extent  by  tensile  overstrain, 
and  then  to  have  tried  the  effect  of  heating  to  various  temperatures,  a  different 
temperature  being  used  for  each  specimen,  just  as  was  done  to  obtain  Diagram  No.  3- 
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Instead  of  doing  this,  the  extended  series  of  experiments  described  below,  and 
illustrated  by  Diagram  6,  were  performed  on  a  single  sjDecimen,  and  the  results 
obtained  were  corroborated  by  a  few  simple  experiments,  using  other  specimens.  It 
was  shown  in  this  manner  that  a  temperature  as  low  as  300°  C.  could  effect  tempering 
or  partial  annealing,  provided  the  material  was  sufficiently  hardened  by  tensile 
overstrain.  The  harder  the  material  was  made,  that  is,  the  higher  the  yield-]3oint 
was  raised  l)y  the  preliminary  stretching,  the  lower  was  the  temperature  which  could 
be  shown  to  have  a  tempering  or  annealing  action  ;  and  the  higher  the  temperature 
employed,  the  greater  was  the  tempering  or  annealing  effect  produced. 

The  material  employed  to  obtain  Diagram  No.  6  (winch  shows  the  tempering  of 
steel  liardened  l)y  stretching)  was  the  semi-mild  steel  whose  analysis  is  given  on  a 
previous  page,  and  whose  elastic  properties  are  illustrated  by  Diagrams  1  and  2.  A 
specimen  of  this  material  was  turned  down  (except  at  the  ends)  to  a  diameter  of 
about  0’4  of  an  inch,  and  was  then  annealed  by  being  heated  to  820°  C.,  and  allowed 
to  cool  slowly.  It  was  necessary  to  anneal  the  specimen,  for  otherwise  the  hardness 
produced  by  tensile  overstrain  would  have  been  superposed  on  the  hardness  referred 
to  above  as  having  been  produced  in  the  process  of  manufacture.  A  4-inch  length 
was  then  marked  off  on  the  specimen  by  the  aid  of  the  marking  instrument,  the 
extensometer  was  attached,  load  was  applied,  and  Curve  No.  1  of  Diagram  6  was 
plotted  from  the  readings  taken.  The  loading  was  continued  until  a  yield-point  was 
passed  at  28  tons  per  sq.  inch, 

Ptecovery  from  this  first  overstrain  was  effected  by  heating  the  sj^ecimen  to  over 
200°  C.,  and  allowing  it  to  cool  slowly.  The  specimen  was  then  hardened  still 
further  by  the  two  successive  overstrains  illustrated  by  Curves  2  and  3,  Diagram  6. 

After  recovery  from  the  third  overstrain  it  was  known  that  the  material  should 
bear  a  load  about  7  tons  higher  than  the  last  overstraining  load  (7  tons  l^eing  the 
step  between  the  yield-points  shown  by  Curves  1,  2,  and  3)  ;  that  is,  the  material 
should  bear  a  load  of  about  50  tons  per  sq.  inch  before  a  yield-point  was  passed. 
As,  however,  experience  had  shown  that  fracture  was  liable  to  occur  when  the 
material  was  stressed  to  this  extent,  no  further  hardening  of  the  material  was 
attempted.^' 

Curve  No.  4,  Diagram  6,  is  given  in  order  to  show  that  after  recovery  from  the  third 
overstrain  (by  heating  to  270°  C.)  the  material  could  bear  a  load  of  at  least  48  tons 
per  sq.  inch  without  reaching  a  yield-point.  As  indicated  above,  j^rohably  a  load 
just  under  50  tons  could  have  been  safely  applied.  Slight  imperfection  of  elasticity 
is  shown  by  Curve  No.  4,  hut  tliis  coidd  not  be  got  rid  of  by  the  ordinary  means 
adopted  to  procure  restoration  of  elasticity  after  overstrain.  With  this  material 
there  was  always  a  slight  departure  from  Hooke’s  law  before  a  yield-point  was 

*  Another  specimen  of  the  same  rod,  after  annealing  at  775°  C.,  was  fonnd  to  give  yield-points  at 
about  29,  37,  44,  and  52  tons  per  square  inch;  but  after  the  yielding  at  the  last  stress  had  just  spread 
throughout  the  4-inch  length  under  test,  a  neck  formed  and  fracture  occurred. 
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reached,  and  on  the  removal  of  a  load  less  than  that  of  the  yield-point,  a  slight 
permanent  set  was  often  recorded.  A  second  loading  usually  brought  the  material 
into  a  cyclic  state,  a  hysteresis  cycle  such  as  that  shown  by  this  Curve  No.  4  being 
obtained. 

The  specimen  under  consideration  was  now  heated  to  C.,  allowed  to  cool 

slowly  and  then  tested.  It  was  not  expected  that  this  temperature  would  have 
had  any  tempering  or  annealing  effect,  but  Curve  No.  5,  Diagram  6,  shows  that 
the  hardness  of  the  material  had  been  somewhat  reduced,  a  yield-j^oint  being  reached 
at  47  tons  per  scp  inch,  that  is,  the  position  of  the  yield-point  had  been  lowered 
by  about  3  tons  per  sc[.  inch  as  a  consequence  of  the  heating  at  360°  C. 

The  test  illustrated  by  Curve  No.  5  involved  of  course  a  further  hardening  of  the 
material,  so  to  effect  recovery  from  overstrain  the  specimen  was  heated  to  310°  C. 
The  furnace  had  been  kept  hot,  so  the  specimen  was  only  in  for  alxjut  15  minutes 
before  the  gas  was  turned  off,  and  the  furnace  and  specimen  were  allowed  to  cool 
down  together.  On  testing  the  specimen  it  was  found  that  52  tons  per  sq.  inch 
could  now  be  safely  applied,  and  as  a  yield-point  would  be  expected  rather  under 
54  tons  (he.,  47  +  7)  tons  per  sq.  inch  if  only  recovery  of  elasticity  had  been 
effected,  it  follows  that  very  little  if  any  annealing  action  had  been  produced  by 
raising  the  material  to  310°  C.  The  specimen  was  again  raised  to  310°  C.  and  kept 
at  that  temperature  for  2  hours.  Curve  No.  6  shows  that  still  there  had  been  no 
appreciable  tempering  or  annealing  action.  A  temperature  very  little  higher  tlian 
this  would  probably  have  produced  a  measurable  lowering  of  the  yield-point,  hut  in 
order  to  avoid  danger  of  fracture  the  specimen  was  raised  to  500°  C.,  and  Curve 
No.  7  shows  the  considerable  lowering  of  the  yield-point  which  resulted.  At  a  load 
of  40  tons  jjer  sq.  inch  large  yielding  set  in,  and  with  41  tons  a  yield-point  was 
certainly  passed. 

The  specimen  was  now  first  heated  to  350°  C.,  and  no  appreciable  annealing  effect 
was  found  to  have  been  produced.  A  temperature  of  380°  C.  was  then  tried,  and 
still  it  was  found  that  the  specimen  could  withstand  a  load  of  46  tons  per  sq.  inch 
without  yielding.  In  consequence  of  overstrain  and  recovery  from  overstrain  a 
yield-point  would  be  expected  at  48  {i.e.,  41  +  7)  tons  per  sq.  inch.  The  specimen 
w'as  then  kept  for  one  hour  at  a  temperature  from  380  to  390°  C.,  cooled  and 
tested  with  the  same  result  as  before.  A  temperature  of  410°  C.  was  then  tried, 
and  finally  430°  C.  was  found  to  produce  only  very  slight  annealing,  a  yield-point 
occurring  just  under  46  tons  per  sq.  inch.  Curve  No.  9,  Diagram  6,  illustrates 
this  test. 

The  subsequent  history  of  this  specimen  will  be  understood  by  reference  to 
Diagram  No.  6.  The  temperatures  marked  at  the  top  of  the  various  curves  in  the 
diagram  are  those  to  which  the  specimen  had  been  raised  immediately  preceding 
the  test  from  which  the  curve  in  question  was  obtained.  The  specimen  was  of 
course  always  tested  at  the  temperature  of  the  laboratory.  The  permanent  exten- 
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sions  which  occurred  at  tlie  various  yield-points  are  also  marked  (within  l)rackets) 
below  the  yield-points.  These  extensions  implied  of  course  a  diminution  in  the 
diameter  of  the  specimen,  this  was  allowed  for  in  the  loading,  the  loading  being 
always  in  tons  per  scp  inch  of  actual  section. 

The  tests  illustrated  by  Curves  12,  13,  14,  15,  and  16  were  made  in  order  to  try 
whether  the  method  or  the  amount  of  the  overstrain  given  to  tlie  specimen  altered 
the  temperature  required  to  produce  a  certain  annealing  effect.  The  experiments 
seemed  to  slmw  that  a  definite  annealing  temperature  corresponded  to  a  definite 
position  of  tlie  yield-point,  no  matter  how  or  to  what  the  extent  the  material  had 
been  overstrained. 

After  Curve  No.  16  was  obtained,  the  specimen  was  suljjected  to  a  treatment 
which  practically  resulted  in  a  repetition  of  Curves  Nos.  13,  14,  and  15,  the  tem¬ 
perature  of  600^^  C.  being  still  employed,  and  finally  the  specimen  was  heated  to 
700°  C.,  and  Curve  No.  17  obtained.  The  yield-point  was  now  lowered  to  30  tons 
per  sq.  inch,  which  is  only  2  tons  higher  than  the  yield-point  obtained  when  first 
testing  this  specimen  after  it  had  been  annealed  by  heating  to  820°  C. 

Experiments  were  made  with  another  specimen  of  the  same  steel,  and  these 
served  to  corroborate  the  results  which  have  just  been  described  and  which  are 
illustrated  by  Diagram  No.  6.  It  was  thus  shown  tliat  steel  hardened  by  successive 
tensile  overstrains  may  be  softened  to  a  greater  or  less  degree  by  heating  to 
temperatures  ranging  between  350°  C.  and  750  or  800°  C.  ;  and  that  the  higher  the 
temperature,  the  greater  is  the  softening  produced,  or  the  lower  is  the  stress  to 
which  the  yield-point  is  brought. 

In  order  to  show  tempering  produced  by  comparatively  low  temperatures,  it  is 
necessary  to  severely  overstrain  tlie  steel,  so  as  to  bring  it  into  a  condition  liaving 
a  large  elastic  range.  In  Diagram  No.  6  the  lowest  temperature  shown  to  have 
had  a  tempering  or  annealing  effect  is  360°  C.,  hut  there  is  no  doidit  that  a  lowei' 
temperature  than  this  could  have  been  shown  to  have  liad  a  tempering  action,  had 
the  specimen  in  the  first  place  lieen  more  severely  overstrained.  That  it  was 
possible  to  further  harden  this  material  is  shown  by  Diagram  No.  2,  where  a 
fourth  yield-point  was  safely  passed,  and  the  material  brought  into  the  condition 
having  an  elastic  range  of  from  zero  to  almost  59  tons  per  sq.  inch,  instead  of  only 
to  50  tons  as  in  Diagram  6.  If  then,  as  shown  by  Diagram  6,  a  temperature 
of  360°  C.  sufficed  to  lower  the  yield-point  to  47  tons  per  sq.  inch  when  the 
elastic  range  was  from  zero  to  50  tons,  it  seems  probable  that  temperatures  even 
under  300°  C.  would  suffice  to  produce  a  slight  tempering  or  annealing  efiect  when 
the  range  of  elasticity  extended  to  59  tons.  It  may  he  remarked,  however,  that 
the  temperature  of  rather  over  300°  C.  which  was  employed  to  effect  tlie  last 
restoration  of  elasticity  illustrated  in  Diagram  2,  is  shown  by  Curve  No.  8  of  that 
diagram  to  have  had  very  little  if  any  annealing  action.  In  this  curve  large 
yielding  is  shown  to  have  started  at  59  tons  per  sq.  inch,  and  a  yield-point  would 
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have  been  expected  at  59|-  tons  liad  only  restoration  of  elasticity  been  effected  by 
tlie  heating  to  slightly  over  300°  C.  Another  specimen  of  the  same  steel  also 
showed  that  350°  C.  was  not  sufficiently  high  a  temperature  to  effect  any  softening 
of  the  material  when  it  was  in  a  condition  having  an  elastic  range  to  52  tons 
per  sq.  inch.  A  temperature  of  about  300°  C.  may  therefore  be  taken  as  the  lowest 
which  could  be  shown  with  the  steel  in  question  to  produce  tempering  from  the 
condition  of  hardness  produced  by  tensile  overstrain. 

It  is  further  shown,  by  a  comparison  of  Cffirves  9  and  11  and  of  Curves  12  to  16 
in  Diagram  6,  that  a  definite  annealing  temperature  corresjDonds  to  a  fairly  definite 
position  of  the  yield-point.  This  simple  relation,  however,  is  not  shown  to  have  held 
throughout  all  the  experiments  of  Diagram  6.  Curve  No.  5  shows  that  360”  C. 
has  sufficed  to  lower  the  yield-point  to  47  tons  per  sq.  inch,  while  in  Curve  No.  10 
no  yieldqjoint  is  shown  iqj  to  the  stress  of  51  tons,  although  the  material  had 
previously  been  heated  to  400°  C. 

Further  experiments  were  made  to  test  how  far  a  definite  annealing  temperature- 
corresponded  to  a  definite  position  of  the  yield-point.  A  specimen  of  the  same  steel 
as  employed  in  the  experiments  described  above  was  primarily  annealed  by  being 
heated  to  780°  C.,  and  slowly  cooled,  and  was  then  overstrained  by  simply  loading  to 
tlie  primary  yield-point,  which  occurred  at  29  tons  per  sq.  incli.  The  specimen  was 
then  heated  to  375°  C.,  and  after  cooling  loaded  to  35  tons  per  sq.  inch  without  a 
yield-point  being  passed.  The  yield-point,  raised  in  conse(|uence  of  recovery  from 
overstrain,  would  have  been  expected  at  about  36  tons  per  sq.  inch.  The  specimen 
was  then  heated  successively  to  400,  450,  500,  and  550°  C.,  aud  still  the  yield-point 
was  found  to  l)e  above  35  tons  of  stress.  A  temperature  of  580°  C.  was  next  tried, 
and  on  testing  the  specimen  after  cooling,  a  yield-point  was  obtained  at  33  tons  per 
sq.  inch.  This  result  with  a  specimen  which  had  been  but  slightly  hardened  by 
tensile  overstrain,  is  practically  in  agreement  witli  tbe  results  shown  in  Diagram  6, 
where  after  severe  overstraining,  and  some  tempering  from  tlie  condition  of  hardness, 
a  temperature  of  600°  C.  is  sliown  to  have  brought  the  yield-point  to  about  35  tons 
per  sq.  incli. 

Anotlier  annealed  specimen  of  the  same  steel  rod  was  largely  overstrained  by 
carrying  the  |)rimary  loading  far  beyond  the  yield-point,  which  occurred  at  slightly 
over  28  tons  per  sq.  inch.  The  load  was  steadily  increased  until  a  stress  of  38  tons 
per  sq.  inch  of  original  section  was  attained.  This  corresponded  to  a  stress  of  about 
40  tons  on  the  actual  reduced  section  of  the  bar.  The  extension  produced  by  this 
loading  was  0’22  of  an  inch  on  4  inches  of  length,  llecovery  of  elasticity  was  then 
efiected  by  heating  the  specimen  to  300°  C.  When  cooled  and  tested,  the  specimen 
was  found  to  bear  a  load  of  44  tons  per  sq.  inch  without  yielding.  The  specimen 
was  then  heated  to  400”  C.,  and  after  cooling,  a  load  of  44  tons  per  sq.  inch  was 
again  applied  without  a  yield-point  being  passed.  A  temperature  of  500°  C.  was 
next  tried,  and  it  was  observed  on  testing  the  specimen  that  large  yielding  began 
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at  the  stress  of  42  tons  per  sq.  inch.  A  stress  of  40^  tons  was,  however,  found 
sufficient  to  cause  the  yielding,  once  it  had  started,  to  spread  throughout  the  length 
of  the  specimen.  This  result  obtained  with  a  specimen  winch  iiad  been  largely  over¬ 
strained  by  a  single  loading  is,  like  the  result  of  the  experiment  last  described,  in 
practical  agreement  with  Diagram  6.  Curve  No.  7  of  that  diagram  shows  that, 
with  a  specimen  which  had  been  largely  overstrained  by  the  passage  of  several  yield- 
points,  a  temperature  of  500°  C.  brought  the  yield-point  to  a  stress  of  40  or  41  tons 
per  sq.  inch. 


The  Tempering  of  Loivmoor  Iron  Hardened  hy  Stretching. 

The  tempering  of  Lowmoor  iron  which  has  been  hardened  by  stretching  now 
remains  to  be  considered.  A  specimen  of  the  soft  iron  whose  properties  were 
described  in  a  preceding  section  of  this  jmper,  was  annealed  by  heating  to  750°  G. 
with  slow  cooling,  and  was  then  subjected  to  the  treatment  illustrated  by  Diagram  6. 
The  procedure  adopted  will  he  readily  understood  hy  reference  to  the  diagram  :  it 
was  practically  identical  with  that  adopted  to  obtain  Diagram  6. 

Tlie  specimen  was  first  hardened  Ijy  ovei-sti'ain  in  the  manner  illustrated  hy 
Curves  1,  2,  3,  and  4,  Diagram  7.  A  temperature  of  320°  C.  was  then  shown 
(Curve  No.  5)  to  have  had  no  tempering  action  on  the  hardened  material,  while  the 
amount  hy  which  tlie  yield-point  was  lowered  in  consequence  of  heating  the 
specimen  to  350  to  400  and  to  500°  C.  is  shown  by  Curves  6,  7  and  8  respectively. 

Perhaps  reference  should  again  he  made  here  to  the  method  adopted  to  detect 
yield-points.  The  load  was  very  slowly  applied  as  its  critical  value  was  approached  ; 
the  extensometer  reading  was  continually  observed  in  order  to  detect  “creeping”  within 
the  4-inch  length  under  observation,  and  the  lever  of  the  testing  machine  was 
watched  for  any  indication  of  yielding  starting  outside  tlie  measured  length  of  the 
specimen.  When  “  creeping  ”  had  been  detected,  the  load  was  immediately  reduced 
so  as  to  keep  the  material  yielding  slowly.  A  considerable  lowering  of  tins  load  at 
the  yield-point  could  often  be  effected,  as  is  shown  hy  the  dip  in  various  curves  of 
the  present  Diagram  No.  7,  without  causing  the  extension  of  the  yield-point  to 
stop  ;  but  since  the  rate  of  extension  fluctuated  somewhat  as  the  stretching  action 
travelled  along,  the  load  had  sometimes  to  he  slightly  increased  again  in  order  to  get 
the  yielding  to  spread  at  a  reasonable  rate  throughout  the  whole  length  of  the 
specimen.  The  exact  position  of  a  yield-point  is  thus  a  little  indefinite.  By  slightly 
reducing  the  load  as  the  yielding  at  a  yield-point  was  occurring,  the  danger  of  fracture 
supervening  at  the  higher  yield-points  was  somewhat  reduced. 

After  curve  No.  8  of  Diagram  7  had  been  obtained,  the  specimen  was  again  heated 
to  500°  C.,  and  Curve  No.  9  shows  that  the  yield-point  had  been  brought  to  very 
much  the  same  position  as  before.  The  loading  in  tliis  test  was  carried  far  beyond 
the  yield-point,  and  then  the  specimen  was  once  more  raised  to  500°  C.  Curve  No.  10 
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shows  that  the  material  now  gave  a  yield-point  at  a  stress  only  slio’htly  higher  than 
before. 


Diagram  No.  7.  (Tempering  of  Lowmoor  Iron  hardened  l)y  stretching.) 


Scale-.— I  Unit  =  of  an  inch.  _ 1 - 

A  temperature  of  650°  C.  was  next  tried,  and  it  was  found  that  this  temperature 
lowered  the  yield-point  by  a  remarkably  large  amount,  Curves  Nos.  II  aud  12  showing 
that  the  material  yielded  at  a  stress  distinctly  less  than  that  required  to  produce  yielding- 
in  the  very  first  test  of  this  specimen,  which  it  may  be  recalled  had  been  annealed  by 
heating  to  750°  C.  Curves  II  and  12  thus  show  that  the  overstraining  and  tempering 
which  the  specimen  received  as  the  result  of  the  operations  illustrated  by  Curves  1 
to  10  had  brought  the  material  into  a  condition  more  sensitive  to  the  influence  of 
temperature. 

The  material  was  now  hardened  again  by  successive  overstrain  in  the  manner 
illustrated  by  Curves  13,  14  and  15,  lOiagram  7,  recoveiy  from  overstrain  being 
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effected  by  warming  to  between  100  and  200°  C.,  and  then  the  specimen  was  heated 
to  500°  C.  to  see  if  the  yield-point  would  thus  be  brought  to  approximately  the  same 
position  as  in  Curves  8,  9,  and  10,  which  were  obtained  after  the  specimen  was  pre¬ 
viously  heated  to  this  temperature.  Curves  Nos.  16  and  17  show  that  the  yield- 
point  occurred  at  a  much  lower  stress  than  in  the  Curves  8,  9,  and  ]  0,  so  that  the 
material  was  in  an  entirely  changed  condition  as  regards  the  effects  of  temperature. 

A  further  hardening  of  the  material  was  next  attempted,  but  fracture  inad¬ 
vertently  occurred,  as  illustrated  by  Curve  No.  20.  A  temperature  of  200°  C.  had 
been  employed  to  effect  recovery  from  the  overstrain  illustrated  by  Cuiwe  19,  l)ut 
Curve  No.  20  seems  to  indicate  that  this  temperature  had  been  sufficient  to  produce 
annealing  action,  because  large  yielding  and  then  fracture  occurred  at  a  load  distinctly 
lower  than  would  naturally  have  been  expected.  This  test  was  perhaps  not  quite 
conclusive  as  sliowing  tempering  by  200°  C.,  for  the  specimen  after  so  many  over¬ 
strains  was  not  very  uniform  in  section,  and  the  fracture  occurred  at  what  was  known 
to  be  a  rather  thick  part  of  the  bar.  It  is  thus  just  possible  that  the  fracture  was 
due  to  the  bar  not  liaving  been  thoroughly  overstrained  by  the  precediiig  loading, 
although  in  that  case  yielding  might  have  been  expected  to  have  started  below 
26  tons  per  square  inch  instead  of  at  27  tons  per  square  inch.  On  measuring  the 
fractured  specimen  it  was  f)und  that  the  length,  which  had  been  originally  4  inches 
long,  was  now  5 '80  inches. 

Had  fracture  not  inadvertently  occurred,  as  explained  above,  there  seems  t(j  be  no 
reason  wliy  this  specimen  should  not  have  been  overstrained  and  tenq^ered  or 
annealed  an  indefinite  number  of  times,  and  so  tlie  material  have  Ijecome  drawn  out 
into  the  form  of  a  wire. 

The  history  of  another  specimen  of  the  same  Lowmoor  iron  is  giveii  in  Diagram 
No.  8,  and  the  results  recorded  in  that  diagram  serve  generally  to  corroljorate  those 
illustrated  by  Diagram  7.  The  specimen  employed  has  already  been  referred  to  in 
the  preliminary  examination  of  the  Lowmoor  iron  described  above.  It  was  the 
s|)ecimen  which  was  subjected  to  prolonged  annealing  at  750°  C.,  and  then  hardened  in 
the  manner  illustrated  by  the  curves  marked  B  in  Diagram  No.  5.  In  Diagram  No.  8 
there  are  illustrated  the  first  and  last  overstrains  in  this  hardening  of  the  specimen, 
and  also  the  position  of  tlie  four  intermediate  yield-points. 

Curve  8,  Diagram  8,  shows  that  260°  C.  was  too  low  a  temperature  to  produce 
annealing,  while  Curve  9  shows  that  310°  C.  sufficed  to  lower  the  yield-point  by 
almost  2  tons  per  square  inch.  It  is  just  possible  that  in  the  preliminary  hardening 
of  this  specimen  a  seventh  yield-point  at  a  stress  of  about  29  tons  per  square  inch 
might  have  been  safely  passed,  and  so  the  material  after  restoration  of  elasticity 
brought  into  a  condition  capable  of  bearing  a  load  of  31  tons.  Had  this  been  safely 
accomplished,  then  no  doubt  a  temperature  lower  than  310°  C.  would  have  sufficed 
to  produce  a  tempering  of  the  material. 

A  comparison  of  Curves  11  and  12,  Diagram  8,  indicates  that  time  has  some 
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influence  on  the  tempering  of  Lowmoor  iron  hardened  by  overstrain.  Curve  No.  II 
.shows  that  500°  C.  had  lowered  the  yield-point  to  21  or  21^  tons  per  square  inch, 
while  Curve  12  shows  that,  by  keeping  the  specimen  for  two  hours  at  about  500°  C., 
the  }deld-point  was  lowered  to  19  tons  per  s(piare  inch.  Time  has  no  doubt  a  slight 
effect  on  the  similar  tempering  of  steel ;  but  in  both  cases  temperature  is  distinctly 
the  main  determining  cause. 


Picagram  No.  8.  (Tempering  of  Lowmoor  Iron  hardened  by  stretching.) 

tcnsjzn^ 


Scale-.— I  Unit  =  of  an  inch.° - \ - ■ 

Curve  No.  15,  Diagram  8,  which  was  olffained  after  lieating  to  600°  C,  shows  a 
very  large  drop  in  the  yield-point  similar  to  the  drop  obtained  at  650°  C.  with  the 
specimen  whose  history  is  given  in  Diagram  7.  The  yield-point  shown  by  Curve  15 
is  lower  than  that  shown  Ijy  Curve  1  of  Diagram  8,  that  is,  it  is  lower  than  the  3U eld- 
point  given  with  material  which  had  been  annealed  for  a  long  time  at  750°  C.,  hut 
which  had  never  been  subjected  to  any  tensile  overstrain. 


]Mnir. 
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Fig.  A — -V"  Steel  as  supplied,  x  150  F. 
(Etched  with  IFNO3.) 


Fig.  B 


Steel  annealed  for  a  few  minutes 
at  750“  C.  X  150  I). 

(Etched  with  HNO3.) 


Fig.  C  —  1"  Steel  as  supplied.  x  150  1). 
(Stained  with  Cocoa.) 


Fig.  1 — Lovvmoor  Iron  as  supplied.  x  100  I). 
(Etched  with  IFNO3.) 


Fig.  2 — Lowuioor  Iron  annealed  for  G  liours 
at  750“  C.  X  100  II. 


(Etched  with  HNO3.) 
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The  specimen  whose  history  is  given  by  Diagram  8  was  ultimately  heated  to 
800°  C.,  and  Curve  18  was  obtained.  The  successive  overstrains  illustrated  Ijy 
Curves  19,  20,  21,  and  22  were  then  apjdied,  and  the  material  was  left  in  a 
condition  of  hardness,  the  tempering  from  whicli  could  be  made  the  sul)ject  of  further 
investigation. 

In  conclusion,  it  may  be  stated  that  many  experiments  other  than  those  described 
above  were  performed  during  the  course  of  tliis  researcli.  The  preliminary  experi¬ 
ments,  which  showed  qualitatively  the  tempering  of  iron  hardened  by  tensile  over¬ 
strain,  were  performed  in  the  Engineering  Laboratory  of  the  Uiiiversity  of  Glasgow, 
Professor  Barr  having  kindly  placed  his  laboratory  and  all  necessary  apparatus  at 
the  author’s  disposal.  All  the  experiments  described  in  this  paper  were  carried  out 
in  the  Engineering  Laboratory  of  the  University  of  Cambridge,  and  the  author 
desires  to  express  his  indebtedness  to  Professor  Ewing  for  suggestions  and  advice 
given  from  time  to  time  as  the  work  was  in  progress. 
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Intrud  action. 

§  1.  Tm"0  ideal  physical  processes  have  been  devised  as  the  foundations  of  two  methods 
of  deducing  mathematical  expressions  for  the  energy  dissipated  in  magnetic  material 
through  magnetic  hysteresis  ;  these  processes  are  due  to  Professor  E.  Warburg  and 
to  the  late  Dr.  J.  Horkinsox. 

In  Warburg’s  theory^  the  specimen,  in  the  form  of  a  slender  wire,  is  j^laced  in 
a  magnetic  field  due  to  a  })air  of  permanent  magnets  so  arranged  as  to  produce 
magnetic  force  parallel  to  the  length  of  the  specimen.  The  mechanical  work  spent 
in  moving  these  magnets  through  such  a  cycle  of  changes  of  position,  that  the  iron 
is  subjected  to  a  cycle  of  magnetic  changes,  is  clearly  equal  to  the  energy  dissipated 
on  account  of  magnetic  hysteresis  in  the  specimen.  In  terms  of  the  magnetic 
quantities  the  energy  dissipated  per  cub.  centim.  per  cycle  is  —  JIc/H  or  jlldl  ergs, 
where  H  is  the  magnetic  force  and  I  the  intensity  of  magnetisation.  Professor 
J.  A.  Ewing!  has  applied  the  principle  involved  in  Warburg’s  theory  to  the 
design  of  a  simple  instrument  by  which  the  hysteresis  of  aii}^  specimen  of  sheet 
iron  (for  the  range  of  induction  B  =  4000  to  B  =  —  4000  C.G.S.  units  approxi¬ 
mately)  is  deteimined  by  comparison  ^\dth  two  standard  specimens  supplied  with 
the  instrument,  and  previously  tested  for  hysteresis  by  the  ballistic  method.  The 
principle  has  also  been  employed  by  W.  tS.  Franklin,^  by  H.  S.  Webb,§  and  by 
(h  L.  W.  Gill||  to  obtain  absolute  determinations  of  hysteresis. 

The  theory  of  the  late  Dr.  John  HopkixsonA  proceeds  in  a  difierent  manner. 
The  specimen  now  takes  the  form  of  a  fine  wire  bent  into  a  large  circular  ring,  the 
ends  of  the  wire  being  welded  together  ;  the  length  of  the  wire  is  I  centim.,  and 
its  cross-section  A  sq.  centim.  Let  this  ring  be  uniformly  overwound  with  insulated 
wire  at  the  rate  of  N  turns  per  centim.  so  that  the  total  number  of  turns  is  N/, 
and  let  the  wire  be  without  resistance.  Then  if  C  be  the  current  at  any  time,  the 
mao'iietic  force  actino-  on  the  iron  is  H  =  47rNC.  If  B  be  the  magnetic  induction 
in  the  iron,  the  number  of  linkages  of  lines  of  induction  with  the  electric  circuit 
at  anv  instant  is  A/NB,  and  hence,  when  B  changes,  there  is  bv  Faraday’s  law  a 
voltage  A/N(/B;'c/i  between  tlie  ends  of  the  coil.  We  have  supposed  here  that  tlie 
wire  is  closely  wound  ujion  the  iron.  The  power  spent  in  driving  the  current  against 
this  voltage  is  A^NCdB/(/^  ergs  per  second. 

Lhsing  the  relation  H  =  IttNC,  and  noticing  that  kl  is  the  volume  (r)  of  the  iron, 
tlie  expression  becomes  r/47r  .  HJB  We 

*  ‘tVied.  Ann.,’  vol.  13  (1881),  p.  141. 

t  ‘  Magnetic  Induction  in  Iron  and  other  Metals,’  3rd  ed.,  revised,  §  199. 

I  tv.  S.  Franklin,  ‘  Physical  Revieiv,’  vol.  2,  ji.  466. 

§  II.  S.  tVEi'-ii,  ‘  Physical  Review,’  a'oI.  8,  p.  310. 

[j  G.  E.  tv.  Gill,  ‘Science  Abstracts,’  vol.  1  (1898),  p.  413. 

‘Phil.  Trans.,’  vol.  176  (188.6),  p.  466. 
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The  work  spent  per  unit  volume  during  any  finite  change  is  thus 

=  . 

tlie  expression  found  by  Hopkinson. 

When  the  change  is  cyclic,  so  that  B  and  H  have  the  same  values  at  the  end  as  at 
the  beginning  of  the  cycle,  we  can  throw  the  expression  into  a  different  form.  For 
since  B  =  H  +  47rl  we  have  c/B  =  r/H  +  47r(/I.  But  when  H  goes  (1)  through  the 
cycle  +  Hg,  —  Hg,  +  Hg  or  (2)  goes  from  -f-  Hg  to  —  Hg,  then  |  H(/H  —  0,  and  tlius 
we  recover  Warbupg’s  expression  j  Hc/I. 

In  the  present  paper  we  are  only  concerned  with  the  work  spent  in  causing  a 
complete  cycle  of  magnetic  changes.  We  shall  always  use  W  to  denote  the  energy 
dissipated  by  hysteresis  per  cub.  centim.  per  cycle  of  magnetic  changes,  and  we 
shall  express  W  in  ergs  per  cub.  centim.  per  cycle.  We  liavc  thus 

W  =  7  I  hk/B . (2). 

Air  J 

To  obtain  the  value  of  W  by  means  of  this  expression,  it  has  l)een  usual  to 
construct  a  cyclic  B-IT  curve,  best  by  the  method  described  by  Ewing, and  to  find 
its  area.  This  process  is  easy  enougli,  but  since  it  involves  the  observations  necessary 
to  find  at  least  ten  or  twelve  points  on  tbe  B — H  curve,  and  the  subsequent  estimation 
of  the  ai'ea  of  the  curve  after  it  lias  been  plotted,  quite  an  hour  is  required  for  each 
determination  of  W. 

§  2.  We  have  given  the  sketch  contained  in  §  1  for  the  purpose  of  contrasting  the 
physical  ideas  involved  in  the  two  mathematical  methods  by  which  the  formulae 
W  —  —  J  WH  and  W  =  l  /47r.  |  Hr/B  have  been  obtained,  and  of  showing  the  manner 
in  which  the  subject  presented  itself  to  one  of  us  in  1895. 

The  remarks  of  §  1  refer  only  to  mathematical  processes  and  not  to  the  experi¬ 
mental  methods  of  studying  the  effects  of  hyst(  resis  as  exhibited  in  the  relation  of 
I  or  B  to  H.  To  the  experimental  knowledge  of  the  subject  the  first  contributions 
were  made  by  the  independent  and  nearly  simultaneous  papers  of  Warburg  and 
Ewing.  In  addition  to  the  theory  noticed  in  §  1,  Warburg  gave  magnetometric 
observations  of  cyclic  I — H  curves,  but  his  observations  were  few.  Ewing  made  a 
much  more  systematic  attack  on  the  subject,  using  the  ballistic  as  well  as  the  mag¬ 
netometric  method,  and  determining  the  values  of  —  j  IdH  for  a  graded  series  of 
I — H  curves  for  the  same  specimen  of  iron.  An  account  of  the  subsequent  develop¬ 
ment  of  the  subject,  in  which  Ewing  has  liad  a  great  share,  will  be  found  in  his  book 
on  ‘  Magnetic  Induction  in  Iron  and  other  Metals.’  We  owe  much  to  Professor  Ewing, 
It  was  his  hysteresis  tester  which  formed  the  initial  incentive  to  the  research  described 


*  Ewing,  ‘  Magnetic  Induction  in  Iron  .and  other  Metals,’  3rd  ed.,  revised,  §  192, 
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in  the  ])resent  paper,  and,  further,  much  of  the  general  knowledge  of  magnetism  needed 
in  carrying  out  that  research  has  been  gained  from  his  writings  and  from  conversations 
with  him. 

§  3.  It  occurred  to  one  of  us  some  years  ago  that  just  as  Ewixg  had,  in  effect, 
applied  Warbuhg’s  theory  to  produce  a  practical  hysteresis  tester,  so  it  might  be 
possible  to  apply  Hopkinson’s  theory  to  the  design  of  a  method  which  should  give 
aljsolute  determinations  of  the  energy  dissipated  through  hysteresis  as  quicklv  and 
as  accurately  as  changes  in  magnetic  induction  are  found  by  the  aid  of  a  ballistic 
galvanometer.  It  was  evident  that  if  this  could  be  attained  it  would  be  possible  to 
investigate  the  efiects  of  various  phj^sical  conditions — stress,  temperature,  the 
jjassage  of  an  electric  current,  &c. — upon  the  hysteresis,  with  a  comparatively  very 
small  expenditure  of  time.  A  preliminary  account  of  the  theory  of  the  method 
was  published  in  1895,^  and  since  then  much  time  has  been  spent  in  working  out 
some  details  which  make  the  method  practical ;  as  only  a  few  weeks  in  each  year 
have  been  available  for  tlie  work,  progress  has  been  slow. 

In  essentials  the  method  is  of  course  well  known.  In  one  of  its  forms  it  is  in 
constant  use  among  electrical  engineers  in  testing  by  means  of  a  watt-meter  the 
energy  dissipated  in  a  transformer  when  its  primary  coil  is  traversed  by  an 
alternating  current.  In  this  case  there  is  a  steady  deflexion  of  the  watt-meter, 
and  thus  the  watt-meter  method  is  convenient  in  commercial  work. 

From  the  scientific  standpoint,  the  watt-meter  method  has  the  disadvantage  that 
it  is  not  possible  to  find  the  limits  between  which  the  magnetic  induction  alternates 
without  the  use  of  revolving  contact-makers,  or  oscillographs,  or  other  appliances. 
The  “effective”  voltage  is  indeed  easily  measured,  Imt  unless  the  w’ave-form  of  the 
curve  of  voltage  is  known,  the  limits  of  the  induction  cannot  be  found. 

With  transformers  of  commercial  dimensions  the  “  effective  ”  voltao-e  is  consider- 
able,  Imt  when  the  iron  is  reduced  to  a  single  wire  only  1  or  2  sq.  millims.  in  section 
the  “  effective”  voltage  for  100  alternations  per  second  does  not  exceed  a  few  tenths 
of  a  volt,  even  when  the  secondary  coil  contains  1000  turns  of  Avire.  We  knoAv 
of  no  method  by  Avhich  so  small  an  alternating  voltage  can  be  measured  Avith  any 
accuracy. 

T1  le  idea  Avhich  occurred  to  one  of  us  in  1895  Avas  to  use  a  single  reversal  of  the 
current  to  produce  a  “  tliroAv  ”  of  a  Ijallistic  electro-dynamometer  instead  of  an 
alternating  current  to  produce  a  steady  deflexion  of  a  Avatt-meter.  The  present 
paper  contains  an  account  of  the  development  of  this  idea  and  of  its  applications  to 
mao'uetic  research. 

o 

8o  far  as  Ave  knoAv,  the  ballistic  method  of  measuring  hysteresis  is  noA'el.  In  the 
endeavour  to  make  it  a  practical  method,  Ave  luiA’e  met  Avith  many  difficulties,  and  the 
main  part  of  the  Avork  has  been  devoted  to  oA^ercoming  those  difficulties. 

*  G.  E.  C.  Searle,  “A  Method  of  Measuring  the  Loss  of  Energy  in  Hysteresis,”  ‘  Proc.  Camb.  Phil. 
Soc.,’  A'ol.  9,  Part  I.,  NoA'cinber  11,  1895. 
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Of  the  many  advantages  of  the  ballistic  method,  two  may  be  mentioned.  Thus 
the  induction  can  be  measured  simultaneously  with  the  hysteresis  far  more  simply 
than  when  an  alternating  current  is  used.  Further,  the  ballistic  method  enables 
measurements  to  be  made  so  quickly  as  to  render  experiments  easy  which  would 
otherwise  be  practically  imj^ossible  on  account  of  the  very  great  time  required  fu’ 
the  numerous  determinations  of  hysteresis  necessary  in  investigations  on  the  eftects 
of  stress  or  of  temperature. 

It  will  appear  from  the  paper  that  several  of  the  eftects  of  physical  changes  upon 
hysteresis  which  we  have  studied  presented  themselves  to  us  as  we  worked  out  the 
method.  We  found  afterwards  that  some  of  these  eftects  had  already  been  discovered 
by  Ewing  or  others,  or  might  have  been  deduced  from  their  experiments.  These 
cases  we  refer  to  in  foot-notes.  The  eftects  of  the  vaiious  physical  changes  upon  tlie 
induction  have  received  so  much  attention  from  others  that  we  have  not  thoim-ht  it 

O 

necessary  to  point  out  how  much  of  that  part  of  our  work  has  consisted  merely  in 
going  over  old  ground. 


A'jyproximate  Theory  of  the  Method. 

§  4.  Let  an  iron  ring  of  section  A  sq.  centim.  and  mean  circumference  I  centim.  be 
wound  with  N  turns  of  primary  windings  per  centim.,  so  that  the  total  number  of 
turns  is  N/.  The  current  C,  which  passes  through  the  })rimary  and  magnetises  the 
iron,  producing  the  magnetic  force  H  =  47rNC,  passes  also  round  the  fixed  coils  of  a 
sensitive  electro-dynamometer.  A  secondary  coil  of  n  turns  is  wound  over  the  iron, 
and  is  connected  in  series  with  the  suspended  coil  of  the  dynamometer,  and  with  an 
earth  inductor,  the  total  resistance  of  the  secondary  circuit  being  S.  In  ftnding  the 
total  induction  through  the  secondary  circuit,  w'e  must  remember  that  tlie  secondary 
will  not  generally  be  closely  wound  upon  the  iron.  A  certain  number  of  lines 
of  induction  will  in  consequence  pass  through  the  secondary  circuit  due  to  the 
magnetic  force  H  produced  by  the  primary  current.  The  total  numljcr  of  lirdvages 
of  lines  of  induction  with  the  secondary  circuit  is  thus  AnB  +  MC  where  M  is  some 
constant. 

Let  the  primary  current  C  change  gradually  (1)  from  -j-  Cg  to  —  Cq  and  back 
again  to  -f-  Cq,  so  as  to  conqftete  a  cycle,  or  (2)  from  +  to  —  making  a  semi¬ 
cycle.  During  the  change  the  voltage  AoidMidt  -f  MdC/d^  is  set  rq)  in  tlie 
secondary  circuit.  If  the  “  time  constant  ”  of  the  secondary  circuit  be  very  small 
compared  with  the  “time  constant”  of  the  primary  circuit,  the  effect  of  the  self- 
induction  of  the  secondary  circuit  may  be  neglected,  and  the  current  in  the  secondary 
circuit  may  be  taken  to  lie 

_  r/E  M  (If 

^  dt  8  dt 


38 


MI-:SSKS.  Ci.  F.  C.  SEAKLE  AND  T.  G.  BEDFORD 


Let  the  couple  experienced  by  the  suspended  coil,  when  the  currents  in  the  tixed 
and  suspended  coils  are  0  and  c  respectively,  be  qCc  dyne-centims.  Then  since 
H  =  47rNC',  when  the  magnetic  force  due  to  the  secondary  current  is  negligible, 
we  have  for  the  couple  at  any  instant 


Couple  = 


ri  _  A/t 

</Lc  =  7  ,“Vt  ,  LL 

^  47rXS  dt 


+  'Z 


dt 


If  the  time  of  vibration  of  the  moving  coil  be  so  great  compared  with  the  time 
occupied  by  the  cycle  or  semi-cycle,  that  the  cycle  or  semi-cycle  is  completed  before 
the  coil  has  sensibly  moved  from  its  equilibrium  j^osition,  the  angular  momentum 
acquired  by  the  coil  is 


where  K  is  the  moment  of  inertia  of  the  coil,  and  w  is  the  angular  velocity  imparted 
to  the  coil  by  the  electro- magnetic  impulse.  Now  when  C  goes  through  either 
a  cycle  or  a  semi-cycle  vanishes,  and  thus 

=  . (4). 


Let  6  be  the  greatest  angular  displacement  or  “throw”  of  the  coil,  and  ^  the 
restoring  couple  exerted  by  the  suspension  per  radian  of  displacement.  Then  by  the 
principle  of  the  conservation  of  energy,  we  may  equate  the  initial  kinetic  energy 
to  the  potential  energy  at  end  of  swing  and  thus  obtain  -gKoj'  =  hf 

or  K*(y  =  /“d . (5). 


The  three  constants  q,  K,  and  f  are  eliminated,  and  the  “  constant  ”  of  the 
dynamometer  is  determined  in  the  following  manner.  Let  a  constant  current  C' 
flow  in  the  primary  circuit  through  the  fixed  coil,  and  while  this  current  is  passing, 
let  the  earth  inductor  be  ini’erted  so  as  to  produce  a  known  change,  P,  in  the 
number  of  linkages  of  lines  of  induction  with  the  secondary  circuit.  The  time- 
integral  of  the  current  thereby  produced  is  P/f8,  and  hence  the  initial  angular 
momentum  of  the  suspended  coil  is 

Kco'  =  r/C'P/S . (6). 


If  (f)  be  the  throw  produced,  we  have  by  (5)  co/co'  =  0/<f),  and  hence  by  (G)  and  (3), 


r  f'l’ 

\ccdt=--e  . (7). 

W  =  . 
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Since  it  is  only  the  ratio  of  the  angles  6  and  ff)  wliich  appears  in  the  formula 
for  l/47r  .  I  Hc/B,  we  may  take  for  the  ratio  6/(f)  the  ratio  of  the  two  “  throws  ”  of  the 
spot  of  light  along  the  scale,  provided  that  the  “  throws  ”  are  not  so  large  that 
tan  20  differs  appreciably  from  20. 

The  effect  of  damping  has  so  far  been  neglected.  If  X  he  the  logarithmic 
decrement,  we  must  Avrite  (5) 

where  0  is  now  the  ohserved  “  throw.”  The  “  throw  ”  <[)  must  l)e  treated  in  the  same 
way,  and  hence  the  ratio  0/(f)  is  unaffected  and  the  expression  (8)  remains  true. 

§  5.  If,  instead  of  making  the  primary  current  go  through  a  complete  cycle,  we 
make  it  go  through  a  semi-cycle  from  +  Cq  to  —  or  vice  versa,  Ave  can  A'ery 
coiiA'eniently  combine  the  measurement  of  the  hysteresis  by  the  dynamometer  Avith 
the  measurement  of  the  magnetic  induction  by  a  ballistic  galAmnometer.  F(Ar  if  a 
ballistic  galA'anometer  be  connected  in  series  AA’ith  a  second  secondary  coil  Avound 
upon  the  specimen,  the  throAv  of  tlie  galA’-anometer  gh^es  the  A-alue  of  —  Ik,  AAdiere 
B^  and  B,,  are  the  algebraical  A^alues  of  B  corresponding  to  +  Cq  and  —  In  the 
ideal  case  Bo  =  —  B^,  and  then  B^  =  (Bj  —  Bo). 

Whether  this  ideal  state  obtain  or  not,  AA^e  shall  denote  ^(B^  — Bo)  by  B,j, 
calling  it  the  mean  maximum  induction.  When  the  specimen  takes  the  form  of  a 
ling,  the  ballistic  galA’anometer  only  enables  us  to  find  Bq  ;  it  giA^es  no  information 
as  to  B^  or  Bo.  This  knoAAdedge  could,  hoAA^eA'er,  be  obtained  in  the  case  of  a  long 
straight  specimen  by  slijijiing  the  secondary  coil  off  the  specimen. 

Wlien,  as  in  our  case,  there  are  tAvo  obserA'ers,  the  oliservations  for  W  and  B^  can 
he  made  simultaneously. 

§  6.  To  take  the  specimen  through  a  complete  cycle,  Ave  must  make  the  curi'ent  go 
through  the  semi-cycle  -h  to  —  and  then  from  — Cq  to  -f-  Cq.  If  the  iron  has 
reached  a  cyclic  state  the  throAvs  of  the  galA^anometer  Avill  be  the  same  in  magnitude, 
though  opposite  in  direction  for  the  two  reA^ersals  of  the  current.  But  it  aauII  often 
lia])pen  that,  on  account  of  the  preA'ious  treatment  of  the  iron,  Bj  differs  consider¬ 
ably  fi’om  —  Bo,  and  in  this  case  the  throAvs  of  the  dynamo¬ 
meter  differ  in  magnitude  for  the  tAAm  reversals,  though 
tliey  are  in  the  same  direction. 

A  little  consideration  aviH  sIioaa^  us  Iioaa'  to  proceed  in 
this  case.  Let  ahca'Uca  (fig.  1)  he  a  B — H  curA*e,  and  let 
ad,  a'd!  be  draAAui  parallel  to  OH.  By  reversal  of  the  cur¬ 
rent,  let  the  iron  1)e  caused  to  go  thi'ough  the  clianges 
represented  liy  the  curA^e  abca'.  From  a  to  h  H  is  positive 
and  c/B  is  negative,  Avhile  from  h  to  a'  lioth  H  and  c/B 
are  negative.  Hence  the  value  of  |  HdB  for  the  semi-cycle 
+  Qj  to  —  C^j  is  giA-en  liy  (area  Ijca'd')  —  (area  ahd).  Simi- 
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larly  J  Hc/B  for  the  semi-cycle  —  Cq  to  -f-  Cq  is  given  hy  (area  Vc'ad)  —  (area  a'h'd'). 
The  value  of  J  Hr/B  for  the  whole  cycle  is  thus  the  area  of  the  B — H  curve  ahca'h'c'a. 

If  0,  and  9c.  he  the  two  throws  of  the  dynamometer  for  the  two  semi-cycles,  we 
have  hy  (8) 


and  hence,  since  W  is  the  sum  of  the  two  quantities  on  the  left  sides  of  these 
equations, 

■VP'P 

=  +  . 0). 

Thus  to  hud  W  Ave  have  simply  to  add  together  the  two  throws  for  the  two 
semi-cycles,  and  then  multiply  the  result  l)y  the  factor  NC'P/A??^. 

The  expression  (9)  is  the  fundamental  formula  of  the  method  emjoloyed  by  us  for 
the  measurement  of  hysteresis.  From  it  we  see  that  all  that  is  needed  in  addition  to 
the  electro-dynamometer  for  the  measurement  of  W  is  an  ampere-meter  by  which 
to  determine  C',  and  an  earth-inductor  or  some  other  means  of  producing  a  known 
change  of  induction  (P)  through  the  secondary  circuit. 

Complete  Theory  of  the  Method. 

^7.  In  the  elementary  tiieory  of  ^  4,  the  resistance,  S,  of  the  secondary  circuit 
is  supposed  to  l)e  so  large,  and  the  induced  current  in  consequence  so  feeble,  that 
tlje  magnetic  force  due  to  tlie  induced  current  is  negligilde  in  comparison  with  that 
due  to  the  primary  current.  It  is  thus  necessary  to  proceed  to  a  closer  examination 
of  the  theory  in  oixler  to  find  the  correcting  term  which  appears  when  S  is  only 
finite.  In  this  examination  we  take  account  also  of  the  energy  dissipated  hy  the 
eddy  currents,  whicli  cii'culate  in  tlie  siiecimen  in  consecpience  of  the  variations  of 
the  applied  magnetic  force.  We  use  tlie  notation  already  employed  in  the  elementary 
tlieory. 

^  8.  In  the  primary  circuit  let  tlie  magnetising  coil  and  the  dynamometer  coil  he 
placed  next  to  each  otlier  m  the  circuit,  and  let  E  he  the  voltage  at  any  instant 
between  the  ends  of  the  conductor  so  formed.  Now  the  induction  through  either 
circuit  depends  not  only  upon  the  magnetic  induction,  B,  in  the  iron,  lint  also  upon 
the  magnetic  force  in  the  space  betiveen  the  coils  and  the  iron,  as  well  as  upon  the 
magnetic  force  near  the  coils  of  tlie  dynamometer.  In  each  case  the  magnetic  force 
depends  only  upon  C  and  c,  and  not  at  all  upon  B,  since  the  iron  is  formed  into  a 
ring.  Thus  if  It  he  the  resistance  of  the  }irlmary  circuit  hetAveen  the  two  points 
hetAveen  Avhich  the  voltage  is  E,  the  equations  for  the  primary  and  secondary  currents 
may  he  Avritten 

1?  =  !!<:+  (N/AB  +  T/f  +  Me) 

0  =  Sc  +  (liA  B  +  MC  +  Lo)  . 


■  (10), 
■  (11). 
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where  B  is  the  average  value  of  the  induction  over  the  section  of  the  specimen  at 
any  time.  Here  L  and  L'  are  constant,  while  M  varies  slightly  as  the  suspended  coil 
turns  round. 

By  the  principle  of  the  conservation  of  energy,  the  work  done  by  the  voltage  E  in 
any  time  is  equal  to  the  energy  dissipated  in  the  specimen,  together  with  the  heat 
produced  in  the  resistances  B  and  S,  and  the  kinetic  energy  acquired  by  the  moving 
coil  of  the  dynamometer  and  the  increase  in  the  magnetic  energy  of  the  system. 

Now  let  Wj,  Wo  be  the  energy  dissipated  by  hysteresis  j)er  cub.  centim.  for  two 
semi-cycles,  so  that  the  loss  per  cycle  is  W  =  W;^  +  W3.  Further,  let  X^,  Xo 
be  the  space-averages^^  of  the  energy  dissipated  by  eddy  currents,  so  that  the  loss 
per  cycle  is  X  =  Xj  -b  Xo.  Then  the  total  energy  dissipated  in  the  specimen  in  a 
semi-cycle  is  A/(Wj  -j-  X^^). 

If  xjj  be  the  deflection  of  the  suspended  coil,  then  the  couple  tending  to  increase  \jj 
Is  CcclM/cl^  dyne-centim.  The  rate  of  working  of  this  couple  at  any  instant  is  thus 
CctlM/clxfj.dxfj/dt  or  CcdM/dt,  and  hence  the]  total  work  done  is  |  (dcdd^ijdt.dt.  This 
is  therefore  the  kinetic  energy  acquired  by  the  coil. 

Then,  if  T,  T'  be  the  magnetic  energy  at  the  beginning  and  end  of  a  semi-cycle,  we 
have 

I  mdt  =  ( Wi  +  Xi)  M  -f  I  (RC3  -f  +  GcdKIdt)  dt  -f  T'  -  T. 

But  from  (10) 

J'ECd^  =  \W^dt  +  |C  I  (N/AB  -f  L'C  Me)  dt . 


Comparing  these  expressions,  we  And,  since  U\GdOldt.dt  =  0  for  a  cycle  or  a  semi¬ 
cycle, 

( Wi  -f  Xi)  M  =  |C  (N/AdB/c/^  +  micjdt)  dt-^\ chU  -  T'  fl-  T . 

The  integrations  are  to  be  effected  between  the  limits  i  =  0  and  ^  =  co  ,  where 
^  =  0  denotes  any  instant  before  the  primary  current  begins  to  change,  and  t  =  <x> 
denotes  some  instant  towards  the  end  of  the  change  when  the  primary  current  has 
with  sufficient  accuracy  reached  its  final  value  C^J.  It  follows  that  c  =  0  at  both 
limits. 

From  (11)  we  find 

-  S  I  chit  =  I  (wAB  +  MC)  dt , 


since  Ijcdcjdt  vanishes  on  integration.  Adding  this  expression  to  the  last  one,  we 
obtain 


(w,  +  x.)a;  =  I 


cKf +  m|)  +  c^OAB+MC) 


dt  -  T  -b  T 


*  tVe  take  the  space-average  because  the  rate  of  heat  janduetion  is  not  uniform  over  the  section;  when 
the  section  is  circular  and  dBjeU  is  very  small  the  rate  at  any  point  is  proportional  to  the  square  of  the 
distance  of  the  point  from  the  centre  of  the  section.  (See  Appendix  I.) 
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The  terms  in  this  formnla  which  involve  M  are  the  complete  dilFerential  of  MCc,  and 
thus  vanish  on  integration,  since  c  =  0  at  both  limits.  We  thus  have 


( +  X,)Al  =  I  CN/A  +  |c  I  (wAB)  dt  -  T'  -f  T 


If  we  multiply  (11)  by  N^C/w  and  integrate  we  obtain 

•|Ccd«  =  -|C 


N/S 

01 


dt  01  dt^  ’  ' 


01  dt 


dt. 


Thus,  by  addition  of  the  last  two  equations, 

( W,  +  X.) U  =  -  I Codt  -  1 C I (MC)  dt  +  \c I (« AB)  dt 


LNN 

01 


Ct  di  -  T'  +  T. 

dt 


The  first  integral  in  this  expression  is  pro23ortional  to  the  “throw”  of  the  moving 
coil,  for,  by  (7), 


N/S  f  ^  ,  N/C'P  „ 
—  Qcdt  =  — --  A, 
n  J  n(f)  ^ 


if  we  measure  0^  in  the  right  direction. 
As  regards  the  second  integral. 


d 


Gj^(MC)dt  = 


MC- 


Jo 


r  dc 

-  MC^  f/^. 
J  dt 


But  since  the  time  of  vibration  of  the  suspended  coil  is  comparatively  large,  the 
change  in  C  is  practically  complete  before  the  coil  has  moved  far  from  its  equilibrium 
position.  Hence  M  may  be  treated  as  constant  for  the  whole  range  of  integration, 
and  thus,  since  O'  =  at  both  limits,  the  value  of  the  integral  is  zero. 

As  regards  the  fourth  integral. 


since  c  vanishes  at  both  limits. 

Collecting  these  results,  we  have 

(W.  +  X,)  a;  =  0,  +  ^  c)  dt  -  T'  +  T. 

The  integral  in  this  expression  is  the  correction  which  makes  its  appearance  when  we 
take  account  of  the  finite  conductivity  of  the  secondary  circuit.  It  will  sufEce  to  use 
in  it  the  value  of  Sc  which  obtains  when  l^dc/dt  is  iiegligible  in  comparison  with 
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d  (wAB  +  MC)/c/^,  viz.,  Sc  =  —  c/ (wAB  +  We  may  also  treat  M  as  constant. 

When  this  is  done  we  obtain 


n  dt ) 


(„Af +  M 


dt  -  T'  + 


T. 


If  we  add  together  the  results  for  a  pair  of  semi-cycles,  the  quantities  T  and  T' 
disappear  when  a  cyclic  state  has  been  established,  for  then  the  magnetic  energy  is 
the  same  at  the  end  as  at  the  beginning  of  a  cycle.  We  may  then  replace  W^  + 
by  W  -b  X  and  6-^  by  6^  +  do,  but  we  must  remember  that  the  integral  is  to  be  taken 
completely  round  a  cycle. 

The  expression  can  be  put  into  a  more  convenient  form  if  we  notice  that  by  the 
rules  of  approximation  c  is  to  be  taken  as  zero  in  the  terms  under  the  integral  sign. 
We  thus  replace  IttNC  by  H,  and  then  writing  47rNdB/dH.c?C/c/^  for  cZB/dq  we 
have,  on  division  by  al. 


W 


Nf'P 


N  r  /47r?dA 

SW  J  \  l  rfH 


+  L)(4™ANb| 


(12). 


the  final  formula. 

Now,  unless  the  specimen  be  so  thick,  and  the  variation  of  H  so  rapid,  that  during 
part  of  a  complete  cycle  the  average  induction  for  the  whole  section  increases  vdiile 
the  applied  magnetic  force  diminishes,  c/B/c/H  is  always  positive.  Hence,  since  dGjdt 
always  has  the  same  sign  as  r/C,  the  correcting  integral  is  always  positive.  Thus  the 
true  value  of  W  -f-  X  is  less  than  that  calculated  from  the  throw  of  the  dynamometer 
on  the  assumj)tion  that  S  is  infinite. 

§  9.  Before  we  can  apply  equation  (12)  in  finding  W,  we  must  either  know  that  X 


*  We  can  easily  obtain  with  rough  approximation  the  condition  which  must  be  satisfied  in  order  that 
ludc/dt  may  be  negligible  in  comparison  with  dfiiAB  +  MC)/dt  From  (11)  we  have 

(s  +  L  c  =  -  ^  («AB  +  MC), 

Avhence 

^  +  “C)  =  (s  A®  ■  ■  1- 

Thus  the  approximation  -Sc  =  d(nAB  +  MC)/df  is  valid  if  L/S.cPfnAB  +  MC)/dP  is  small  in  com¬ 
parison  with  d{nAB  -f  MC)/(/^.  A  sufficient  idea  of  the  magnitudes  involved  is  obtained  by  treating  B  as 
proportional  to  C.  In  this  case  L/S.d-C/d/^  must  be  small  in  comparison  with  dCjdt.  But,  if  E 
denote  the  voltage  of  the  battery,  the  characteristic  of  C  is 

KdC/dt  +  EC  =  E, 

where  E  is  now  the  resistance  of  the  whole  of  the  primary  circuit,  and  K  depends  mainly  upon  the 
choking  coil  (§  33)  in  the  circuit.  Hence,  treating  K  as  constant, 

Kd'^C/df  +  'RdCjdt  =  0. 

Thus  the  condition  for  the  validity  of  the  approximation  can  be  expressed  in  simple  form  by  saying  that 
L/S  must  be  small  in  comparison  with  K/R. 
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is  negligible  or  else  be  able  to  determine  it.  In  most  of  our  experiments  the  specimens 
have  been  fine  wires,  and  X  has  been  insignificant  in  comparison  with  W,  but  with 
rings  of  solid  metal,  such  as  those  used  by  Mr.  E,.  L.  Wills,*  with  a  sectional 
area  of  over  1  scp  centim.,  X  becomes  of  real  importance.  Now  from  the  behaviour  of 
the  eddy  currents  in  a  rod  of  circular  section,  we  may  assert  that  when  the  “  time 
constant”  (inductance/resistance)  of  the  primary  circuit  is  large  compared  with  Trga- 'cr, 
where  a  is  the  radius  of  the  largest  circle  inscribable  in  the  section,  and  fi  and  cr 
are  the  permeability  and  specific  resistance  of  the  material,  then  the  eddy  current  at 
any  point  may  be  calculated  on  the  assumption  that  the  magnetic  induction  has  at 
any  instant  the  same  value  at  all  points  of  the  section  (Apjiendix  I.).  In  this  case 
the  eddy  current  at  any  given  point  is  proportional  to  cZB/hi,  and  hence,  as  the 
method  of  “  Dimensions  ”  shows,  the  space- average  of  the  rate  at  which  heat  is 
generated  per  unit  volume  may  be  written 

hX/f/^  =  QA  {clB/dtfla-  =  1677''NWQ/o-  .  (cZB/hH)3 .  (c/C/ch)~  .  .  •  (13), 

where  Q  is  a  constant  depending  upon  the  form  of  the  section.  On  reference  to  the 
meaning  of  X  it  will  be  seen  that  the  total  rate  of  heat  production  by  eddy  currents 
per  unit  length  of  the  specimen  is  QA^(hB/h^)'Yo'-  For  a  circular  section  Q  =  fi  Stt  = 
•03979,  and  for  a  scpiare  section  Q  =  '03512.  (Appendix  I.) 

We  can  now  write  (12)  as  follows  : — • 


W  = 


NC'P 


(^1  +  0,) 


Ancj) 


N 


\dKj  SAw. 


47r?i-A  rZB 

1.  m 


+  l)  I ItthAN  '(I  +  M 

/  \  tt-H- 


(IQ 

(U 


clC 


=  U~X-Y  (§13) 


(14). 


If  the  specimen  be  built  uji  of  p  similar  wires  so  that  the  total  cross-section  is  A, 
then  X  is  Ijp  times  the  value  for  a  single  wire  of  section  A.  The  p  wires  must  he 
insulated  from  each  other  so  that  there  are  no  eddy  currents  from  wire  to  wire. 

The  quantity  f/B/WH,  which  occurs  in  the  correcting  integral,  is  for  a  given  specimen 
a  nearly  definite  (double  valued)  function  of  H  and  therefore  of  C,  for  given  limits 
i  Cq,  provided  that  the  “  time  constant  ”  of  the  primary  circuit  is  large  compared 

*  Mr.  R.  L.  tViLLS,  of  St.  John’s  College,  1851  Exhibition  Scholar,  began  in  1900,  at  the  CaA'enclish 
Laboratory,  a  series  of  experiments  on  the  effect  of  temperature  upon  the  energy  dissipated  through 
hysteresis  in  iron  and  alloys  of  iron,  in  continuation  of  his  work  on  the  “  Effects  of  Temperature 
on  the  Magnetic  Properties  of  Iron  and  Allo3's  of  Iron  ”  (‘Phil.  Mag.,’  July,  1900).  At  the  suggestion  of 
Professor  J.  J.  THOMSON  he  employed  the  method  described  in  the  present  paper,  while  u’e  gladfv 
furnished  him  with  some  of  the  apparatus  emj^lojmd  by  us  in  our  own  researches.  It  was  plain  that  in 
the  specimens  used  by  Mr.  MTj.ls  the  energy  dissipated  by  eddy  currents  was  comparatively  much  greater 
than  in  our  own  specimens,  and  so  might  be  far  from  negligible.  5Ye  were  thus  led  to  extend  the  theory 
so  as  to  take  acconnt  of  the  eddj"  current  loss,  and  to  devise  a  method  of  determining  that  loss. 
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with  TTiia^lcr.  (Appendix  I.)  Quite  apart  from  the  effects  of  eddy  currents,  dB/dH 
appears  to  depend  slightly  upon  the  rate  of  variation  of  H,  but  so  slightly  that  we 
may  for  our  present  purpose  consider  dB/dH  as  having  two  definite  values  for  any 
given  value  of  C  when  C  varies  between  given  limits. 

Hence  for  a  given  specimen,  the  correction  to  be  subtracted  from  the  value  of  W 
calculated  from  the  throw  of  the  dynamometer  by  the  elementary  theory  will  be 
increased  ^j-fold  if,  for  every  value  of  C  which  occurs  in  the  cycle,  dC/dt  be  increased 
p-fold.  The  part  of  the  correction  involving  the  resistance,  S,  of  the  secondary  circuit, 
is  inversely  proportional  to  S.  It  also  depends  upon  L  and  M  and  diminishes  with 
those  quantities. 

When  the  secondary  coil  contributes  practically  the  whole  of  L  and  M  we  have 
approximately 

L  =  iiTid  (G  -  A)ll ,  M  =  47^N^^  (G  -  A) . (15), 

where  G  is  the  mean  area  of  one  turn  of  the  secondary  coil. 

In  this  case,  unless  G  is  many  times  greater  than  A,  L  and  M  are  negligible  in 
comparison  with  the  quantities  added  to  them  in  (14),  since  for  iron  dB/dH  is 
generally  very  large. 

Beferring  to  the  definition  of  L  and  M  in  §  8,  we  see  that  as  far  as  these  quantities 
are  concerned  the  correction  is  made  as  small  as  possible  by  winding  the  secondary 
windings  as  closely  as  jDOSsible  upon  the  iron,  and  by  making  the  self-induction  of 
the  rest  of  the  secondary  circuit  as  small  as  possible.  To  secure  the  latter  point  the 
earth  inductor  employed  to  standardise  the  dynamometer  should  be  removed  from 
the  secondary  circuit,  and  a  non-inductive  coil  of  equal  resistance  inserted  in  its  place 
when  the  dynamometer  readings  for  W  are  taken. 

§  10.  For  different  sjDecimens  of  iron  the  correction  will  depend  uj)on  dB/c/H. 
Indeed  since  L  and  M  can  be  made  comparatively  small,  the  correction  depends 
mainly  upon  the  square  of  c/B/c/H. 

It  is,  of  course,  impossible  to  assign  any  definite  value  to  dB/dH  for  any  particular 
specimen,  for  the  ratio  varies  very  greatly  for  difierent  parts  of  the  B — H  curve. 
All  we  can  say  is  that  if  for  any  part  of  the  B — H  curve  cffi/dH  has  a  very  high 
value,  and  if  for  the  corresponding  value  of  C  the  rate  dCjdt  is  not  very  small,  then 
this  portion  of  the  B — H  curve  may  make  a  considerable  contribution  to  the  correct¬ 
ing  integral  in  (14). 

Now  the  maximum  value  of  dB/dH  varies  greatly  in  different  kinds  of  iron,  being 
small  in  steel  and  very  large  in  good  soft  iron.  According  to  Ewing’s  experiments 
in  the  case  of  considerable  magnetic  forces,  the  maximum  value  of  dB/dH  for  glass- 
hard  steel  is  about  300,  while  for  soft-iron  wire,  suitable  for  the  manufacture  of 
transformers,  its  value  rises  to  13,000.  The  maximum  value  of  (dB/dH)  -  for  the  iron 
is  accordingly  about  2000  times  its  value  for  the  steel.  It  is  thus  evident  that 
though  the  method  may  give  fairly  accurate  results  for  steel  without  any  special 
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precautions  to  secure  that  dCjclt  should  never  be  large,  it  may  give  quite  inaccurate 
results  for  soft  iron  unless  the  j)roper  precautions  are  taken,  A  considerable  jDortion 
of  the  time  sjDent  upon  this  research  was  occupied  in  investigating  the  precautions 
necessary  to  secure  accuracy. 

§  11,  If  we  consider  the  effect  of  changing  the  area  of  section  of  the  iron  we  shall 
see  that  the  jDart  of  the  correction  due  to  the  conductivity  of  the  secondary  circuit 
increases  as  the  section  diminishes.  For  neglecting  L  and  M,  (14)  becomes 


dt 


.  .  (16). 


Now  for  a  given  kind  of  iron,  if  we  wish  to  obtain  the  same  throw  of  the 
dynamometer,  when  we  halve  A  we  must  double  n.  Thus  we  must  regard  An  as 
determined  by  the  sensitiveness  of  the  dynamometer.  Hence  the  of 

correction  which  depends  iq^on  S  is  proportional  to  n,  and  therefore  inversely  propor¬ 
tional  to  A.  This  explains  the  difficulty  we  met  with  in  the  earlier  stages  of  the 
work.  We  were  able  to  get  accurate  results  for  specimens  built  up  of  fine  wires,  with 
a  total  section  of  1  sq.  centim.,  though  we  failed  to  do  so  for  specimens  with  a  section 
of  1  or  2  sq.  millims. 

The  part  of  the  correcting  term  in  (16)  depending  ujDon  S  is  inversely  proj)ortional 
to  /.  The  circumference  of  the  ring  should  therefore  be  large.  When,  as  in  most  of 
our  experiments,  a  straight  wire  of  finite  length  is  used,  the  secondary  coil  should  be 
wound  upon  a  long  bobbin  and  not  be  heaped  up  at  one  part  of  the  wire. 

§  12.  Effect  due  to  Air  alone. — If  there  l>e  no  iron  in  the  system  B  =  H  everywhere, 
and  W  =  0  ;  if,  further,  there  be  no  metal,  e.g.,  brass,  inside  either  the  primary  or  the 
secondary  coil  X  =  0  also.  In  this  case  (14)  reduces  to 


CT 


(di  +  6^  — 


1 /BrtdA 

s\  " 


(477nAN  -f  M) 


(17). 


Since  dt  is  necessarily  positive,  dQjdt  has  the  same  sign  as  c/C,  and  hence  the  integral 
cannot  vanish.  There  will,  therefore,  always  be  a  small  throw  of  the  dynamometer 
even  when  there  is  no  metal  in  the  coils.  But  since  c/B/c/H  is  always  positive  and  is 
generally  large,  it  is  easily  seen  that  unless  L  and  M  (§8)  are  very  large  in 
comparison  with  the  quantities  to  wliich  they  are  added  in  (17),  the  throw,  when  the 
iron  is  out,  is  small  compared  with  the  part  of  the  throw  which  is  due  to  the  correct¬ 
ing  integral  in  (14),  when  the  iron  is  in.  Tliis  deduction  we  verified  by  experiment, 
for  in  many  trials  we  never  found  any  case  in  which  we  could  detect  any  throw  when 
there  was  no  metal  in  the  magnetising  coil. 


Determination  of  the  Correction  for  the  Finite  Conductivity  of  the  Secondary 
Circiiit,  and  of  the  Energy  dissipated  hy  Eddy  Currents. 

§  13.  It  is  convenient  to  have  a  single  symbol  for  the  quantity  NC'P(di  +  6f)/An(f), 
and  we  shall  use  U  for  this  purpose.  Thus  U  is  the  value  of  the  hysteresis  loss 


ON  THE  MEASUREMENT  OF  MAGNETIC  HYSTERESIS. 


47 


which  is  calculated  from  the  throw  of  the  dynamometer  coil  simply,  without  any 
regard  to  the  corrections. 

If,  further,  we  denote  by  Y  the  correction  due  to  the  finite  conductivity  of  the 
secondary  circuit,  we  can  write  (14)  in  the  form 

W  =  U  -  (X  +  Y)  =  U  -  Z . (18), 

where  Z  =  X  +  Y. 


Comparing  (18)  with  (14),  we  see  that  we  can  put 


clG 


V  U  ('C 


.  (19). 


where  x  and  y  depend  only  upon  C,  and  not  upon  dCjdt. 

§  14.  The  form  of  Y  at  once  suggests  the  way  to  find  Y.  For  if  U,  Y  correspond 
to  S,  and  XT',  Y'  to  S',  then  since  X  and  W  are  unaffected  by  the  change  in 
S,  U  —  U'  =  Y  —  Y',  But  SY  =  SY',  and  hence 


Y  =  (U  -  U')  S'/(S'  -  S) . (20). 

Thus,  by  observing  the  values  of  U  found  in  two  experiments  with  two  values  for  S, 
the  values  of  Y  and  Y'  can  be  determined. 

In  this  determination  it  is  not  necessary  to  find  the  throw  for  the  earth  inductor 
for  each  value  of  S.  If  there  were  no  damping  we  should  have  =  S<^/S',  so 
that  (j)'  could  be  calculated  if  (f)  were  known  for  the  one  resistance  S.  But  the 
logarithmic  decrement  depends  upon  S,  being  of  the  form  X  =  u  v/S.  where 
V  is  proportional  to  the  current  C',  and  hence  each  throw  must  be  corrected  for 
damping  before  it  is  used  in  the  calculations.  The  easiest  way  of  making  the 
correction  is  to  add  to  each  throw  a  quarter  of  the  difference  between  it  and  the  next 
elongation  on  the  same  side  when  the  dynamometer  coil  is  allowed  to  continue  in 
vibration.  Since  the  throws  are  of  very  different  magnitudes,  it  is  necessary  to 
correct  each  one  for  the  difference  between  ^tan  26  and  6,  if  accuracy  be  desired. 

§  15.  The  correction  X  is  of  great  importance  when  the  section  of  the  specimen  is 
of  considerable  area.  In  this  case  the  secondary  coil  will  generally  be  wound  so 
closely  upon  the  iron  that  L  and  M  will  be  negligible  in  comparison  with  the 
quantities  to  which  they  are  added  in  (14).  Under  these  conditions  the  value  of  X/Y 
can  be  calculated,  for  now  by  (16)  X/Y  =  QS//n~o-,  and  hence,  when  X  +  Y  is  known, 
X  can  be  calculated  ;  for  iron,  a  =  10“®  ohm  per  centimetre  cube  approximately.  It 
is  not  jDracticable  to  calculate  X  from  the  value  of  Y  found  by  varying  S,  for  an 
examination  of  the  numerical  magnitudes  shows  that  X/Y  is  noy^  a  large  numeric — 
in  Mr.  Wills’s  research  something  like  1000 — while  experiment  shows  that  Y  is  so 
small  as  to  elude  observation. 

To  determine  X  -h  Y  or  Z,  when  the  section  of  the  specimen  is  considerable,  we 
must  vary  dCjdt  in  a  known  manner.  This  could  be  done  in  the  following  way  : — 
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Let  the  poles  of  a  battery  of  voltage  E  be  joined  to  the  points  F,  G  (fig.  2),  and 
let  the  resistance  between  F  and  G  through  the  battery  be  T,  Let  F  and  G  be  also 
connected  through  the  jDrimary  coil,  the  fixed  coils  of  the  dynamometer,  and  a 


choking  coil,  the  resistance  of  this  part  being  It.  Let  the  steady  current,  when  F 
and  G  are  not  in  contact,  he  Cq.  Now  let  F  and  G  be  put  into  contact.  The  current 
in  the  primary  coil  then  has  the  characteristic 

KdC/d^  +  RC  =  o . (21), 

where  K  depends  upon  C,  since  it  involves  the  value  of  cZB/c/H  for  the  core  of  the 
choking  coil  (^  33). 

After  the  current  has  sunk  from  Cg  to  some  very  small  value,  let  F  and  G  be 
separated  again,  hut  before  the  separation  let  E  he  reversed.  The  characteristic  is 
now 

K  dOldt  +  (Pv  +  T)  C  =  -  E  =  -  (R  +  T)  Cg  .  .  .  .  (22). 

The  current  now  gradually  attains  the  value  —  Cg.  The  whole  process  is  joractically 
complete  in  a  fraction  of  the  time  of  vibration  of  the  dynamometer  coil. 

The  key  described  in  §  32  carries  out  this  j^rocess  exactly,  provided  that  the 
I'esistances  D  are  made  zero.  We  find  that  the  time  for  which  no  E.M.F.  acts  on  the 
circuit  through  the  j^rimary  coil  is  about  second,  while  a  rough  calculation  shows 
that  with  our  apparatus  the  current  sinks  very  nearly  to  zero  in  that  time. 

Suppose  now  that  E,  R  and  T  are  all  increased  ^9-fold.  Then  Cg  remains 
unchanged,  and  for  any  given  value  of  C,  during  the  whole  time  of  variation,  dQ  dt  is 
also  increased  _^:>-fold.  Thus,  if  the  ratio  R/T  be  kept  constant  as  well  as  the 
maximum  current  Cg,  dCldt  for  any  value  of  C  is  jDroportional  to  E.  Hence 

Z  =  X  +  Y  =  sE . (23), 

where  2  is  a  quantity  independent  of  E.  A  method  of  finding  Z  similar  to  that 
employed  for  Y  is  now  available.  For  if  U,  Z  correspond  to  E,  and  Z'  to  E',  then 
\j'  —  \J  =  Z'  —  Z,  since  W  remains  unaltered,  unless  the  hysteresis  depends  upon  the 
speed  at  ivhieh  the  magnetic  changes  occur.  But  Z/E  =  Z' /Y/,  and  hence 

Z  (U'  -  U)E/(E'  -  E) . (24). 

Thus,  by  observing  the  values  of  U  found  in  two  experiments  with  two  values  for  E, 
the  values  of  Z  and  Z'  can  be  determined. 

Practical  examples  of  these  two  methods  are  given  in  §§  33,  41,  42. 
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Application  of  the  Method  to  Rods  of  Finite  Length. 

§  16.  In  many  experiments  it  is  convenient,  and  in  most  of  our  expeiiments  it  was 
necessary,  that  the  specimen  should  be  a  straight  rod  of  finite  length  instead  of  a 
ring.  We  must  therefore  consider  what  modification  of  the  theory  is  necessary  in 
order  to  make  it  fit  this  case. 

The  magnetising  solenoid  will  not  be  infinite  in  length,  hut  tlie  correction  due  to 
the  finite  length  is  very  small  when  the  diameter  is  small  compared  with  the  length. 
For  if  the  mean  radius  of  the  windings  is  r,  and  the  whole  length  of  the  solenoid 
is  2/,  then  at  a  ])oint  within  the  solenoid  whose  distances  from  the  central  plane  and 
from  the  axis  are  .x  and  y,  the  components  of  the  magnetic  force  are 


I 


INO  + 


.  .  .  .  (25), 
.  .  .  .  (26)- 


The  magnetic  force  is  tl)us  very  nearly  constant  in  the  central  parts  of  the  solenoid, 
and  it  is  practically  sufficient  to  substitute  for  N  in  the  expression  IttNC  the  quantity 
N'  =  N/  {I-  -f  F)-K 

In  our  experiments  we  had  /  =  24,  r  =  2  approximately,  and  thus  the  magnetic 
force  at  any  point  within  the  central  20  centims.  of  the  solenoid  did  not  differ  from 
that  at  the  centre  by  more  than  i  j)er  cent. 

§  17.  Wlien  the  specimen  is  a  finite  straight  rod  instead  of  a  ring,  “poles”  are 
developed  upon  it,  and  these  give  rise  to  a  demagnetising  force,  //,  thus  causing  the 
magnetic  force  at  the  centre  of  the  rod  to  differ  from  that  calcidated  from  the 
currents  in  tlie  primary  and  secondary  circuits.  As  we  are  now  dealing  with  a 
correction  it  will  suffice  to  find  the  effect  of  the  demagnetising  force  on  the  assumption 
that  the  elementary  theory  is  applicable  so  that  the  magnetic  force  due  to  the 
secoiidary  current  is  negligil)le.  We  further  suppose  that  the  secondary  coil,  which  is 
placed  r(jund  the  centre  of  tlie  rod,  is  short  compared  with  both  solenoid  and  rod  ;  we 
can  then  treat  the  demagnetising  force,  h,  as  well  as  the  magnetic  force,  47rN'C,  due 
to  the  solenoid,  as  constant  within  the  secondary  coil.  The  rod  niay  he  either  longer 
or  shorter  than  the  solenoid. 

Let  be  the  area  of  the  section  of  the  iron  and  G  the  mean  area  of  one  turn  of 
the  secondary  coll.  We  only  restrict  A  to  be  constant  in  the  neighbourhood  of  the 
secondary  coil ;  the  section  may,  if  convenient,  increase  or  decrease  considerably  at  a 
distance  from  the  secondary  coil.  If  H  he  the  magnetic  foi'ce  at  the  centre  of  the 
specimen,  we  liave 

H  =  IttN'C  -  h 


VOL.  CXOVIII. — A. 


H 


(27), 
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The  secondary  current  is  given  by 

Sc  =  Kncl^jclt  +  (G  —  A)  . (28). 

Substituting  for  C  from  (27)  we  find 

TttN'S  I  Ccdt  =  An  I  (H  +  h)  dB  +  (G  -  A)  u  j  (H  +  h)  dH . 
Hemenibering  that  =  0  for  a  cycle  or  a  semi-cycle,  we  have,  on  using  (7), 

=  S f Codt  =  {[HrfB  +  \h.m  +  Aj  j .  .  .  (2.), 


.  Hence  the  throw  of  the  dynamometer  is  larger  than  that  corresjKjnding  to  J  HdB, 
and  thus  if  we  calculate  W  from  the  throw  of  the  dynamometer  Ave  must  subtract  a 
correction  depending  upon  the  integrals  |  /n7B  and  J  AdH.  The  correction  can  be 
found  only  when  h  is  known  both  as  a  function  of  B  and  also  as  a  function  of  H. 

§  18.  Lord  Bayleigh"'"  Avas  the  first  to  shoAV  hoAv  to  correct  an  I — H  cui’Am  for  the 
demagnetising  force.  He  supposes  that  the  specimen  is  an  ellipsoid,  and  that  the 
applied  magnetic  force  is  constant  throughout  its  volume ;  tlie  magnetic  quantities 
H,  B,  I,  and  A  are,  in  this  case,  constant  throughout  the  specimen,  and  thus  Ave  can 
Avrite  A  =  pi,  Avhere  p  is  a  constant  factor  (usually  denoted  by  N).  This  relation 
between  H  and  I  alloAvs  the  I — H  curve  for  an  infinitely  long  ellipsoid  to  be  deduced 
from  the  curve  for  a  short  elliiASoid  ])y  “  shearing  ”  through  a  distance  eAmryAvhere 
proportional  to  I. 

Some  investigators,  supposing  that  the  demagnetising  force.  A,  at  the  centre  of  a  long 
cylinder  is  the  same  as  that  for  the  ellipsoid  inscril)able  in  the  cylinder,  liaAm  applied 
Lord  PtAYLEiGH’s  construction  to  the  case  of  long  cylinders.  Others,  such  as  Dr.  H. 
DU  BoiSjt  thougli  avoiding  this  error,  have  assumed  that  A  can  be  expressed  in  tlie 
form  A  =  pil,  Avhere  p  is  a  function  of  the  ratio  of  the  lengtli  to  the  diameter,  but  is 
independent  of  I,  the  intensity  of  magnetisation  at  the  centre  of  the  cylinder.  But 
it  is  easy  to  see  that,  quite  apart  from  the  influence  of  hysteresis,  cannot  be 
constant,  since  the  permeability  of  iron  is  not  independent  of  the  magnetic  force- 
For,  on  account  of  the  demagnetising  action  of  the  ends  of  the  rod,  the  magnetic 
force  near  the  ends  differs  from  tliat  near  the  centre  of  the  rod,  and  thus  the  rod  has, 
in  effect,  different  values  of  p  in  different  i)arts.  If  p  Avere  constant  for  each  part, 
p  AA’ould  still  he  constant,  but  in  the  actual  case,  AATien  the  applied  magnetic  force  is 


*  “On  the  Energy  of  Magnetised  Iron,”  ‘Phil.  Mag.,’  1886,  a'oI.  22,  p.  175,  or  ‘  Scientific  Papers,’  a'oI.  2, 
art.  139. 

t  ‘  The  Magnetic  Circuit  in  Theory  and  Practice,’  p.  41.  Dr.  DU  Bois,  howec'er,  describes  (p.  123)  the 
e.xperiments  of  Lehmann  upon  the  magnetisation  of  a  toroid  A\-ith  a  radial  slit,  and  points  out  that 
Leiijiann’s  results  show  that  the  demagnetising  factor  increases,  Imt  oidy  gradually,  as  I  increases  up  to 
about  half  its  maximum  A'alue ;  beyond  this  point  the  increase  is  more  rapid.  The  experiments  Avere  not 


ar 


ranged  so  as  to  show  the  ctleets  of  hysteresis. 
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changed,  the  value  of  fi  for  each  part  of  the  rod  changes,  the  change  being  greater 
for  some  parts  of  the  rod  than  for  others.  The  magnetism  which  ap|)ears  at  any 
part  of  the  rod  is  thus  not  proportional  to  the  value  of  I  at  tlie  centre  of  the  rod,  and 
accordingly  p  is  not  constant.  The  curves  obtained  by  Mr.  C.  G.  Lamb"^'  show  to 
how  great  an  extent  the  distribution  of  magnetism  depends  upon  the  applied  mag¬ 
netic  force. 

But,  further,  if  the  rod  be  put  through  cycles  of  magnetic  changes,  as  the  ends  of 
the  rod  are  approached  the  range  of  the  magnetic  force  changes,  on  account  of  the 
demagnetising  action  of  the  ends.  Hence,  since  the  l^ehaviour  of  iron  in  regard  to 
hysteresis  depends  upo]i  the  range  of  tlie  magnetic  force,  the  demagnetising  force,  Ii, 
at  the  centre  does  not  depend  sim})ly  upoii  the  intensity  of  magnetisation,  I,  at  the 
centre  of  the  rod,  l^ut  dej^ends  also  upon  the  manner  in  which  that  value  of  I  has  been 
reached.  Thus  h  will  exhibit  hysteresis  with  respect  to  I  and  hence  also  to  B  and 
H,  each  quantity  referring  to  the  centre  of  the  rod. 

§  19.  We  give  in  Appendix  II.  a  simple  experimental  method  of  determining  4  both 
as  a  function  of  B  and  as  a  function  of  IttN'C,  the  mag-netic  force  due  to  the  solenoid. 
Since  I  hdh  =  0  we  may  replace  H  by  IttN'C  in  the  second  correcting  integral  in  (29). 
When  h  has  been  found  in  terms  of  B  and  H  by  this  method,  the  values  of  |7n/B 
and  I /n/H  can  be  found  by  measurement  of  the  areas  of  the  h — B  and  h — H  curves. 
Now  in  (29)  the  integral  JAdH  has  the  factor  (G— A) 'A,  and  hence  disappears  when 
G  =  A,  be.,  wdien  the  secondary  coil  is  wound  infinitely  closely  upon  the  iron.  In 
most  cases  it  will  be  convenient  that  the  secondary  coil  should  be  wound  upon  a  tube 
large  enough  to  pass  easily  over  the  rod,  and  G  will  then  be  consideraljly  larger  tlian 
A,  though  G  A  need  not  exceed  10  or  20  except  for  very  thin  rods.  Now  for  a  given 
step  dJj  the  corresponding  step  dH  is  always  by  comjjarison  small,  since  dll/cZB  is 
very  small—  perhaps  1/1 0000 — in  the  steep  parts  of  the  cyclic  B — H  curve,  and  never 
rises  above  1/TOO  unless  tbe  iron  is  well  “  saturated.”  Hence  the  term  (G — A)/A  .  jAdll 
will  generally  l)e  negligible  in  comparison  with  J  JidB. 

For  a  bundle  of  ten  iron  wires  47  centims.  long  and  '0412  sq.  centim.  in  total  area 
of  section,  placed  in  a  solenoid  47  centims.  long,  and  furnished  with  a  secondary  for 
which  G  =  -785  sq.  centim,  so  that  (G— A)/A  =18,  we  found  (§  78) 

|HdB  =  89200  ,  [/n/B  =  949  ,  — |/n/H  =  1-57  X  18  =  28-2  . 

In  this  case  the  second  integral  introduces  a  correction  of  about  1  per  cent.,  and  the 
third  one  is  negligible.  The  limits  of  B  were  i  9450,  and  those  of  H  fi:  10  G5.  The 
value  of  A  at  these  limits  was  i  HOG. 

*  “  On  the  Distribution  of  ^Magnetic  Induction  in  a  Long  Iron  Bar,”  ‘  Proc.  Physical  Society,’  yol.  IG, 
p.  509,  or  ‘  Phil.  Mag.,’  Septeml)er,  1S99. 
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For  a  single  wire  47  ceiitims.  long  and  '00412  sq.  centim.  in  section,  placed  in  a 
solenoid  60  centims.  long,  we  had  (G — A)/A  =  37,  and  found  (§  79), 

|/u/H  =  *118  X  37  =  4-36. 

The  limits  of  B  were  dr.  9850,  of  H  d:  10‘67,  and  of  h  dr  '0084. 

§  20.  Tliese  corrections  are  also  applicable  to  tlie  area  of  a  cyclic  B  — H  curve 
drawn  by  the  aid  of  a  ballistic  galvanometer.  With  respect  to  the  maximum 
induction  B^,  when  the  current  C,j  is  reversed,  the  throw  of  the  galvanometer 
measures  ABq  -f  (G — A)  Hq,  where  it  will  l)e  sufficient  to  take  Hq  as  47rN'C,„  since 
(G — A)  Hq  is  small  com])ared  witli  AB^.  But  in  finding  the  maximum  magnetic 
force  Hq,  tlie  correction  may  not  he  negligible,  and  must  be  subtracted  from  the 
(quantity  477N'Cq.  The  value  of //q  corresponding  to  Hg  is  easily  found  l)v  the  method 
described  in  Appendix  II. 


|HdB  =  102100  ,  |/idB  =  72'3 
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Description  of  the  Apparatcs. 

§  21.  We  now  jiass  on  to  describe  the  instruments  employed  in  the  experiments. 
It  will  perhaps  conduce  to  clearness  if  we  leave  till  last  the  description  of  the  special 
appliances  which  were  designed  in  order  to  secure  accuracy. 

IVie  Ampere-Meter. 

§  22.  In  all  except  the  preliminary  part  of  the  work  a  Weston  direct  reading 
ampere-meter  was  used  for  the  measurement  of  the  primary  current.  The  instrument 
only  read  up  to  1'5  amperes,  hut  when  the  largest  number  of  windings  on  the 
solenoid  (§  24)  was  employed  this  current  gave  a  magnetic  force  of  about  108  C.G.S. 
units.  Tlie  instrument  reads  in  one  direction  only,  and  tlius  it  is  necessary  to  join 
one  of  its  terminals  directly  to  one  pole  of  the  battery,  so  that  the  current  always 
flows  tlirouo'h  it  in  the  same  direction. 


The  Eartlh  Inductor. 

§  23.  The  earth  inductor,  whicli  served  throughout  our  experiments  to  produce  a 
standard  change  of  induction,  was  a  simple  coil  of  100  turns,  having  a  mean  radius 
of  about  18 '2  centims.;  its  resistance  is  1'345  ohms.  Using  a  f4ark  cell  as  a 
standard  of  E.M.F.,  the  change  in  the  number  of  linkages  of  lines  of  induction 
with  the  circuit  when  the  coil  is  turned  over  through  180°  about  a  horizontal  axis 
was  found  to  be  8 '72  X  10^  C.G.S.  units. 

We  prepared  a  resistance  coil  of  copper  wire  with  the  same  resistance  as  the  earth 
inductor.  We  could  thus  substitute  this  coil  for  the  earth  inductor  when  we  desired, 
for  the  reason  given  in  §  9,  to  get  rid  of  the  self-induction  of  the  earth  inductor  and 
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at  the  same  time  to  keep  the  resistance  of  the  circuit  unchanged.  Since  both  coils 
were  of  copper,  their  resistances  were  equal  when  their  temperatures  were  equal. 

The  Magnetising  Solenoid. 

§  24.  In  our  experiments  the  specimens  of  iron  have  taken  the  form  of  straight 
wires,  and  in  consequence  the  magnetising  coil  has  been  a  straight  solenoid.  We  used 
a  straight  wire  instead  of  a  ring  in  order  to  he  able  to  apply  tension  or  torsion  to  the 
specimen.  The  solenoid  is  formed  of  several  independent  layers  of  wire  wound  upon 
an  ebonite  tube  47  centims.  in  length.  It  is  essential  that  tlie  tube  shonld  be  of 
non-conducting  material,  for  otherwise  the  currents  induced  in  it  would  cause  the 
magnetic  force  to  differ  considerably  from  that  calculated  from  the  formula  II  =  IttNCI  ; 
this  effect  would  cause  a  considerable  error  in  the  measurement  of  the  hysteresis.  By 
combining  the  independent  layers  in  different  ways  we  could  vary  the  magnetic  force 
due  to  unit  C.G.S.  current  by  steps  of  about  50  from  50'55  to  718'6  C.G.S.  nnits. 
The  magnetic  forces  due  to  unit  current  in  each  of  the  four  coils  are  as  follows  : — 

AA,  oO'oo,  BB,  50‘55,  XY,  212'2,  MN,  405‘1. 

The  resistances  of  the  coils  are  ‘54,  ’54,  2'00,  and  4'85  ohms  respectively. 

The  Secondary  Coils. 

§  25.  The  secondary  coils  were  formed  of  fine  insulated  copper  wire  wound  on 
narrow  tubes  of  ebonite  or  glass,  through  which  the  specimen  passed.  Insulating 
material  was  used  for  tlie  bobbins  to  avoid  the  induction  of  currents  in  them.  In  our 
eailiest  experiments  it  was  found  that  metal  tubes  caused  very  large  errors  by  the 
action  of  the  currents  induced  in  them.  Several  coils  were  used  with  the  dynamometer, 
the  number  of  windings  varying  from  300  to  1285;  the  coil  of  1285  turns  had  a 
bobbin  11  *5  centims.  long,  thus  conforming  to  the  recommendation  of  ^  11.  The 
mean  area  of  this  coil  was  '785  sq.  centim. 

The  Badlistic  Gcdvanometer. 

§  2G.  The  ballistic  galvanometer  was  made  by  one  of  ns,  with  some  assistance  from 
Mr.  W.  G.  PvE.  The  magnet  system  consists  of  two  vertical  magnetised  wires,  each 
about  11 ‘3  centims.  long  and  1  milliin.  in  diameter.  These  are  fixed  parallel  to  each 
other  at  a  distance  of  1  centim.,  the  north  pole  of  one  magnet  l)eing  opposite  the 
south  pole  of  the  other.  When  parallelism  is  secured,  the  magnetic  system  is 
necessarily  astatic,  however  much  the  magnets  may  vary  in  strength.  The  system 
is  suspended  from  a  torsion  head  by  a  single  phosphor-bronze  wire  xo~o'o  ’^^ch  in 
diameter  and  12  centims.  in  lengtli.  The  torsion  of  this  bronze  wire  supplies  the 
restoring  coiqile.  There  are  four  coils,  each  containing  about  250  turns  of  No.  18 
B.W.G.  cojiper  wire,  the  total  resistance  of  the  coils  in  series  being  2'14  oliins.  Tlie 
coils  are  arranged  so  that  the  upper  end  of  the  magnet  system  is  at  the  centre  of  the 
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upper  pair  of  colls  and  the  loAver  end  is  at  the  centre  of  the  lower  pair  of  coils.  The 
motion  of  the  magnets  is  observed  hy  the  aid  of  a  lamp  and  scale. 

The  galvanometer  is  very  sensitive,  and  thus  measurements  of  B  for  quite  thin  iron 
wires  can  he  made  with  a  comparatively  small  number  of  turns  of  secondary  winding  ; 
this  is  often  a  point  of  some  convenience. 

We  have  found  the  instrument  very  efficient.  The  time  of  vibration,  12  seconds, 
is  long  enough  to  enable  the  ballistic  throws  to  be  read  with  ease.  Since  the  needle 
is  practically  astatic,  the  zero  depends  only  on  the  action  of  the  bronze  wire  and  not 
upon  the  earth’s  magnetic  field.  Tlie  result  is  that  the  zero  is  remarkably  constant, 
often  not  changing  l)y  more  than  one-tentli  millim.  during  several  hours.  The  onlv 
disadvantage  is  tliat  there  Is  so  little  damping  that,  to  bring  the  needle  to  rest  in 
any  reasonable  time,  it  is  necessary  to  use  a  coil  of  wire  placed  near  the  galvano¬ 
meter  in  conjunction  with  a  Leclanche  cell  and  a  tapping  key.  A  little  practice 
enables  the  observer  to  bring  the  s]:)ot  quickly  to  rest. 

The  restoring  couple  varying  as  the  angle  of  deflexion  instead  of  as  its  sine,  the 
time  Integral  of  a  transient  current  is  proportional  to  tlie  angle  of  throw  instead  of 
the  sine  of  half  that  angle.  We  verified  l)y  experiment  that  this  law  is  accurately 
obeyed. 

With  rise  of  temperature  the  magnetic  moment  of  a  magnet  diminishes,  and  we 
conse([uently  found  that  with  the  same  resistance  in  circuit  the  throw  due  to  a  given 
change  of  induction  was  rather  less  on  a  hot  than  on  a  cool  day. 

The  logarithmic  decrement  depends  upon  the  resistance  in  circuit  with  the  galvan¬ 
ometer.  But  in  every  case  the  resistance  of  that  circuit  was  kept  constant  during 
a  set  of  observations,  and  thus  all  error  due  to  this  cause  was  avoided. 

When  we  desired  to  draw  a  cyclic  B — H  curve  for  a  specimen  of  iron,  we 
practically  followed  the  method  described  hy  Professor  J.  A.  Ewtng^. 

The  Electro-dynamometer. 

§  27.  The  electro-dynamometer  employed  iir  the  later  experiments  has  a  pair  of  fixed 
coils,  each  formed  of  250  turns  of  No.  20  B.  W.G.  cotton-covered  wire  wound  on  ebonite 
bobbins.  The  mean  radius  of  the  coils  is  about  5  centims.,  and  their  resistance  in 
series  about  4  ohms.  In  order  to  avoid  induced  currents  there  were  no  large  pieces 
of  metal  near  tlie  coils.  In  the  central  space  hangs  the  suspended  coil.  This 
consists  of  190  turns  of  No.  40  B.W.G.  silk-covered  wire.  The  mean  radius  of  the 
coil  is  1’7  centims.  and  its  resistance  about  28  ohms.  The  coil  is  attached  along  a 
diameter  to  a  stiff’  brass  wire,  whose  upper  end  carries  a  mirror.  The  mirror  is  placed 
so  far  above  the  centre  of  the  coils  that  the  beam  of  light  from  the  lamp  passes 
above  the  outside  of  the  fixed  coils.  The  moving  coil  is  suspended  by  a  johosphor- 
bronze  wire  diameter,  and  about  4  centims.  long.  The  other  connexion 
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with  the  moveable  coil  is  formed  by  a  second  jjiece  of  the  same  bronze  wire,  about 
6  centims.  long,  the  total  resistance  of  these  two  bronze  wires  being  about  6  ohms. 
The  time  of  vibration  of  the  coil  so  suspended  is  about  9 '5  seconds.  It  was  found 
best  to  allow  the  lower  bronze  wire  to  be  quite  slack.  The  plane  of  the  suspended 
coil  then  takes  up  a  definite  position  due  to  the  control  of  the  bronze  wires,  and 
is  unaffected  by  slight  tiltings  of  the  instrument.  If  the  lower  wire  is  pulled  tight, 
and  if  the  centre  of  gravity  of  the  suspended  system  does  not  lie  on  the  line  joining 
the  points  of  attachment  of  the  bronze  wire,  a  slight  tilt  of  the  instrument  causes 
the  coil  to  turn  through  a  considerable  angle. 

The  dynamometer  Avas  placed  so  that  the  axis  of  the  fixed  coils  was  at  right 
angles  to  the  magnetic  meridian.  The  earth’s  magnetic  force  had  in  consequence  no 
action  upon  the  suspended  coil  in  its  equilibrium  position.  By  diverting  the  primary 
current  from  the  fixed  coils  and  alloAving  the  secondary  current  to  flow  through 
the  susj)ended  coil,  we  found  that  the  earth’s  magnetic  force  produced  no  deflexion 
of  the  suspended  coil.  Our  experiments  are  therefore  free  from  any  error  arising 
from  the  action  of  the  eartli.  The  motion  of  the  coil  Avas  observed  Avith  the  aid  of  a 
lamp  and  scale  in  the  ordinary  ^vay. 

A  little  care  is  required  in  soldering  the  phosplior-bronze  Avire  to  its  attachments. 
If  the  soldering  bit  is  too  hot,  and  if  it  conies  into  contact  Avith  the  bronze,  the 
solder  alloys  AAuth  the  bronze  to  such  an  extent  that  the  latter  becomes  A^ery  Aveak. 
FolloAving  a  suggestion  of  Mr.  W.  G.  Bye,  aa^o  found  that  a  strong  joint  is  easily 
made  in  the  folloAving  manner.  Tlie  stout  Avire  to  Aidiich  the  fine  bronze  Avire  is  to  be 
soldered  has  a  fine  hole  drilled  along  its  axis  ;  this  hole  is  filled  Avith  solder  which 
is  kept  melted  by  applying  the  soldering  bit  to  the  side  of  the  Avire.  The  fine  bronze 
AA'ire  is  then  inserted  into  the  melted  soldei',  and  the  soldering  liit  is  at  once  removed. 
The  result  is  a  A^ery  satisfactory  joint. 

The  Reversing  Keys. 

§  28.  In  the  earliest  experiments  an  ordinary  (mercury)  rocking  key  Avas  used.  Its 
defect  is  that,  Avhen  contact  is  broken,  the  high  resistance  of  the  spark  causes  the 
current  to  sink  to  zero  A'ery  rapidly.  When  contact  is  re-established  the  current 
rises  at  a  rate  depending  upon  the  self-induction  and  the  resistance  of  the  circuit. 

§  29.  To  avoid  all  sparking,  and  to  cause  a  very  gradual  change  of  the  current,  we 
next  tried  a  liquid  commutator  similar  to  that  used  by  Professor  Saving.  A 
drum  of  insulating  material,  cai'rying  tAvo  cojiper  plates.  A,  B,  revolves  between  tAvo 
other  plates,  C,  D,  in  a  vessel  containing  a  solution  of  copper  sulphate.  The  plates 
C,  D  are  connected  to  the  battery,  and  the  plates  A,  B  to  the  piimary  circuit.  The 
current  Hows  in  one  direction  in  the  circuit  Avhen  A  is  close  to  C,  and  in  the  opposite 
direction  Avhen  A  is  close  to  D.  The  reversal  is  thus  very  gradual.  But  the  key 
was  not  altogether  convenient,  and  its  use  Avas  abandoned. 

§  30.  In  a  third  arrangement  an  ordinary  (mercury)  rocking  key  Avas  used,  a  non- 
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inductive  coil  D  of  100  ohm.s  being  put  in  parallel  with  the  primary  circuit,  PC,  as  in 
fig.  3.  When  the  self-induction  of  the  primary  circuit  is  large  the  current  does  not 
stop  very  rapidly  when  contact  is  broken,  for  the  primary  current  can  still  flow  on 
through  D,  and  thus  the  decay  of  the  current  is  much  less  raj^id  than  when  it  has  to 
overcome  the  high  resistance  of  the  spark,  as  in  §  28.  When  contact  is  re-established 
the  current  rises  in  exactly  the  same  manner  as  with  the  simple  rocking  key.  The 
practical  objection  to  the  method  is  that  it  does  not  allow  of  the  current  being 
directly  measured  by  the  convenient  Weston  ampere-meter,  for  the  current  must  always 
flow  in  the  same  directioji  through  this  instrument.  A  Kelvin  graded  galvanometer 
or  a  shunted  mirror  galvanometer,  MG,  was  accordingly  used  with  this  kev. 


§  31.  The  fourth  reversing  key  used  is  shown  in  fig.  4.  The  batteiy  is  con¬ 
nected  through  the  Weston  ampere-meter  WA  with  the  terminals  e,  f.  on  an 
ebonite  arm  working  al)Out  a  ])ivot  at  O.  The  terminals  e  and  f  are  connected  to  two 
brass  springs,  one  at  each  end  of  the  arm.  One  spring  slides  over  a  series  of  studs, 
while  tlie  other  slides  over  two  Ijrass  sectors  c,  d.  Half  the  .studs  are  connected 
to  the  teiininal  a  by  resistance  coils  in  the  manner  slmwii  in  fig.  4,  the  remaining 
studs  being  connected  to  the  terminal  l>.  The  sectors  d.  c.  are  connected  to  the 
terminals  a,  h  ;  the  ])rlmarv  circuit,  PC,  joins  the  key  at  a  and  h.  The  resistance 
coils  which  connect  the  studs  have  I'esistances  of  40  and  200  ohms.  The  '  two 
stops  s,  s  serve  to  limit  the  motion  of  the  arm,  so  that  in  its  extreme  jiositions 
the  spring  connected  witli  e  presses  u|)on  tlie  .stud  nearest  to  either  a  or  6.  The 
Avidth  of  the  springs  is  suflicient  to  ensure  that  before  tlie  S2)ring  leaves  one  stud  it 
is  in  contact  Avith  the  next  one. 

When  the  arm  is  in  either  of  its  extreme  positions  the  total  resistance  of  the  circuit 
is  Pv  +  T,  AA'here  T  is  the  resistance  of  the  battery  and  ampere-meter  and  Pi  is  the 
resistance  of  the  rest  of  the  circuit.  When  the  spring  connected  Avith  e  comes  on  to 
the  next  stud  the  resi.stance  is  11  fl-  T  -j-  40,  and  one  more  step  makes  the  resistance 
P  +  T  +  240.  When  the  spring  conies  to  the  next  stud  the  E.M.F.  acting  on  the 
primary  circuit  is  re\’ei'sed. 
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Since  the  spring  connected  with  e  does  not  leave  any  stud  before  it  touches  the 
next  one,  as  the  arm  is  moved  from  one  side  to  the  other,  the  primary  circuit  is 
never  broken  except  possibly  in  the  central  position  of  the  arm.  The  circuit  will  be 
broken  for  an  instant  ixi  the  central  position  ‘unless  the  spring  connected  with  e 
touches  the  two  central  studs  at  the  same  instant  that  the  spring  connected  with  f 
touches  both  the  sectors  c,  d.  It  is  more  or  less  a  matter  of  chance  whether  this 
break  of  the  circuit  occurs,  but  if  it  does  occur  it  is  only  after  the  current  has  been 
reduced  to  a  small  value  by  the  introduction  of  the  large  resistance  of  240  ohms. 
Except  for  this  uncertainty  we  may  say  that  the  current  is  reversed  in  several  steps 
which  (except  possibly  those  occurring  in  the  uncertain  part  of  the  motion)  are  not 
sudden  because  of  the  great  self-induction  of  the  choking  coil  (§  33).  Though  (with 
a  possible  exception)  there  is  no  sudden  change  in  the  current,  the  rate  of  variation  of 
the  current  is  no  doubt  much  greater  at  some  stages  of  the  change  than  at  others. 

The  key  generally  worked  well ;  it  was,  however,  subject  to  slight  uncertainties. 

§  32.  A  fifth  key  was  designed  in  1900.  Our  aim  was  to  ensure  that  the  primary 
circuit  should  never  be  broken,  and  also  that  the  resistances  introduced  into  the 
circuit  should  be  as  small  as  possible,  so  that  the  rate  of  change  of  the  current  should, 
at  every  part  of  its  variation,  be  as  small  as  possible. 

The  battery  is  connected  through  the  Weston  ampere-meter,  WA  (fig.  5),  v/ith  the 
terminals  g,  h  on  an  ebonite  arm  working  about  a  pivot  at  0.  The  terminals  p,  h  are 


connected  to  two  brass  springs,  h,  I,  one  at.  each  end  of  the  arm.  These  springs  slide 
over  a  series  of  sectors  a,  h,  c,  d,  e,  cut  out  of  a  brass  ring.  Tlie  sectors  a  and  h  and 
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the  sectors  d  and  e  are  connected  bv  the  resistance  coils  D,  D,  while  the  sector  c  is 
insulated.  The  spaces  between  the  sectors,  about  1'5  millinis.  wide,  are  filled  with 
ebonite  so  that  the  springs  pass  smoothly  over  them.  The  primary  circuit  PC  joins 
the  sectors  «,  e.  The  two  stops  5,  id''  arrest  the  motion  of  the  arm  when  I  has  got  well 
on  to  either  a  or  e,  so  as  to  be  clear  of  h  or  d.  To  avoid  any  possible  break  in  passing 
from  one  sector  to  the  next,  the  spring  I  is  made  in  two  portions,  /o,  each  of  which 
presses  upon  the  sectors.  The  spring  k  is  arranged  so  as  to  touch  the  sectors  only 
at  its  ends,  /jj,  The  lengths  of  the  sectors  and  of  the  springs  are  arranged  so  that 
the  key  performs  the  reversal  in  the  following  manner  : — At  the  start  I  is  on  a,  and 
h  is  on  e  ;  both  parts  of  I  reach  h  before  k  reaches  a.  While  I  is  on  5  the  primary 
current  falls  from  E/(II  +  T)  towards  the  limit  E/(T1  +  T  +  D),  where  E  is  the 
voltage  of  the  battery,  T  the  resistance  of  the  battery  and  ampere-meter,  and  Id  the 
resistance  of  the  rest  of  the  circuit.  Before  I  leaves  b,  k-^  reaches  a,  and  then  there  is 
no  E.M.F.  acting  round  the  primary  circuit  except  what  arises  from  the  very  small 
Internal  resistance  of  the  key,  and  then  also  the  resistance  offered  to  any  current 
flowing  in  the  primary  circuit  is  reduced  from  R  +  T  +  D  to  R.  When  I  is  on  c, 
one  pole  of  the  battery  is  insulated,  and  there  is  no  E.M.F.  at  all  acting  on  the 
primary  circuit,  whose  resistance  remains  R.  When  I  reaches  d,  and  A  is  still  on  e, 
a  very  small  E.M  F.,  due  to  the  internal  resistance  of  the  key,  acts  in  the  reversed 
direction  on  the  primary  circuit.  The  resistance  offered  to  a  current  in  the  primary 
circuit  is  still  R.  While  I  is  on  d  and  before  it  reaches  e,  k.^  leaves  e  ;  the  resistance 
of  the  circuit  is  now  raised  to  R  +  T  +  D,  and  the  voltage  E  is  introduced.  When 
/  reaches  e  the  resistance  is  diminished  to  R  +  T,  the  voltage  remaining  E. 

The  resistances  D  need  not  be  large ;  they  are  only  used  at  all  in  order  tt)  save  the 
battery  and  the  ampere-meter.  If  the  resistances  D  were  made  very  small,  and  if  T 
were  small  also,  a  large  current  Avould  flow  through  the  ampere-meter  when  1  is  on  h, 

on  o,  and  k.^  on  e,  causing  damage  to  the  meter.  The  resistances  D  need  oidy  be 
great  enough  to  prevent  the  ampere-meter  from  being  damaged  l)y  too  strong  a 
current. 

We  have  only  had  opportunity  to  use  this  key  in  a  few  experiments,  but  as  far  as 
we  have  tested  it  we  are  satisfied  with  its  action.  The  motion  of  the  spot  of  light  on 
the  scale  of  the  dynamometer  is  now  quite  free  from  the  sudden  jumps  which  it 
exhil3ited  when  the  key  of  §  31  was  used. 


The  Choking  Coil. 

§  33.  The  “choking  coil,”  which  was  inserted  in  the  })rimary  circuit  to  introduce 
great  self-induction,  has  a  core  built  up  of  149  armature  rings  of  an  average  thickness 
•0714  centim.,  the  inner  and  outer  radii  being  8 ‘5  and  11 '7  centims.  respectively. 
The  mean  circumference  is  thus  G3’7  centims.  and  the  cro.ss-section  34 ‘0  sq.  centims. 
11  the  core  had  been  solid  and  not  laminated,  the  eddy  currents  induced  in  it  would 
*  By  ;ui  ovei'«ighL  the  wire  from  //  to  WA  has  been  drawn  through 
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have  rendered  the  coil  ineffective  in  “choking”  any  sudden  variation  of  the  current 
due  to  a  sudden  change  of  E.  M.  F.  or  of  resistance.  The  iron,  which  was  supplied  by 
Messrs.  Crompton,  was  tested  for  magnetic  quality  with  the  following  results  : — 


Ho 
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•854 
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O  .  o 
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In  magnetic  quality,  the  iron  is  very  nearly  the  same  as  the  soft  thin  sheet  iron 
(Pting  Y.)  tested  by  Professor  Ewing  and  Miss  Klaassen.^ 

The  core  was  wound  with  three  independent  layers  of  cotton-covered  copper  wire 
as  follows 


Layer. 

B.W.G. 

Turns. 

Ohms. 

1 

Magnetic  force  per  unit 
C.G.S.  current. 

1 

Xo.  15. 

225 

•  475 

44-5  , 

2 

Xo.  15. 

205 

•50 

40-4 

3 

No.  18. 

1 

265 

1-44 

52-3 

i 

Stout  wire  was  used  in  order  to  avoid  any  considerable  increase  in  the  resistance  of 
the  primary  circuit.  This  resistance  must  be  kept  low  if  the  choking  action  is  to  be 
efficient. 

§  34.  This  choking  coil  is  perhaps  unnecessarily  large.  It  might  be  better  to  use 
a  core  smaller  both  in  diameter  and  cross-section  and  to  form  each  of  the  coils  on  it 
with  wire  of  the  same  gauge  as  that  used  for  a  corresponding  coil  on  the  solenoid.  By 
this  expedient,  if  we  alvvays  employ  corresponding  coils  on  the  choking  coil  and  the 
solenoid,  the  magnetic  force  in  the  choking  coil  has  the  same  value  as  in  the  solenoid. 
Thus,  if  the  iron  used  in  the  choking  coil  is  of  approximately  the  same  quality  as  the 
specimen  under  test,  the  coil  will  most  effectively  choke  the  primary  current  approxi¬ 
mately  at  the  time  when  the  choking  is  most  needed,  viz.,  when  the  value  of  cZB/dH 
for  the  specimen  has  its  greatest  value,  as  was  explained  in  §  10.  If  the  iron  plates 
used  in  the  core  of  the  choking  coil  are  of  good  quality  it  is  very  unlikely  that  any 
specimen  will  be  so  “  soft  ”  in  the  magnetic  sense  as  to  have  a  value  of  cZB/cZH  so 
many  times  greater  than  the  value  of  cZB/t/H  for  the  core  as  to  lead  to  inaccurate 
measurements.  If  the  specimen  is  of  “  hard  ”  iron  or  steel  the  value  of  cZB/cZH  for 
the  specunen  is  by  comparison  so  small  that  it  is  of  little  consequence  if  the  most 
efficient  choking  action  takes  })lace  when  dB/t/H  for  the  specimen  is  not  at  its 
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maximum  value.  It  would  be  necessary  to  make  the  core  smaller  than  in  the  coil 
used  hy  us,  so  that  in  spite  of  the  smaller  section  of  the  wire  the  resistance  might 
still  he  small. 


Arrangement  of  the  Apj^aratus. 

§  35.  After  this  description  of  the  apparatus  we  proceed  to  explain,  by  the  help  of 
fig.  G,  how  it  was  arranged.  The  battery  SC,  consisting  of  one  or  more  small  storage 
cells,  was  connected  through  the  adjustable  resistance  and  the  Weston  ampere¬ 


meter  WA  to  the  special  reversing  key  Kj.  An  adjustable  length  of  German-silver 
wire  included  in  the  circuit  enabled  us  to  keep  the  ciu’rent  to  a  definite  value  for  any 
length  of  time.  On  leaving  the  key  K^,  tlie  current  passes  round  the  fixed  coils  of 
the  electro-dynamometer  ED,  round  the  magnetising  solenoid  IMS  and  the  choking 
coil  CC,  and  finally  round  a  compensating  coil  F.  By  adjusting  the  position  of  F, 
the  small  effect  upon  the  ballistic  galvanometer  of  the  current  passing  through  ED 
and  MS  was  completely  annulled. 

The  circuit  of  the  ballistic  galvanometer  BG  contains  a  resistance  box  and  the 
earth-inductor  El,  as  well  as  the  secondary  coil  U  and  the  key  Kn. 

The  circuit  of  the  suspended  coil  contains  the  resistance  box  Eg,  the  secondarv 
coil  V,  the  key  Kg,  and  the  resistance  coil  X  formed  of  copper  wire  adjusted  to  have 
the  same  resistance  as  the  earth-inductor  FIT,  as  described  in  §  23. 

To  bring  the  susj)ended  coil  to  rest  a  current  of  the  order  of  1/200,000  ampere  was 
sent  through  the  suspended  coil  l)y  depressing  the  tapping  key  K^,  a  Leclanche 
cell  L  providing  the  current.  In  the  actual  experiments  a  system  of  shunts  was 
used  instead  of  the  single  high  resistance  which,  for  the  sake  of  simplicity,  is 
represented  iu  the  diagram  ;  the  effect  is,  however,  the  same  in  both  cases.  When 


ox  THE  MEASTTREMEXT  OF  MAr4XETTC  HYSTERE8TS. 


Gl 


we  desired  to  damp  the  more  violent  motions  of  the  coil,  Rj,  was  diminished  so 
that  a  current  of  1/20,000  ampere  could  be  sent  through  the  suspended  coil,  the 
key  Kg  being  opened  to  prevent  any  of  this  stronger  current  from  j)assing  round 
the  secondary  coil  and  affecting  the  magnetisation  of  the  specimen.  The  final 
damping  was  always  done  with  Kg  closed  and  Rj,  at  its  large  value.  We  verified  by 
experiment  that  currents  many  times  larger  than  those  actually  employed  for  this 
purpose  had  no  appreciable  effect  upon  the  hysteresis  of  the  specimen. 

When  the  dynamometer  is  to  be  standardised  the  resistance  coil  X  is  taken  out  of 
the  circuit  and  the  eai'th-inductor  is  put  in  its  place. 

Fracticcd  Example  of  the  Method. 

§  36.  To  illustrate  the  working  of  the  method,  we  now  give  a  set  of  observations 
made  to  determine  the  hysteresis  loss,  W,  as  well  as  the  mean  maximum  induction 
Bq,  for  a  definite  range  of  magnetic  force  RHq,  for  a  specimen  of  soft  iron  : — 

Area  of  cross-section  (circular)  .  .  .  .  A  =  T78  sq.  centim. 

Chan£>’e  of  Induction  due  to  earth  inductor  P  =  87200. 


Magnetic  force  j)er  unit  C.G.S.  current  .  47rN  =  212‘2. 


Maximum  current .  =  ’0706  C.G.S. 

Maximum  magnetic  force .  Hq  =  15. 


Number  of  turns  on  secondary  coil  ...  m  =  25. 

Throw  of  galvanometer  due  to  eartli 

inductor .  8  =  12 ‘73  centims. 

Mean  throw  on  reversing  primary  current  =  15 ’63  centims. 


Mean  maximum  induction  Bq  =  —  770^8  =  12030. 


Current  when  earth  inductor  is  turned 
Throw  of  dynamometer  due  to  earth 

inductor . 

Number  of  turns  on  secondary  coil . 
Resistance  of  secondary  circuit  .  .  .  . 

Length  of  secondary  coil . 

Mean  area  of  one  turn  of  secondary  coil  . 
Throw,  H  from  -f  15  to  —  1 5  (E  =  8  volts) 
Throw,  H  from  —  1 5  to  +  I  5  (E  =  8  volts) 


C'  =  -0527  C.G.S. 

cf)  =  4 ‘6 8  centims. 
n  =  300. 

S  =  43  ohms. 

I  =  G-6  centims. 

G  =  '65  sq.  centim.  =  3 ’66 A. 
dj  =  23 '8 5  centims. 
do  =  23 '30  centims. 


Hence  U  = 


CTX 

Ancf) 


(dj  4-  do)  =  311  ’8  (d^  +  do)  =  14700  ergs  per  cub.  centim.  per  cycle. 


(52 


g.  f.  c.  searlf  and  t.  g.  bedfoed 


In  order  to  find  Z,  the  observations  for  6-^  and  6^  were  repeated  with  other  voltages 
(§  15),  with  the  result 

E  =  8  E'  =  12  E"  =  16  volts. 

U=  14700  U'=  15130  U"=  15540 

From  U  and  U',  Z  =  (U'  —  U)E/(E'  —  E)  =  860 

From  U  and  U",  Z  =  (U"  -  U)E/(E"  -  E)  =  840 

Mean  value  of  Z  =  850  ergs  per  cub.  centim.  per  cycle. 

Hence  W  =  U  —  Z  =  14700  —  850  =  13850  ergs  per  cub.  centim.  per  cycle. 

In  this  case  L  and  M  are  negligible,  and  thus,  as  in  §  15,  X/Y  =  QS/yOdcr. 
Taking  o-  as  10~^  ohm  per  centimetre  cube,  and  putting  Q  =  I/877,  since  the  section 
is  circular,  we  Imve  X/Y  =  12 '5.  But  Z  =  X  +  Y  =  850,  and  hence 

X  =  787,  Y  =  63  ergs  per  culi.  centim.  per  cycle. 

The  value  of  Y  is  so  small  in  comparison  with  U  that  it  could  not  he  determined 
satisfactorily  by  varying  S  (§  14).  A  series  of  experiments  was  made  in  which  S  was 
varied,  hut  the  small  irregularities  rendered  the  observations  useless  for  the 
determination  of  so  small  a  cpiantity  as  Y  is  in  this  case.  [See  §  41  (d).] 

§  37.  A  word  should  perhaps  he  said  as  to  the  accuracy  aimed  at  in  our  experiments. 
The  throws  were  all  recorded  to  millim.,  the  throws  themselves  varying  from 
25  centims.  to  1  centim.  The  difference  between  ^6  and  tan  2$,  seldom  amounting 
to  more  than  1  per  cent.,  and  usually  much  less,  has  generally  been  neglected. 

The  calculations  were  mostly  effected  by  a  10-inch  slide-rule,  and  the  numbers 
recorded  in  the  tables  are  the  numbers  read  from  the  rule. 

Tests  of  the  Accuracy  of  the  Method. 

§  38.  We  may  now  pass  on  from  the  theory  of  the  method,  and  the  description  of 
the  apparatus  used  for  applying  it  in  actual  measurements  of  hysteresis,  to  an  account 
of  the  tests  which  we  liave  made  in  order  to  determine  if,  in  our  experiments,  the 
theoretical  conditions  are  so  nearly  satisfied  that  the  dynamometer  yields  accurate 
measurements  of  hysteresis. 

§  39.  Test  hy  Comparison  with  the  Cyclic  B — II  Curve. — We  were  without  the 
guidance  of  the  completed  theory  till  1900,  and  thus  till  that  date  we  did  not  know 
what  measurements  were  required  for  the  determination  of  the  correction  arising  from 
the  eddy  currents  and  the  finite  conductivity  of  the  secondary  circuit.  Under  these 
conditions  the  only  way  of  testing  the  accuracy  of  the  dynamometer  method  was  to 
make  a  cyclic  B — H  curve  hy  the  use  of  the  ballistic  galvanometer,  to  calculate  W  from 
the  area  of  the  curve,  and  to  conq)are  this  value  witli  the  value  of  U  (§  13)  found  hy 
the  dynamometer  for  the  same  range  of  magnetic  force.  We  made  this  test  on  many 
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occasions  with  different  specimens  and  with  various  keys.  We  now  give  the  results 
in  the  following  table,  where  the  third  and  fourth  columns  give  respectively  the 
value  of  W  found  by  the  ballistic  galvanometer  and  the  value  of  U  found  by  the 
dynamometer ;  in  the  last  column  the  section  of  the  specimen  is  given.  The 
numbers  in  this  column,  such  as  (3),  refer  to  the  first  column. 


No. 

Date. 

Ho. 

Bo- 

AT)  Chokiiui  Coil  used. 

1 

7  Nov.,  1895 

7304 

16460 

7-98 

10340 

Iron  wire,  -0201  sq.  centim.  Ordinary  key, 
§28. 

2 

9  Nov.,  1895 

7409 

17780 

8-34 

10170 

Iron  wire  (1).  Ordinary  key. 

3 

11  Dec.,  1895 

11500 

11620 

10-48 

8050 

Ring  formed  of  iron  wire,  total  section  -8527 
sq.  centim.  Ordinary  key. 

4 

16  Dec.,  1895 

6850 

6710 

7-65 

5790 

Ring  (3).  Key  of  §  29. 

5 

16  Dec.,  1895 

11570 

12480 

9-74 

14370 

Iron  wire,  -00697  sq.  centim.  Key  of  §  29. 

6 

24  Mar.,  1896 

6160 

6288 

7-10 

7500 

Ring  of  iron  wire,  -  76 1 1  sq.  centim.  Key  of  §  30. 

Choking  Coil  used. 

i 

25  Mar.,  1896 

3470 

3616 

4-87 

5480 

Ring  (6).  Key  of  §  30. 

8 

25  Mar.,  1896 

1013 

1013 

3-00 

2460 

Ring  (6).  Key  of  §  30. 

9 

27  July,  1897 

2827 

2946 

3-40 

6050 

Core  of  iron  rings,  3-622  sq.  centims.  ;  thick¬ 
ness  of  each  ring,  -  207  centim.  ;  radii,  3-83, 

6  -  02  centims  Ordinary  key. 

10 

12  July,  1898 

5260 

5408 

4-97 

8200 

Iron  wire,  -00708  sq.  centim.  Ordinary  key. 

11 

14  July,  1898 

11905 

11960 

9-78 

13600 

Iron  wire  (10).  Ordinary  key. 

12 

19  July,  1898 

241-6 

330 

7  -  46 

950 

Six  steel  wires ;  total  area,  -02472  sq.  centim. 
Ordinary  key. 

13 

16  Aug.,  1898 

1720 

1780 

8-09 

1980 

Mild  steel  rod,  -0938  sq.  centim.  Key  of  §  30. 

14 

17  Aug.,  1898 

633 

726 

8-09 

1200 

Steel  rod  (13)  under  torsion.  Key  of  §  30. 

15 

7  Aug.,  1900 

74250 

75200 

35-71 

16460 

Ten  pianoforte  steel  wires ;  total  cross-section, 
-0255  sq.  centim.  Key  of  §  30. 

16 

8  Aug.,  1900 

16440 

17480 

35-71 

15550 

Ten  soft  iron  wires,  hardened  by  stretching  ; 
total  cross-section,  -0412  sq.  centim.  Key 
of  §  30. 

17 

16  Aug.,  1900 

7098 

7400 

(") 

7275 

{>>) 

10-65 

9570 

Iron  wires  (16).  Key  of  §  32.  («)  Before, 

(//)  after  observations  for  B — H  curve.  Com¬ 
pare  §  46. 

$  40.  It  will  be  seen  that  there  is  very  fair  agreement  between  the  values  found  for 
W  and  U,  except  in  the  cases  of  (1)  and  (2),  when  there  was  no  choking  coil  in  the 
circuit,  and  only  an  ordinary  mercury  key  was  used.  Except  in  (12)  and  (14)  the 
agreement  is  perhaps  as  close  as  could  be  expected,  when  we  consider  how  much  the 
behaviour  of  iron,  specially  under  small  magnetic  forces,  depends  upon  its  previous 
history.  In  making  a  cyclic  B — H  curve,  if  we  change  H  from  Hq  to  H^,  and  find 
that  B  changes  from  Bg  to  B^,  then  Bj^  is  the  value  assumed  by  B  after  has  acted 
for  a  finite  time — about  one-quarter  of  the  period  of  vibration  of  the  galvanometer 
needle.  But  in  the  dynamometer  method  H  does  not  halt  for  any  appreciable  time 
at  any  intermediate  value  as  it  changes  from  Hq  to  —  Hq,  and  thus  the  value  of  B 
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corresponding  to  may  ditier  somewhat  from  the  value  Bj  found  by  the 

galvanometer. 

The  experiments  of  §§  45-49  below  show  that,  for  a  given  value  of  Hq,  W  may  vary 
considerably  from  causes  depending  upon  the  magnetic  history  of  the  iron  even  when 
its  temperature  and  strain  remain  constant.  Thus,  unless  it  is  possible  to  give  an 
accurate  account  of  the  history  of  the  iron  and  of  the  manner  in  which  the  magnetic 
force  changes  from  Hq  to  —  Hq,  it  is  im})ossible  to  assign  any  definite  meaning  to  W, 
and  hence,  in  the  absence  of  such  an  account,  it  is  useless  to  attempt  a  very  close 
comparison  between  the  value  of  U  found  hy  the  dynamometer  and  the  value  of  W 
found  from  the  cyclic  B — H  curve.  But  the  agreement  between  the  two  values  as 
recorded  in  the  table  will  perhaps  suffice  to  give  general  confidence  in  the  method. 

§  41.  Test  hy  Variation  of  the  Resistance  of  the  Secondary  Circuit. — The  process  of 
comparing  the  value  of  U  found  by  the  dynamometer  with  the  value  of  W  found 
from  the  area  of  the  cyclic  B — H  curve  is  laborious,  and  after  all  does  not  furnish  an 
absolute  test  of  the  equality  of  U  and  W  for  that  particular  law  of  variation  of  the 
magnetic  foi'ce  which  is  obeyed  when  the  measurement  is  made,  as  was  explained  in 
§  40.  Wlien,  as  was  the  case  in  most  of  our  experiments,  the  specimen  is  a  fine  wire 
not  exceeding  2  millims.  in  diameter  there  is  a  second  method,  described  in  §  14 — it 
may  be  termed,  in  contrast  with  the  first,  a  self-contained  method — which  is  easy  of 
application,  enalding  us  to  test  the  accuracy  of  the  dynamometer  measurements  by 
the  dynamometer  itself  If,  in  any  case,  we  can  find  the  effect  of  Y,  have  a 
superior  limit  to  the  effect  of  X,  for  lyy  (14)  X/Y  <  QS^i'cr.  We  now  give  the 
results  of  some  applications  of  this  second  method. 

It  will  generally  suffice  to  take  two  values  of  S,  one  doidjle  the  other.  Since,  when 
S  is  varied,  <h  is  inversely  proportional  to  S,  it  follows  that  U  [=  NOT  (dj+  O.f  Aiaf)] 
is  proportional  to  S  ff-  O.f  provided  that  (f)  and  6  are  corrected  for  damping  (§  14). 
Hence,  in  testing  the  accuracy  of  the  dynamometer  measurements,  it  is  sufficient  to 
compare  the  values  of  S  {6^  +  do)  for  the  two  values  of  S.  If  S  be  doidjled  the 
consequent  diminution  in  S  {0^  -ff  ffi)  is,  by  §  14,  equal  to  the  amount  wliich  must  be 
subtracted  from  the  product  for  the  larger  resistance  in  (_)rder  to  obtain  the  value  of 
the  product  corresponding  to  S  =  co  . 

(a.)  We  will  first  refer  to  the  results  obtained  by  one  of  us  in  November,  1895,  for 
an  iron  wire  '0201  sq.  centim.  in  section,  with  Hg  =  8 ’34  and  Bg  =  10170,  the  value  of 
U  being  17780  when  S  =  59‘7  ohms,  while  W  was  found  from  a  cyclic  B — H  curve  to 
be  7409.  A  sinq)le  mercury  rocking  key  was  used,  and  the  primary  circuit  had  only 
the  self-induction  of  the  dynamometer  and  the  solenoid.  As  S  rose  from  59 ’7  to 
584  ohms,  U  fell  from  17780  to  14550,  being  closely  represented  by  U=  14070-1- 
221900/S.  From  this  we  find  by  (20)  that  when  S  =  59 ‘7  ohms,  Y  —  3720.  In  these 
experiments  n  =  1285,  I  =  11 ‘5  centims.,  G  =  '785  sq.  centim.,  and  hence  if  L  and 
M  (§  11)  be  neglected,  X/Y  =  DOG  vdien  S  =  59‘7  ohms.  Thus  Z  =  X  -ff  Y  = 
(D66  -1-  1)3720  =  9890,  Avhen  S  is  597  ohms.  Subtracting  this  from  the  corre- 
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spending  value  of  U,  viz.,  17780,  we  obtain  W  =  7890.  Thus,  when  the  proper 
corrections  are  applied,  the  method  yields  approximately  correct  results  even 
with  an  ordinary  key  and  without  a  choking  coil.  It  was  a  little  disheartening  to 
find  so  great  a  discrepancy  betw^een  W  and  U  as  the  numbers  7409  and  17800 
indicated,  and  we  were  glad  to  find  five  years  later  that  the  discrepancy  is 
satisfactorily  accounted  for  by  the  more  comjDlete  theory. 

(h.)  Using  the  key  of  §  31  as  well  as  the  choking  coil,  we  found  (August  8,  1899) 
for  a  soft  iron  wire  '0324  sq.  centim.  in  section,  with  Hq  =  18'75,  Bq  =  15800, 
W  =  19400,  after  correction  for  damping  and  for  finite  arcs, 

S  =  59'5  ohms,  -j-  ^3  =  34'01  centims.,  S  (dj  +  ^3)  =  2024, 

S  =  118‘5  ohms,  -f*  ^3  =  17'08  centims,,  S  {0^  +  =  2025. 

For  the  secondary  coil  n  =  1285,  I  =  11’5  ;  also  Q  =  l/87r,  a  =  10““,  and  thus, 
when  S  =  59'5  ohms,  X/Y<QS//nV  <  1‘66.  But  the  effect  of  Y,  the  correction 
arising  from  the  conductivity  of  the  secondary  circuit,  in  causing  a  change  in  the 
product  S  +  do),  is  quite  insensible,  and  hence  the  eddy  current  effect,  X,  is 
negligible.  In  this  case,  as  closely  as  we  could  measure,  U  =  W, 

(c.)  With  the  same  key  and  choking  coil  we  found  (August  7,  1900)  for  a  bundle 
of  ten  pianoforte-steel  wires,  of  total  section  ‘0255  sq.  centim.,  with  Hq=35’7’ 
Bo  =  16460,  W  =  75200, 

S  =  39'2  ohms,  -|-  ^3  =  22'16  centims.,  S  (d^  +  dg)  =  869, 

S  =  78'8  ohms,  d^  +  d^  =  11‘04  centims.,  S  (d^  +  do)  =  870. 

Here  n  =  600,  I  =  9‘6,  so  that  when  S  =  39‘2  ohms  X/Y  <  QS//10?^^c^  <  '416.  Here 
we  have  divided  by  10,  since  the  specimen  is  formed  of  ten  wires  (§  9).  In  this  case 
X  and  Y  are  l)oth  negligible. 

id.)  To  illustrate  tlie  method  of  finding  the  correction  by  doubling  the  resistance, 
we  take  a  test  made  on  a  bundle  of  ten  iron  wires  coated  with  shellac  varnish  to 
prevent  eddy  currents  from  wire  to  wire.  The  total  section  was  '0412  sq.  centim. 
With  the  key  of  §  31,  but  with  an  inefficient  choking  coil,  we  found  (August  9,  1900), 
when  H  =  35’8,  Bq  =  15550, 

S  =  58‘6  ohms,  d^  +  d^  =  6‘68  centims.,  S  (d^  +  =  391, 

S  =  118'0  ohms,  d^  +  dg  =  3‘21  centims.,  S  (d^  +  dg)  =  379. 

The  difference  between  the  products  is  12,  and  thus  the  correction  to  be  subtracted 
from  391  is  24.  We  had  n  =  1285,  I  —  11'5  centims.,  so  that  since  there  are  ten  wires, 
when  S  =  58 '6  ohms,  X/Y  <  T62.  But  we  make  only  a  small  error  in  taking  X/Y 

=  ’162,  and  thus  the  total  correction  to  be  subtracted  from  391  is  24  X  1’162  or  28. 

Hence  the  value  of  S  (d,  +  dg)  to  be  used  in  finding  U  is  363. 

VOL.  cxcviii. — A. 
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It  was  only  in  the  later  experiments  that  we  were  guided  by  the  comjDlete  theory 
to  test  the  accuracy  of  the  measurements  by  varying  S,  but  from  the  tests  just 
described  we  may  conclude  that  the  value  of  U,  obtained  from  the  dynamometer 
throw,  was  in  all  our  experiments  very  nearly  equal  to  W. 


Energy  dissipated  by  Eddy  Currents. 

§  42.  In  our  experiments  the  ratio  X/Y  was  small,  so  that,  Y  being  small  in  com¬ 
parison  with  U,  X  was  small  also,  and  thus  U  and  W  were  nearly  equal. 

We  now  consider  the  case  in  which  the  section  of  the  specimen  is  large,  so  that  S 
has  to  l)e  made  large  and  n  small,  in  order  to  reduce  the  sensitiveness  of  the  apparatus. 
Under  these  conditions  X/Y  is  large,  while  Y  is  now  so  small  in  comparison  with  U 
that  it  eludes  observation,  and  thus  cannot  be  determined  by  varying  S,  the  resistance 
of  the  secondary  circuit.  These  conditions  have  prevailed  in  the  experiments  made 
1)y  Mr.  R.  L.  Wills  with  some  of  our  apparatus;  in  these  experiments  the  eddy 
current  loss  was  so  large  that  systematic  measurements  were  made  to  determine  X  for 
every  value  of  Hq  employed. 

Mr.  Wills  used  the  key  described  in  §  32,  and  found  that  for  a  given  total 
resistance  of  the  rimary  circuit  the  “throw”  of  the  dynamometer  is  practically 
independent  of  the  resistances  denoted  liy  D  in  the  description  of  the  key.  This  key 
divides  the  primary  circuit  into  two  j^ortions ;  the  resistance  of  the  portion  which 
includes  the  battery  is  denoted  liy  T,  and  the  resistance  of  the  other  portion  by  R. 
When  the  voltage  E  was  to  be  changed  in  order  to  make  the  observations  suggested 
in  §  15,  Mr.  Wills  changed  the  total  resistance,  Pt  -p  T,  of  the  jirimary  circuit, 
mainly  by  changing  Pt.  The  resistance  T  was  small  compared  with  R,  and  was  used 
as  a  means  of  obtaining  an  exact  adjustment  of  the  current  to  definite  values.  Xo 
attempt  was  made  to  make  T  bear  any  fixed  ratio  to  R. 

The  reversal  of  the  current  does  not  take  place  quite  in  the  manner  described 
in  §  15.  In  addition  to  the  effect  of  the  resistances  D,  there  is  the  further  jioint  of 
difference  that  although  R  +  T  is  adjusted  to  he  accurately  jiroportional  to  E,  the 
voltage  driving  the  current  Cq,  yet  Pt  is  not  accurately  proportional  to  E  because  T 
does  not  bear  any  fixed  ratio  to  R.  The  value  of  dC/dt  and,  consequently,  the  power 
absorbed  by  the  eddy  currents  while  the  primary  current  is  sinking  to  zero  is  thus  not 
quite  proportional  to  E  for  a  given  value  of  C. 

During  the  subsequent  rise  of  the  current  the  wliole  resistance  R  +  T  comes  into 
]day,  and,  the  resistances  D  being  compai'atively  small,  the  value  of  dC/dt  for  a  given 
value  of  C  is  nearly  projiortional  to  E. 

Now  the  increment  of  current  dC  contrilmtes  to  X  a  quantity  proportional  to 
[dB/dJlY  .  dC/dt.  Thus  although,  for  a  given  value  of  0,  dC  dt  is  much  greater 
during  the  fall  than  during  the  rise  of  the  current,  because  c/B/c/H  for  the  iron  of 
the  choking  coil  is  much  smaller  during  tlie  first  than  during  the  second  stage,  yet, 
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for  specimens  of  high  permeability,  is  enormously  greater  during  the 

second  than  during  the  first  stage.  Thus,  for  a  given  value  of  C,  the  product 
.  dCjdt  during  the  first  stage  is  small  compared  with  its  value  during  the 
second  stage.  Hence  by  far  the  greater  part  of  the  eddy  current  loss  occurs  during 
the  rise  of  the  current.  In  fact,  if  the  choking  coil  have  a  core  of  the  same  iron  as 
the  specimen  and  be  similarly  wound,  and  if  the  current  be  reversed  in  the  manner 
described  in  §  15,  the  eddy  current  losses  during  the  fall  and  subsequent  rise  of  the 
current  are  proportional  to  R  X  area  adh  and  (R  +  T)  X  area  ach'e  respectively,  the 
areas  being  shown  in  fig.  1.  Thus  the  main  part  of  the  eddy  current  loss  occurs 
during  the  rise  of  the  current ;  this  part  is  very  nearly  proportional  to  E.  The  eddy 
current  loss  during  the  fall  of  the  current  is  indeed  only  roughly  j)roportional  to  E, 
but  it  is  small  in  comparison  with  the  loss  during  the  rise  of  the  current.  Hence  the 
total  eddy  current  loss  during  a  semi-cycle  is  nearly  proportional  to  E,  and  thus  can 
be  determined  approximately  by  the  formula  X  =  (U'  —  U)  E/{E'  —  E),  as  explained 
in  §  15,  since  Y  is  now  negligible,  and  X  is  thus  sensildy  equal  to  Z. 

As  illustrations  we  now  give  two  examples  kindly  furnished  us  by  Mr.  R.  L.  Wills. 
In  the  first  example  the  specimen  was  a  portion,  2 '49  centims.  in  length,  of  a  circular 
tube  of  radii  3 ’8 10  and  3 MS 5  centims.  A  plane  through  the  axis  forms  a  rectangular 
section  of  the  ring,  the  sides  of  the  rectangle  being  a  =  2 '49,  h  =  '625  centim. 
Thus  A  =  1'56  sq  centims.,  ajh  =  4,  while  the  mean  circumference  is  ^  =  22  centims. 
Hence,  treating  the  ring  as  a  straight  rod,  we  find  by  Apjiendix  I.,  Q  =  '0176.  Now 
the  resistance,  S,  of  the  secondary  circuit  varied  from  23  to  523  ohms,  while  n,  the 
number  of  turns,  was  50,  so  that  X/Y  [=  varied  from  356  to  8300.  Hence 

Y  was  negligible  in  comparison  with  X,  and  X  was  thus  sensibly  equal  to  Z. 

For  each  value  of  Hq  three  determinations  of  U  were  made  with  batteries  of  8,  16, 
and  24  volts.  The  value  of  W  was  deduced  from  the  three  values  of  U  by  the  formulae 
W  =  2U  —  U',  W  =  3U'  —  2U",  which  follow  from  §  1  5.  In  the  last  column  we 
give  the  value  of  X,  the  space-average  of  the  eddy  current  loss  corresponding  to 
E  =  8  volts,  X  as  well  as  W  l)eing  expressed  in  ergs  per  cub.  centim.  per  cycle. 


IB. 

Bo. 

S. 

ohms. 

u. 

E  =  8. 

1 

U'. 

E'  =  16. 

U". 

E"  =  24. 

2U  - 

3U'  -  2U''. 

W. 

(mean). 

X. 

E  =  8. 

•31 

194 

23 

5-9 

7-3 

8-8 

4-5 

4-3 

4-4 

1-5 

•68 

.540 

23 

32-3 

38-2 

44-1 

26-4 

26-4 

26-4 

5-9 

1-02 

1205 

23 

154 

169 

185 

139 

137 

138 

16 

1-36 

2657 

73 

585 

655  •  4 

721 

514-6 

524-2 

519-4 

65-6 

1-70 

4629 

123 

1528 

1640 

1736 

1416 

1448 

1432 

96 

2-04 

6107 

223 

2471 

2702 

2919 

2240 

2268 

2254 

217 

2-38 

7139 

223 

3396 

3714 

4017 

3078 

3108 

3093 

303 

2-72 

8077 

523 

4242 

4683 

5124 

3801 

3801 

3801 

441 

3-06 

8749 

523 

5159 

5702 

6211 

4616 

4684 

4650 

509 

3-40 

9332 

523 

5940 

6551 

7161 

5329 

5331 

5330 

610 

1  4-02 

i 

10150 

!  523 

1 

7297 

8146 

8960 

6448 

6518 

6483 

814 

K  2 


68 


MESSES.  G.  F.  C.  SEARLE  AND  T.  G.  BEDFORD 


The  agreement  between  2U  —  U'  and  3U'—  2U"  is  satisfactory  ;  it  may  be  taken  as 
evidence  that  the  theory  sketched  in  §  15  is  practically  applicable  to  Mr,  Wills’s 
experiments.  The  ratio  W/Y  ranged  from  1040  to  66,000,  amd  thus  no  appreciable 
error  was  introduced  by  neglecting  the  correction  due  to  the  conductivity  of  the 
secondary  circuit. 

In  the  second  example  the  specimen  was  a  ring  similar  to  the  last,  the  numbers 
now  being  a  =  1'985,  6  =  '735,  /  =  20  centims.,  A  =  1'46  sq.  centims.,  hja  =  ’37, 
Q  z=  -0236,  n  —  50.  The  material  was  an  alloy  of  iron  and  aluminium,  and  the 
experiments  were  made  when  the  specimen  was  at  645'^  C.  We  do  not  know  o- ;  if  it 
was  10“^,  then  X/Y  varied  from  430  to  1380.  The  results  are  shown  in  the  following 
table,  where  it  will  be  seen  that  there  is  again  good  agreement  between  2U  —  U'  and 
3U'—  2U'''.  The  agreement  is  the  more  significant  because  the  eddy  current  loss,  X, 
now  forms  a  very  considerable  part  of  the  whole  energy  dissipated  in  each  cycle. 


Ho. 

Bo. 

1 

S. 

ohms. 

U. 

E  =  8. 

U'. 

E'=16. 

U". 

E"  =  24. 

2U  -  U'. 

3U'  -  2U''. 

tv. 

(mean). 

X. 

E  =  8. 

•20 

1747  ' 

23 

77-2 

80-3 

83-4 

74-1 

74-1 

74-1 

3-1 

•34 

3357 

23 

223-8 

251-5 

276 

196-1 

202-5 

199-3 

24-5 

•48 

4406 

23 

332-0 

390-8 

448 

273-2 

276-4 

274-8 

57-2 

•68 

5507 

73 

461 

570 

669 

352 

372 

362 

99 

1-02 

6661 

73 

615 

773 

926 

457 

467 

462 

153 

1-36 

7238 

73 

714 

917 

1107 

511 

537 

524 

190 

2-04 

8282 

73 

858 

1096 

1335 

620 

618 

619 

239  1 

2-72 

8654 

73 

952 

1214 

1472 

690 

698 

694 

258 

3-40 

8968 

73 

1007 

1264 

1528 

750 

736 

743 

264  j 

Complete  Cycles  and  Semi-cycles. 

§  43.  The  theoretical  investigation  of  §  8  shows  that  the  throw  due  to  a 
complete  cycle  should  be  equal  to  the  sum  of  the  throws  due  to  a  pair  of  semi¬ 
cycles.  We  have  not  spent  any  considerable  time  in  testing  this  point,  for  the 
arrangements  used  by  us  have  not  been  well  adapted  for  that  purpose.  In  order 
that  U  shall  be  sensibly  equal  to  W,  it  is  necessary,  when  the  specimen  is  a  thin 
wire  of  soft  iron,  that  the  self-induction  of  the  choking  coil  should  be  very  large,  and 
in  this  case,  after  the  current  has  been  reversed  by  the  key,  it  does  not  at  once  rise 
to  its  full  strength.  Thus,  if  the  key  be  worked  very  rapidly  so  as  to  make  a  pair  of 
semi-cycles  in  quick  succession,  the  current  may  never  rise  to  its  full  value  in  the 
middle  of  the  cycle.  On  the  other  hand,  if  a  definite  halt  be  made  after  the  current 
has  been  reversed  for  the  first  semi-cycle,  the  dynamometer  coil  will  have  moved 
considerably  from  its  zero  position  when  it  receives  the  impulse  due  to  the  second 
semi-cycle.  It  is  perhaps  for  these  reasons  that  we  have  not  found  good  agreement 
between  the  throw  due  to  a  complete  cycle  and  the  sum  of  the  throws  due  to  a  pair 
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of  semi-cycles.  We  have  not  taken  any  special  steps  to  secure  this  agreement 
because  (1)  we  are  satisfied  that  the  sum  of  the  throws  for  a  pair  of  semi-cycles  gives 
a  correct  measure  of  the  hysteresis,  and  (2)  it  was  more  convenient  to  take  a  pair  of 
semi-cycles  than  a  complete  cycle,  since  with  the  semi-cycles  we  could  measure  and 
W  simultaneously. 

We  found  that  the  throw  for  a  complete  cycle  depended  a  good  deal  upon  the  Avay 
in  which  the  key  was  manipulated.  On  the  other  hand,  the  throws  for  each  of  a  pair 
of  semi-cycles  were  generally  very  regular. 

§  44.  In  §  6  we  show  that,  when,  on  account  of  the  previous  magnetic  history  of  the 
specimen,  the  two  throws  of  the  dynamometer  for  a  pair  of  semi-cycles  are  unequal, 
the  sum  of  the  throws  still  furnishes  a  correct  measure  of  the  energy  dissipated  in  the 
complete  cycle,  if  U  =  W.  This  inequality  in  the  two  throws  gave  us  much  trouble. 
It  persisted  in  some  cases  in  spite  of  very  many  reversals  of  the  magnetic  force.  As 
tested  by  the  ballistic  galvanometer,  the  iron  had  reached  a  steady  state,  l)ut  the  gal¬ 
vanometer  only  shows  the  change  of  induction  on  reversing  Hq,  and  not  the  actual  values 
of  B  corresponding  to  -f-  Hq  or  to  —  Hq.  In  the  belief  that  after  many  reversals  the 
cyclic  B — H  curve  would  lie  symmetrically  about  the  axes  of  B  and  H,  we  naturally 
did  not  look  to  the  iron  for  the  cause  of  the  inequality  in  the  throws.  We  spent 
some  weeks  in  making  changes  in  the  dynamometer  and  other  parts  of  the  apparatus, 
but  of  course  without  result.  At  times  the  inequality  would  almost  disappear 
(probably  on  account  of  a  large  number  of  reversals),  only  to  reappear  for  some 
apparently  slight  cause,  such  as  changing  the  range  of  the  magnetic  force,  or  using 
another  specimen,  and  this  uncertainty  made  the  matter  very  perplexing.  But 
though  we  felt  that  we  had  failed  to  discover  the  cause  of  the  inequality,  yet  the 
agreement  between  the  value  of  U,  found  by  the  dynamometer,  with  that  of  W, 
deduced  from  the  cyclic  B — H  curve,  made  us  certain  that  the  method  was  giving  at 
least  approximate  results,  and  we  began  to  make  experiments  on  the  effects  of  tension 
and  torsion  upon  hysteresis.  During  these  experiments  we  found  that  tlie  inequality 
varied  as  the  stress  was  applied,  and  we  were  thus  led  to  see  that  the  origin  of  the 
inequality  lay  in  the  iron.  When  once  we  suspected  the  cause,  it  was  easy  to  make 
experiments  to  satisfy  ourselves  that  our  suspicion  was  true.  We  were  then  able  to 
employ  the  method  without  hesitation. 

§  45.  To  study  the  inequality  in  the  two  throws  for  a  pair  of  semi-cycles  in  a 
definite  manner  we  made  the  following  experiments  : — A  freshly  annealed  iron  wire, 
which  had  not  been  magnetised  since  the  annealing,  was  placed  in  the  solenoid  when 
no  current  was  flowing,  and  the  magnetic  force  Hq  was  then  applied  for  the  first  time. 
We  found  that  the  throw  of  the  dynamometer  for  the  first  reversal  from  Hq  to  —  Hq 
was  greater  than  for  any  subsequent  reversal  in  either  direction,  and  that  up  to  100 
reversals  the  throw  is  greater  when  the  magnetic  force  changes  from  Hq  to  —  Hq  than 
when  it  changes  from  — Hq  to  Hq.  In.  these  experiments  the  value  of  Hq  was  5'77, 
and  the  value  of  Bq,  after  100  reversals,  9990  ;  the  section  of  the  wire  was  ’0265 


70 


MERSES.  G.  F.  C.  SEARLE  AND  T.  G.  BEDFORD 


sq.  centim.  An  ordinary  mercury  rocking  key  was  used,  and  the  choking  coil  was 
inserted  in  the  circuit. 

We  now  give  the  results  of  one  of  these  experiments.  The  numbers  heading  the 
columns  indicate  the  cycle  to  which  the  pair  of  semi-cycles  in  any  column  belong. 


Cycle. 

1. 

9 

3. 

4. 

5.  6. 

28. 

50. 

^  for  -t-Ho  to  -  Hq 

5440 

4820 

4650 

4570 

4480  4470 

4260 

4190 

1  Hf/B  for  -  Ho  to  + 

in  J 

4540 

4380 

4290 

4230 

1 

4210  4160 

4030 

3990  1 

1 

In  this  example  the  inequality  is  greater  and  more  persistent  than  in  most  cases. 
The  inequality  is  generally  much  more  marked  for  small  than  for  large  magnetic 
forces.  It  will  be  noticed  that  the  hysteresis  diminishes  with  continued  reversals."^ 

Efect  of  Continued  Reversals. 

§  46.  In  the  course  of  the  experiments  undertaken  in  the  hope  of  finding  the  cause 
of  the  inequality  of  the  two  throws  of  the  dynamometer,  6^  and  do,  for  the  two  semi¬ 
cycles  belonging  to  a  single  cycle,  we  had  occasion  to  put  the  sjjecimen  through  many 
cycles.  We  then  discovered  that  the  hysteresis  diminishes  very  considerably  with 
continued  reversals  of  the  magnetic  force.  To  investigate  this  matter  more  com¬ 
pletely  a  systematic  set  of  experiments  was  made  in  1899  with  the  object  of 
determining  how  the  effect  depends  upon  the  limits  of  the  magnetic  force.  The 
experiments  were  carried  out  in  the  following  manner : — The  specimen,  demag¬ 
netised  by  annealing  or  “  by  reversals,”  was  placed  in  the  solenoid  when  no  current 
was  flowing.  The  magnetic  force  was  first  applied  in  the  positive  direction  ;  the 
magnetic  force  was  then  reversed  from  Hq  to  —  Hq  and  the  throws  of  the  dyna¬ 
mometer  and  the  galvanometer  were  read  simultaneously.  The  next  reversal  —  Hq  to 
Hq  was  observed  in  like  manner.  These  two  reversals  constituted  the  first  cycle. 
The  observations  were  repeated  for  other  cycles  as  shown  in  the  tables,  where  in  each 
case  the  first  column  shows  the  number  of  the  cycle.  The  two  throws  of  the 
dynamometer,  dj  and  d^,  sometimes  showed  an  inequality  which  was  rather  persistent, 
though  it  was  never  greater  than  that  recorded  in  §  45.  We  have  therefore  thought 
it  sufficient  to  give  the  value  of  the  hysteresis  deduced  from  each  complete  cycle. 
The  mean  maximum  magnetic  induction,  Bq,  which  diminished  in  much  tlie  same 
manner  as  the  hysteresis,  is  also  recorded  in  the  tables. 

*  The  initial  asymmetry  of  the  hysteresis  loop  and  its  gradual  shrinking  Muth  continued  reversals  are 
well  shown  in  fig.  154  in  Professor  Ewing’s  Magnetic  Induction  .  .  .’,  3rd  Edition.  Much  labour  would 
have  been  saved  had  we  realised  the  significance  of  Professor  Ewing’s  curves. 
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The  experiments  of  Professor  J.  A.  Ewing*  on  soft  iron  show  that  after  the  few 
dozens  of  reversals  which  are  necessary  to  avoid  the  effects  of  the  initial  diminntion 
of  Bq,  the  values  of  and  of  W  remain  constant,  even  after  70,000,000  of  cycles 
of  reversal  when  the  temperature  of  the  iron  is  not  allowed  to  rise  above  that 
of  the  atmosphere.  In  his  experiments  the  maximum  magnetic  force  in  these 
cycles  was  about  4,  and  the  maximum  induction,  Bg,  about  8000.  It  is  now  well 
known  that  if  iron  be  raised  to  a  temperature  only  50°  C.  above  the  atmospheric 
temperature,  and  be  maintained  in  that  state  for  many  hours,  a  large  increase  in  the 
hysteresis  often  results. 

§  47.  Soft  Iron  demagnetised  hy  Annealing. — The  specimen  was  a  wire  of  soft 
iron  '0265  sq.  centim.  in  section.  In  each  case  it  was  annealed  before  the  observa¬ 
tions  for  any  given  value  of  Hq  were  made  ;  the  previous  magnetic  history  of  the  iron 
was  thus  wiped  out.  The  key  of  §  3 1  was  used. 


No. 

Ho  = 

2-50. 

'  Ho  = 

4-98. 

Ho  = 

7-57. 

Ho  = 

10-86. 

Ho  =  14-70. 

Bo. 

W. 

Bo. 

W. 

Bo. 

Bo. 

W. 

Bo. 

AY. 

1 

2220 

598 

8150 

5250 

10550 

9500 

11800 

124.50 

12840 

14610 

2 

2040 

519 

7970 

4870 

10430 

8980 

11680 

12050 

12830 

14340 

3 

2000 

488 

7950 

4730 

10340 

88.30 

11660 

11960 

12760 

14230 

11 

1940 

452 

7740 

4530 

10250 

8520 

11660 

11850 

12730 

14140 

21 

1890 

440 

7700 

4420 

10250 

8590 

11670 

11760 

12720 

13990 

41 

1840 

433 

7650 

4360 

10220 

8450 

11660 

11760 

12730 

14070 

No. 

Ho  = 

20-05. 

Ho  = 

25-15. 

H„  = 

30-24. 

Ho  = 

40-65. 

Bo. 

AY. 

Bo. 

AY. 

Bo. 

AY. 

B, 

AY. 

1 

13480 

17420 

13270 

20020 

14360 

21300 

14760 

22600 

2 

13430 

17300 

13260 

198.50 

14300 

21260 

14740 

22600 

3 

13420 

17200 

13280 

19770 

14300 

20940 

14720 

22610 

11 

13420 

17060 

13230 

19690 

14290 

20820 

14720 

22400 

21 

134.30 

17100 

13280 

19720 

14290 

20900 

14730 

22560 

41 

13420 

17080 

1.3250 

19640 

14310 

20820 

14710 

22630 

It  will  be  seen  that  the  effect  of  continued  reversals  of  Hq  in  producing  a  diminu¬ 
tion  of  Bq  and  W  rapidly  decreases  as  Hq  increases,  both  Bq  and  W  becoming  sensibly 
constant  when  Hq  reaches  the  value  40 '6  5.  The  following  table  illustrates  this  fact, 
and  shows  that  the  percentage  change  of  W  is  always  greater  than  the  percentage 
change  of  Bq.  The  change  recorded  is  that  which  occurred  in  the  first  41  cycles 

*  ‘  The  Electrician,’  vol.  34,  January  11,  1895. 
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Ho . 

2-50 

4-98 

7-57 

10-86 

14-70 

20-05 

Percentage  change  in 

17-1 

11-0 

3-1 

2-0 

-9 

-4 

Percentage  change  in 

W  . 

27-5 

17-0 

) 

11-0 

5  •  5 

3-7 

1-9 

§  48,  Soft  Iron  demagnetised  “  hy  Reversals.”* — The  same  piece  of  wire  and  the 
same  key  were  used  as  in  §  47.  The  wire  was  very  completely  demagnetised  by 
reversals  before  the  tests  for  Bq  and  W  were  made  ;  a  mirror  magnetometer  served 
as  indicator.  The  results  are  shovii  in  the  table  below 


No. 

Ho  = 

2 -.50. 

Ho  = 

7-45. 

Ho  = 

20-50. 

Bo. 

Bo. 

W. 

Bg. 

M'. 

1 

1 

2068 

711 

9950 

8000 

13480 

16670 

2 

1997 

662 

9980 

8000 

3 

1984 

669 

9960 

8000 

4 

1997 

652 

11 

1960 

638 

9940 

7910 

13510 

16590 

21 

1960 

633 

9940 

7850 

41 

1950 

613 

9890 

8000 

13510 

16580 

81 

1913 

603 

13480 

16610 

101 

9900 

7820 

1 

For  Hq  =  7'45  and  Hg  =  20'50  the  values  of  Bg  and  W  are  constant  within  the 
errors  of  observation.  For  Hg  =  2'5  there  is  a  considerable  diminution  in  both  Bg 
and  W  during  the  first  41  cycles,  but  much  less  than  in  the  case  of  the  wire 
demagnetised  by  annealing,  the  changes  in  the  first  41  cycles  being  now  for  Bg 
5 '8  per  cent.,  and  for  W  13 ‘8  per  cent. 

The  wire  had  been  annealed  before  the  tests  for  H  =  2’5  in  §47  were  made. 
Without  further  annealing,  the  tests  of  the  present  section  for  Hg  =  7‘45,  20'50, 
and  2 '5  were  made  in  the  order  written.  This  treatment  has  had  the  result  of 
diminishing  the  initial  value  of  Bg  and  raising  its  value  after  41  reversals  ;  the  value 
of  W  is  at  the  same  time  considerably  increased. 

§  49.  Steel  Rod. — A  few  experiments  were  made  upon  a  steel  rod  ’0925  sq.  centim. 
in  section,  using  the  key  of  §  31.  We  endeavoured  to  demagnetise  it  by  reversals 
before  the  tests  for  Bg  and  W  were  made,  but  we  were  only  partially  successful.  The 
dynamometer  was  not  sensitive  enough  to  enable  us  to  go  to  small  magnetising 
forces.  The  induction  remained  practically  constant  for  both  values  of  Hg  ;  in  41 
cycles  the  hysteresis  fell  by  10  per  cent,  when  Hg  =  7 '29  and  by  2 ’5  per  cent,  when 

*  See  Ewing,  ‘  Magnetic  Induction  .  .  .,”  3rd  Edition,  fig.  155. 
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H  =  20’54,  the  changes  in  W  being  roughly  the  same  as  those  for  the  iron  wire, 
demagnetised  by  annealing,  under  approximately  the  same  magnetic  forces. 


Ho  =  7-29. 


H„  =  20-54. 


Bo. 

W. 

Bo. 

W. 

1 

1275 

853 

11430 

32840 

2 

1255 

838 

11370 

32670 

3 

1275 

838 

11370 

32530 

4 

11370 

32580 

11 

1240 

787 

11310 

32110 

21 

1275 

779 

11340 

32110 

41 

1275 

768 

11280 

32040 

W  —  Bq  Curves  for  Zero  Stress. 

§  50.  The  energy  dissipated  through  hysteresis  can  be  varied  in  many  ways.  We 
describe,  in  the  sequel,  many  experiments  in  which  the  hysteresis  loss  for  constant 
values  of  Hq  was  caused  to  vary  by  varying  the  stress  applied  to  the  specimen  ;  Mr. 
Wills  has  varied  the  hysteresis  loss  for  constant  values  of  Hq  by  varying  the 
temperature  of  the  specimen.  But  perhaps  the  most  natural,  and  certainly  the  most 
usual,  way  of  varying  W  is  to  vary  Hq,  while  the  stress  is  kept  at  a  constant  zero 
value.  The  curve  representing  W  as  a  function  of  Bq  under  these  conditions  is  the 
curve  which  is  useful  to  engineers  when  designing  transformers.  To  distinguish  it 
from  the  curves,  which  represent  W  as  a  function  of  Bq,  when  Hq  is  kept  constant 
and  Bq  is  varied  by  varying  the  stress,  we  call  it  a  W  —  Bq  curve  for  zero  stress.  It 
is  the  curve  for  which  Mr.  C.  P.  Steinmetz  has  proposed  the  formula  W  =  -17  Bq'  *’. 


Effects  of  Stress. 

§  51.  We  now  pass  on  to  describe  a  number  of  experiments  in  which  we  studied 
the  effects  of  tension  and  torsion  upon  the  mean  maximum  magnetic  induction,  and 
upon  the  energy  dissipated  by  hysteresis  when  the  magnetic  force  ranged  between 
definite  limits  -E  Hq.  In  each  case  the  same  series  of  stresses  was  applied  to  the 
specimen  for  each  value  taken  for  Hq. 


Effect  of  Tension  on  Soft  Iron  Wire. 

§  52.  The  first  systematic  experiments  on  the  effect  of  stress  upon  the  energy 
dissipated  in  hysteresis  were  made  in  1898  upon  a  soft  iron  wire. 

VOL.  CXCVIII. - A.  L 
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The  wire  was  placed  horizontally,  perpendicular  to  the  magnetic  meridian,  and  the 
tension  was  applied  by  a  flexible  silk  cord  which  passed  over  a  pulley  and  supported 
a  weight.  The  reversing  key  described  in  §  30  was  used,  the  current  being  measured 
by  a  shunted  d’Arsonval  galvanometer.  We  satisfied  ourselves  by  the  comparison 
of  the  values  of  W  found  (1)  from  cyclic  B — H  curves,  (2)  by  the  electro-dynamo- 
meter,  that  the  method  was  yielding  at  least  approximately  exact  values  of  W. 
Before  the  observations  corresponding  to  any  given  value  of  Hq  were  made,  the  wire 
was  subjected  to  several  cycles  of  loading  and  unloading,  the  maximum  load  being 
24  kilogrammes.  The  magnetic  observations  were  taken  only  as  the  load  was  being 
increased.  The  section  of  the  wire  was  *00708  scp  centim.,  so  that  a  load  of  1  kilo¬ 
gramme  gives  a  tension  of  1*39  X  10^  dynes  per  sq.  centim.  The  results  are  given  in 
the  following  table  and  in  fig.  7.  (See  also  §  67.) 


Observations  on  a  soft  iron  wire  during  both  loading  and  unloading  showed  that 
the  curves  for  loading  and  unloading  are  not  quite  identical,  though  the  difference 
between  them  is  not  large. 
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Load, 

Ho  = 

4-524. 

Ho  = 

11-0. 

Ho  = 

16-24. 

kilogrammes. 

Bo. 

W. 

Bo. 

W. 

Bo. 

W. 

0 

1233 

494 

5750 

6520 

8660 

11710 

2 

1663 

726 

7150 

8320 

9940 

13700 

4 

2250 

1183 

8700 

10030 

11150 

15050 

6 

3030 

1776 

10030 

11970 

12050 

16300 

8 

3880 

2402 

11150 

13120 

12650 

16830 

10 

4915 

3140 

11730 

13680 

12980 

16600 

12 

5475 

3540 

11970 

13500 

13010 

16300 

14 

5920 

3770 

12000 

12920 

12820 

15550 

16 

5870 

3820 

11690 

12300 

12760 

15080 

18 

5750 

3610 

11400 

11590 

12580 

14500 

20 

5490 

3400 

11070 

11150 

12300 

13780 

22 

5160 

3060 

10740 

10630 

12010 

13430 

24 

4840 

2800 

10410 

10220 

11720 

12980 

Id  order  to  save  space  on  the  diagram,  the  zero  for  the  four  upper  curves  differs 
from  that  for  the  two  lower  ones.  The  numbers  on  the  diagram  will  prevent  any 
confusion. 

In  each  case,  as  the  tension  increases,  both  and  W  rise  to  maximum  values,  the 
tension  corresponding  to  the  maximum  values  diminishing  as  Hq  increases.  Next  to 
the  similarity  between  the  curves  for  and  W  for  a  given  value  of  Hq  the  most 
striking  feature  is  the  great  increase  in  both  Bq  and  W  occasioned  by  tension  when 
Ho  is  small.  Thus  for  Hq  =  4‘524  a  pull  of  14  kilogrammes  raises  Bq  from  1233  to 
5920,  and  W  from  494  to  3770.  The  magnetic  force  was  not  carried  to  values  high 
enough  to  obtain  the  Villari  reversal  of  the  effect  of  tension. 


Effect  of  Torsion  within  the  Elastic  Limit. 

§  53.  In  July  and  August,  1899,  we  made  a  long  series  of  experiments  on  the 
effect  of  torsion  upon  the  magnetic  qualities  of  iron  and  steel.  The  arrangements  for 
applying  torsion  were  very  simple.  A  Avooden  wheel  24 '7  centims.  in  diameter  was 
mounted  on  a  brass  tube  as  an  axle,  and  this  tube  revolved  in  a  bearing.  The  wire 
under  test  passed  through  the  solenoid  and  through  this  tube,  and  was  clamped  at 
one  end  to  the  wooden  wheel,  while  the  other  end  was  held  in  a  vice.  The  vice  and 
the  hearing  of  the  wheel  Avere  mounted  on  a  stiff  wooden  beam  so  that  the  Avire  was 
parallel  to  the  beam,  Avhich  was  placed  at  right  angles  to  the  magnetic  meridian. 
The  magnetising  solenoid  Avas  so  fixed  that  the  wire  passed  along  its  axis. 

To  apply  a  torsional  couple  to  the  wire,  a  weiglit  was  hung  from  the  edge  of  the 
wheel  by  a  flexible  string  wrapped  round  the  wheel.  When  we  wished  to  give  the 
wire  a  definite  twist,  the  wheel  was  clamped  in  the  desired  position. 

L  2 
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Experiments  on  Steel. 

§  54.  W  —  Bq  Curve  for  Zero  Stress. — The  first  set  of  experiments  'was  made 
upon  a  steel  rod  •09125  sq.  centim.  in  section.  To  find  how  Bq  and  W  depend  upon 
Hq,  when  there  is  no  torsion,  we  made  a  series  of  observations  for  Bq  and  W,  using  the 
key  of  §  31,  and  varying  Hq  from  37 ‘4  to  5‘0;  the  results  are  given  in  the  table 
below.  The  electro-dynamometer  was  not  sensitive  enough  to  allow  us  to  work  with 
magnetic  forces  less  than  5  units.  These  observations  will  serve  as  an  example  of 
the  application  of  the  method  described  in  this  paj^er  to  determine  the  manner  in 
which  W  depends  upon  Bq,  when  Bq  is  made  to  vary  by  changing  Hq,  the  stress 
being  constant.  The  curve  representing  these  observations  is  shown  in  fig.  8.  The 
numbers  placed  along  the  curve  show  the  values  of  Hq  for  which  the  values  of  Bq  and 
Wq  were  found.  The  curves  (1)  to  (4)  are  considered  in  §  66. 
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1 

Ho. 

Bo. 

Ho. 

Bo. 

W. 

Ho. 

Bo. 

W. 

37-40 

14550 

47050 

18-00 

10480 

23800 

8-00 

2870 

2780 

32-05 

13980 

42600 

16-00 

9360 

19100 

7-00 

2110 

1700 

27-95 

13350 

38200 

14-00 

8080 

14820 

6-00 

1400 

780 

25-18 

12800 

34900 

12-00 

6390 

10020 

5-00 

950 

190 

22-00 

12010 

30600 

10-00 

4600 

5830 

20-00 

11160 

26600 

9-00 

3690 

4100 

§  55.  Effect  of  Torsion,  ivitliin  the  Elastic  Limit,  upon  the  Steel  Rod. — -Thes  teel  rod 
was  now  subjected  to  torsion  in  the  way  described  in  §  53.  A  load  not  exceeding 
2000  grammes  was  bung  from  the  rim  of  the  wheel  and  was  increased  and  diminished 
by  steps  of  100  or  200  grammes,  care  being  taken  to  make  the  changes  in  the  load 


with  as  little  jerking  as  possible.  For 
each  cycle  of  loading  and  unloading  the 
maximum  magnetic  force  Hg  was  kept 
at  a  constant  value.  In  every  case, 
except  possibly  that  of  Hg  =  37 ‘4,  the 
wire  was  put  through  several  cycles  of 
twist  in  which  the  load  varied  between 
the  limits  dz  2000  grammes,  and  then 
the  magnetising  current  was  put  through 
20  cycles  of  reversal  before  the  observa¬ 
tions  for  Bg  and  W  were  made.  The 
positive  and  negative  signs  indicate  that 
the  weio’hts  were  huno-  on  the  rmht-  and 

o  O  o 

left-hand  sides  of  the  wheel  respectively. 
In  the  actual  experiments  on  the  effect 
of  torsion  on  Bg  and  W  the  torsion  was 
always  positive,  the  load  being  initially 
zero,  then  increasing  to  2000  grammes, 
and  then  decreasing  to  zero.  In  the 
ideal  case  of  perfect  symmetry  about  tlie 
state  of  no  torsion,  the  part  of  the  curve 
for  negative  torsions  would  be  exactly 
similar  to  the  part  of  the  curve  for  posi¬ 
tive  torsions.  The  residts  are  given  in 
the  following  table,  and  are  exhibited  in 
fio’.  0  : — - 
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Load, 

Ho  = 

37-4. 

Ho  =  26-64. 

Ho  =  15-72. 

Ho  = 

10-0. 

Ho  = 

=  5-0. 

grms. 

i 

1 

Bq.  i 

W. 

Bo. 

tv. 

Bo. 

tv. 

Bo. 

tv. 

Bo. 

tv. 

0 

14890 

46800 

13000 

36400 

9060 

18100 

4350 

5310 

674 

190 

200 

14860 

46900 

12920 

36500 

8840 

17620 

4410 

5650  : 

690 

196 

400 

14810 

47200 

12800 

36600 

8520 

16950 

3980 

5070  ' 

685 

194 

600 

14520 

47400 

12560 

36000 

8130 

16180 

3420 

4190 

677 

206 

800 

14290 

47100 

12460 

35600 

7700 

15300 

3020 

3760  1 

621 

165 

1000 

14060 

46500 

12040 

35200 

7360 

14560 

2840 

3320  ; 

628 

173 

1200 

13760 

45700 

11700 

34200 

-  7100 

13950 

2600 

2890  ' 

602 

166 

1400 

13540 

44600 

11420 

33500 

6800 

13550 

2480 

2730 

584 

151 

1600 

13200 

44000 

11130 

32800 

1  6600 

12980 

2390 

2540 

547 

130 

1800 

12910 

43200 

10850 

32000 

6330 

12510 

2260 

2.350 

547 

129  ; 

2000 

12760 

42300 

10600 

31300 

i  6210 

12050 

2190 

22.30 

556 

140 

1600 

13210 

43900 

11100 

32700 

6520 

12660 

2330 

2310 

552 

126 

1200 

13780 

45700 

11700 

34100 

i  6960 

13800 

2510 

2610 

585* 

144* 

800 

14290 

47000 

12300 

35700 

7630 

15230 

2870 

3230 

635t 

173t 

400 

14690 

47100 

12800 

S  36500 

8540 

17100 

3750 

4610 

657 

171 

200 

]  4850 

46600 

13000 

36600 

8860 

!  17700 

4270 

5380 

704 

206 

0 

14920 

46800 

13050 

1  36800 

9030 

'  18200 

4510 

5770 

794 

265 

*  1000  grammes. 


t  600  grammes. 


From  H„  =  37  ’4  to  Hq  =  15 '72  the  curves  for  unloading  agree,  within  the  errors  of 
experiment,  with  the  curves  for  loading,  and  oidy  a  single  line  is  shown  in  the 
diagram.  In  the  cases  of  Hq  =  lO'O  and  Hq  =  5'0  the  curves  for  unloading  differ 
from  those  for  loading.  The  curve  for  Hg  =  5  could  not  he  conveniently  shown  on 
the  diagram.  In  these  two  cases  there  is  also  an  evident  want  of  symmetry,  for,  if 
the  symmetry  were  perfect,  the  lines  for  loading  and  unloading  would  cross  each 
other  on  the  line  of  no  load.  It  is  interesting  to  notice  how  closely  the  curves  for  W 
imitate  those  for  Bg.  We  consider  this  similarity  in  §  66  below. 


Experiments  on  Soft  Iron. 

§  56.  A  much  more  extended  series  of  experiments  was  made  upon  soft  iron  wire, 
•0324  sq.  centim  in  cross-section.  The  wire  was  “galvanised”  when  bought,  but  by 
lieating  it  to  bright  redness  in  a  large  blowpipe  flame  all  the  zinc  was  burnt  off  the 
wire  and  at  the  same  time  the  wire  was  annealed.  The  wire  was  twisted  by  means 
of  the  arrangement  described  in  §  53.  The  reversing  key  described  in  §  31  was  used 
in  these  exjDeriments. 

The  first  step  was  to  test  by  the  method  of  §  41  whether  X  and  Y  could  be 
neglected.  The  numbers  for  this  S2)ecimen,  recorded  in  section  (6)  of  §  41,  show  that 
X  and  Y  were  negligible. 

§  57.  W  —  t5g  Curve  for  Zero  Stress. — To  gain  a  general  idea  of  the  magnetic 
character  of  the  wire,  a  set  of  observations  was  made  to  determine  Bg  and  W  for  a 
series  of  values  of  Hy,  the  wire  having  been  annealed  and  being  free  from  strain. 
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The  magnetic  force  was  put  through  about  20  cycles  of  reversal  before  the  tests  for 
Bq  and  W  were  made.  The  results  are  given  in  the  following  table,  and  the  curve 
representing  them  is  shown  in  fig.  10  ;  the  curves  (1)  to  (5)  are  considered  in  §  65. 


H„. 

Bo. 

W. 

Ho. 

Bo. 

ji. 

W. 

18-75 

15800 

843 

19400 

8-0 

11880 

1485 

10720 

15-0 

15190 

1012 

17720 

6-0 

9490 

1582 

7530 

12-0 

14350 

1196 

15580 

4-0 

5660 

1415 

3424 

10-0 

13380 

1338 

13550 

3-0 

2990 

997 

1170 

Effect  of  Torsion  within  the  Elastic  Limit. 

§  58.  The  wire  was  found  capable  of  sustaining  300  grammes  hung  from  the  edge 
of  the  wheel  without  acquiring  permanent  set.  We  therefore  decided  to  subject  it  to 
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cycles  of  torsion  in  which  the  load  varied  within  the  limits  i  300  grammes.  The 
changes  in  the  load  were  made  by  steps  of  50  grammes. 

Before  the  cycle  of  loading  and  unloading,  during  which  the  magnetic  observa¬ 
tions  were  made,  the  wire  was  subjected  to  several  cycles  of  positive  and  negative 
torsion,  the  load  having  the  limits  di  300  grammes.  In  every  case,  before  the 
observations  for  Bg  and  W  were  made  for  any  particular  value  of  the  torsion,  the 
magnetic  force  was  put  through  about  20  cycles  of  reversal ;  in  this  way  we  avoided 
the  major  part  of  the  indeterminateness  due  to  the  diminution  of  Bg  and  W  which 
occurs  initially  with  continued  reversals  of  Hg.  (§  46.) 

The  results  of  these  experiments  are  given  in  the  table  below  and  are  exhibited  in 
fig.  11 


Fig.  11. 
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In  each  cycle  of  torsion  l)otli  the  mean  maximum  induction  and  the  hysteresis 
W  are  greater  when  the  torsion  is  increasing  than  when  it  is  diminishing,  except  for 
small  parts  of  those  curves  in  which  want  of  symmetry  about  the  line  of  zero 
torsion  has  caused  the  crossing-point  of  the  two  branches  of  the  curve  to  lie  off 
tliat  line. 

For  the  smaller  fields,  both  and  W  are  very  sensitive  to  torsion.  Thus,  when 
Hq  =  3,  a  load  of  100  grammes  liung  from  the  edge  of  the  wheel  diminished  Bq  by 
about  one-third  and  W  by  about  one-half  of  their  values  for  zero  load. 

The  dynamometer  was  not  sensitive  enough  to  allow  us  to  continue  the  observa¬ 
tions  for  W  for  fields  less  than  Hq  =  3.  We  could  have  measured  Bq  for  much 
smaller  fields,  but  the  observations  would  not  have  been  of  much  interest  in  the 
absence  of  the  observations  for  W. 

In  the  case  of  the  smaller  magnetic  fields  we  noticed  that  the  hysteresis  continued 
to  diminish  consideraldy  with  continned  reversals  of  the  magnetic  force  even  after  it 
had  been  subjected  to  many  reversals. 

The  table  of  §  57,  and  the  top  and  Ijottom  rows  of  the  table  just  above,  give  the 
values  of  Bq  and  W  for  zero  torsion  for  various  values  of  Hq.  The  values  of  Bq  and 
W  in  the  first  table  do  not  agree  very  closely  with  those  in  the  second  talde,  but  it 
must  be  noticed  that  the  first  table  was  made  after  the  wire  was  annealed  and  before 
it  was  strained  in  any  way.  After  the  observations  of  §  57  had  been  made,  experi¬ 
ments  were  made  to  find  the  limits  of  elasticity  of  the  wire,  and  in  this  process 
the  wire  was  subjected  to  torsions  lai'ge  enough  to  give  it  permanent  set ;  to  get  rid 
as  far  as  possible  of  the  effects  of  this  overstraining,  the  wire  was  re-annealed  before 
the  tests  for  the  second  table  were  made.  Close  agreement  betrveen  the  two  tables 
is  in  consequence  not  to  be  expected. 

These  experiments  may  serve  to  show  the  saving  of  time  effected  by  our  metliod  of 
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measuring  hysteresis,  for  the  observations  for  the  tirst  four  values  of  the  magnetic 
force,  involving  fifty-two  determinations  of  hysteresis,  were  easily  taken  in  one  day, 
though  much  time  was  spent  in  changing  tlie  load,  in  putting  the  current  through 
20  reversals  before  the  magnetic  tests  were  made,  and  in  bringing  the  suspended  coil 
of  the  dynamometer  to  rest. 

t/ 

Ejfect  of  Torsion  beyond  the  Elastic  Limit. 

§  59.  So  far  our  exiDeriments  were  made  for  torsional  strains  in  which  the  elastic 
limit  was  not  overpassed  at  all,  or  in  any  case  was  not  exceeded  to  such  an  extent 
that  the  wire  took  a  noticeable  permanent  set.  AVe  thought  it  would  he  interesting 
to  trace  the  effect  of  great  torsional  overstrain  upon  the  induction  and  the  hysteresis 
for  a  constant  maximum  magnetic  force  Hq  =  5.  In  1899  we  made  experiments  in 
this  direction  upon  two  specimens  of  the  same  soft  iron  wire  as  was  used  in  the 
experiments  of  §§  57,  58.  Both  specimens  were  heated  in  a  large  blo^vpipe  flame 
to  burn  off  the  zinc  coating  and  to  anneal  the  wire.  The  arrangement  of  §  53  was 
used  for  applying  torsion. 

§60.  Experiments  on  Soft  Iron  Wire  (1);  Hq  =  5. — In  these  exjDeriments  the 
Avheel  was  turned,  always  in  one  direction,  through  the  desired  angle,  ineasured  from 
its  position  when  the  wire  was  unstrained,  and  was  then  clamped.  A  mechanical 
“counter”  served  to  record  the  number  of  revolutions  made  by  the  Avheel.  AVhen 
the  wheel  had  been  clamped  in  any  position,  the  magnetic  force  was  put  through 
20  cycles  of  reversal,  and  then  readings  for  Bq  and  W  were  made.  The  wheel 
was  now  turned  still  further  and  again  clamped,  and  then  the  magnetic  observations 
were  repeated.  This  process  was  continued  till  the  wire  broke.  The  fracture 
occurred  when  the  wheel  had  been  tuiaied  throua:!!  104  revolutions.  Since  the  leno-th 
of  the  wire  was  65‘5  centims.,  this  angle  corresponds  to  a  twist  of  1'57  turns  per 
centim.  The  observations  were  too  numerous  to  be  recorded  in  a  table  ;  we  therefore 
only  give  a  diagram  in  hg.  12,  distinguishing  the  curves  for  this  specimen  by  the 
mark  (l). 

In  these  experiments  the  first  residt  of  the  torsion  was  to  cause  a  very  rapid 
diminution  of  both  Bq  and  AV.  The  curve  for  B,,  falls  continuously  till  the  wire 
breaks,  but  the  curve  for  AV  shows  a  well-marked  rise  and  fall,  with  a  maximum  at 
about  7 ‘5  revolutions.  The  values  of  Bq  and  AV  were  determined  immediately  after 
the  wire  broke,  the  tests  showing  that,  when  the  stress  was  relieved  by  the  fracture, 
both  Bq  and  AV  fell  to  about  half  the  values  they  had  just  before  the  fracture.  Thus 
Bq  fell  from  2950  to  1510,  while  AV  fell  from  2410  to  1044. 

AVe  found  that  when  the  wire  had  been  twisted  AA^  diminished  considerably  with 
continued  reversals,  even  after  20  cycles  of  magnetisation. 

§  61.  Experiments  on  Soft  Iron  Wire  (2);  Hq  =  5'0.— The  second  specimen  (2)  was 
treated  rather  differently.  The  wheel  was  turned  through  a  definite  number  of 
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revolutions,  measured  from  its  position  when  the  wire  was  initially  free  from  torsion 
the  number  being  read  on  the  “  counter.”  The  wheel  was  then  clamped  in  this 
position,  and,  after  20  cycles  of  magnetisation,  observations  were  made  for  and 
W.  The  wheel  was  now  undamped,  and  the  wire  was  allowed  to  untwist  so  as  to  rid 


Fig.  12. 


itself  of  torsional  stress  ;  after  twenty  more  cycles  of  magnetisation,  the  new  values 
of  Bq  and  W  were  then  determined  for  this  condition  of  the  wire.  The  wheel  was 
then  turned  still  further,  and  fresh  ohservatious  were  made,  the  jDi’Ocess  being 
repeated  until  the  wire  broke.  The  results  are  shown  in  fig.  12.  The  curves  for  Bq 
and  W  when  the  wire  was  under  torsional  stress  are  marked  (2a),  and  those  for  zero 
stress  are  marked  (26).  For  the  sake  of  clearness,  the  origin  for  these  four  curves  is 
at  the  right  side  of  the  diagram. 

The  wire  in  untwisting  turned  the  wheel  back  through  an  angle  depending  upon 
the  twist  from  which  it  was  endeavouring  to  rid  itself — an  angle  which  increased  with 
that  twist.  After  a  twist  of  one  revolution  the  wire  turned  the  wheel  back  through 
100°,  retaining  a  “permanent  set”  of  26.0°,  wliile,  after  a  twist  of  100  revolutions, 
the  wheel  was  turned  back  through  290°.  In  the  curves  (26)  the  points  for  Bq  and  W, 
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wliicli  are  placed  on  the  ordinate  corresponding  to  any  number,  .r,  of  complete 
revolutions,  indicate  the  values  found  for  Bq  and  AV  when  the  wire  was  allowed  to  free 
itself  from  stress  after  the  wheel  had  been  turned  through  x  revolutions. 

The  curves  (2a)  show  that,  as  in  the  case  of  specimen  (] ),  the  application  of  torsion 
causes  a  continued  decrease  of  Ijoth  and  W.  The  decrease  is  at  first  very  rapid, 
Bq  falling  from  G520  to  4750  and  W  from  4380  to  3180  for  the  first  half  revolution 
of  the  wheel.  The  curves  (26)  show  that  after  the  first  half  revolution  of  the  wheel 
both  Bg  and  W  diminish  continually,  but  at  first  much  less  rapidly  than  is  the  case 
for  the  curves  (2a).  The  initial  parts  of  the  curves  (26)  are  an  exception  to  the  rest, 
for  when  the  wire  was  allowed  to  untwist  after  the  wlieel  had  been  turned  through 
the  first  half  revolution  both  Bg  and  W  were  greater  than  before  the  wire  was 
twisted  at  all,  Bg  rising  from  6520  to  6720  and  W  from  4380  to  4590. 

Up  to  about  13  revolutions  of  the  wheel,  the  relief  of  torsional  stress  was  followed 
by  an  increase  of  both  Bg  and  W,  but  beyond  this  point  the  relief  caused  a  decrease 
of  both  Bg  and  W. 

The  wire  broke  at  101  revolutions  of  the  wheel,  i.e.,  at  practically  the  .same  twist 
as  wire  (1);  the  length  was  very  nearly  the  same,  viz.,  65 ‘7  centims.  Just  before 
fracture  the  values  of  Bg  and  W  under  the  torsion  due  to  100  revolutions  were 
Bg  =  1050,  AY  =  383,  and  when  the  wire  had  freed  itself  from  stress,  Bg  =  960, 
AY  =  383.  After  fracture  the  values  fell  to  Bg  =  787,  AA"  =  302,  the  changes  being 
much  smaller  than  tliose  for  .specimen  (1).  It  .seems  probable  that  the  diminution 
of  Bg  and  AA'  wiiich  occurs  on  fracture  is  due  to  the  violent  jar  which  attends  the 
fracture. 

The  values  of  both  Bg  and  AY  in  (2a)  and  (26)  are  for  large  twists  very  much 
smaller  than  the  corresponding  values  in  (l).  It  is  true  that  the  permeability  of  (2) 
l)efore  it  was  strained,  viz.,  /x  =  1304  for  Hg  =  5,  is  much  less  than  the  value 
IX  =  1694  for  (1)  under  the  same  conditions.  But  the  great  difference  between 
(1)  and  (2)  in  respect  to  Bg  and  AA^  for  large  twists  can  hardly  be  due  to  this  fact. 
It  is  more  likelv  due  to  the  untwistino;  of  the  wire  at  the  various  .stao-es  of  the 
process. 

AA'hen  the  wire  had  been  twisted  we  found  just  as  for  (l)  that  AA"  dimiiiishes  con¬ 
siderably  even  after  20  cycles  of  magnetisation.  AYe  took  20  cycles  in  each  case 
before  making  the  tests  for  Bg  and  AA^,  but  if  AA^  is  still  diminishing  with  continued 
reversals,  it  is  hardly  possible  to  assign  any  very  definite  value  to  it. 

The  wire,  initially  quite  jDliable,  was  very  stiff  after  it  had  been  broken  by 
twisting.  Its  length  originally  was  6 5 '7  centims.,  and  this  was  increased  by  the 
torsion  to  66 ‘9  centims.  The  mean  diameter  diminished  from  '0796  to  ‘0793  inch. 
Thus  the  volume  of  the  wire  increased  by  about  1  per  cent. 

The  smallest  values  reached  by  Bg  and  AA",  viz.,  those  found  after  fracture,  are 
very  small  compared  with  those  found  before  the  wire  was  strained.  Initially 
Bg  =  6520,  AA^  =  4380,  and  finallv  Bg  =  787,  AA^  —  302. 
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Influence  of  Permanent  Set  upon  the  Eflects  of  Cijcles  of  Torsion. 

§62.  The  experiments  of  §61  made  on  specimen  (2)  showed  that  np  to  twists 
giving  a  permanent  set  of  about  13  revolutions  in  a  length  of  6 5 ’7  centims.  both 
By  and  W  become  greater  when  the  torsional  stress  is  relieved,  and  that  beyond  the 
limit  of  13  revolutions  the  reverse  is  the  case.  This  observation  led  us  to  inquire 
into  the  forms  taken  by  tbe  two  curves  connecting  By  and  W  with  a  cyclical 
torsional  couple  applied  to  a  piece  of  soft  iron  wire,  which  had  been  previously 
twisted  so  as  to  have  a  considerable  jiermanent  set.  The  actual  specimen  was  that 
used  in  §  58  without  any  further  annealing.  In  carrying  out  these  experiments,  tlie 
wheel  was  turned  through  a  definite  number  of  revolutions,  measured  from  its 
position  before  the  wire  was  strained,  thereby  giving  the  wire  a  j^ermanent  set.  The 
wheel  was  then  set  free  so  as  to  allow  the  wire  to  untwist  itself  as  far  as  possible, 
and  then  about  10  cycles  of  twisting  were  given  to  the  wire,  the  load  producing  the 
torsional  couple  varying  between  the  limits  of  300  grammes.  After  these  cycles 
of  twisting,  a  set  of  magnetic  observations  was  taken  as  the  next  cycle  of  twisting 
was  gone  through.  In  every  case  the  magnetic  force  was  put  through  20  cycles  of 
reversal  before  the  magnetic  observations  were  made. 

One  eftect  of  the  cycles  of  twisting  was  to  diminish  the  “  permanent  set  ”  of  the 
wire.  Thus,  reckoning  from  the  position  of  the  wheel  when  the  wire  was  set  free 
after  a  twist  of  50  revolutions,  10  cycles  with  the  load  between  tlie  limits  of 
±  300  grammes  caused  the  wheel  to  turn  back  through  f  revolution. 

It  will  be  noticed  that  the  curves  in  figs.  13,  14  do  not  always  form  closed  figures. 
This  is  probably  iu  the  main  due  to  the  fact  that  the  preliminary  cycles  of  twisting 
were  gone  through  in  a  few  minutes,  while  tlie  one  during  wliich  the  tests  for 
By  and  W  were  made  occupied  aliout  an  hour.  We  liave  often  observed  a  similar 
efiect  when  a  copper  wire  is  put  through  cycles  of  loading  and  unloading.  Tliere  is  in 
this  case  so  much  “  creeping”  when  a  load  is  applied,  that,  if  a  cycle  of  loading  and 
unloading  with  a  given  range  of  load  is  performed  slowly  after  a  numlier  of  cycles  of 
loading  and  unloading  performed  comparatively  quickly  with  the  same  range  of  load, 
the  curve  connectino;  the  elong^ation  and  the  load  is  not  closed. 

The  curves  exhibit  in  a  higlily  developed  form  the  want  of  symmetry  which  was 
rudimentary  in  the  experiments  of  §  58  (fig.  11). 

In  every  case  the  maximum  magnetic  force  was  kept  at  the  constant  value 
Hg  =  5'0,  so  that  the  experiments  might  be  comparalde  with  those  of  §61.  The 
lengtli  of  the  wire,  65 ‘5  centims.,  vras  ?d.)0ut  the  same  as  in  the  experiments  of  §  61. 
The  results  are  given  in  the  following  table  and  are  exhil)ited  in  figs.  13,  14. 
The  +  sign  prefixed  to  a  load  in  the  table  indicates  that  the  couple  due  to  it  has 
the  same  sign  as  tlie  coujile  which  gave  the  wire  its  permanent  set.  In  order  to 
show  all  the  curves  on  a  single  diagram  we  have  taken  a  different  position  of  the  zero 
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line  for  and  A¥  in  eacli  cnrve.  The  nnmhers  marked  near  each  curve  will  enable 
the  values  of  Bq  or  W  to  be  read  off  for  any  point  on  the  curves. 
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The  curves  tend  to  confirm  the  result  of  §  61,  viz.,  that  for  small  amounts  of 
permanent  set  both  Bq  and  W  increase  when  the  couple  is  removed.  The  sixth 
curve  shows  that  when  the  permanent  set  is  large  the  removal  of  the  couple  causes  a 
decrease  of  both  and  W.  In  these  experiments  the  change  from  increase  to 
decrease  occurs  somewhere  between  25  and  50  revolutions,  as  against  about  13  in 
the  experiments  of  §  61.  The  wire  of  §  61  was  not,  however,  subjected  to  cycles  of 
twisting. 

The  curves  for  zero  permanent  set  correspond  to  the  curves  for  Hq  =  5  found  in 
§58  and  shown  in  fig.  11.  But  instead  of  curves  for  only  half  a  cycle  of  twisting  we 
have  now  curves  for  a  complete  cycle.  The  mean  values  of  Bq  and  W  for  zero 
couples  are  very  nearly  the  same  in  the  two  cases,  but  the  couple  due  to  a  load  of 
300  grammes  produces  a  decrease  of  Bq  and  W  rather  greater  than  was  found  in  the 
experiment  of  §  58  for  Hq  =  5.  The  specimen  had,  however,  been  jjut  througli  many 
cycles  of  twisting  in  the  interval. 

The  observations  could  not  be  extended  beyond  50  turns  of  permanent  set,  for 
when  the  attempt  v^as  made  the  wire  broke  at  54  turns.  .The  similar  wires  used  in 
the  experiments  of  §§  60,  61  did  not  break  till  104  and  101  revolutions  respectively. 
It  is  possible  that  the  difference,  if  not  due  to  a  flaw,  is  due  to  the  effect  of  the  cycles 
of  positive  and  negative  couples. 

The  curves  of  figs.  13,  14  show  in  a  very  striking  manner  the  close  correspondence 
between  W  and  Bq  when  Hq  is  kept  constant  and  Bq  is  made  to  change  by  varying 
the  stress. 


Development  of  a  Cyclic  State  after  Initial  Permanent  Set. 

§  63.  In  the  last  series  of  experiments  made  in  1890  we  studied  the  manner  in 
which  a  wire,  after  torsional  overstrain,  gradually  settles  down  to  a  definite  cyclic 
state  as  the  applied  couple  goes  through  a  series  of  cycles.  The  sj)ecimen  was  a  2:)iec.e 
of  the  same  annealed  soft  iron  wire  as  that  used  in  §§  58,  60,  61,  and  had  the  same 
length  as  the  wire  used  in  §  60,  viz.,  65 '5  centims.  In  these  experiments  the  wire 
was  strained  far  beyond  the  elastic  limit  by  turning  the  torsion  wheel  through  a 
definite  number  of  revolutions — in  our  experiments  6,  20,  and  50 — from  the  position 
for  zero  strain.  The  wheel  Ijeing  now  clamped,  a  weight  of  300  grammes  was  hung 
from  the  right  edge  of  the  wheel,  producing  a  couple  having  the  same  sense  as  that 
which  strained  the  wire.  The  wheel  was  then  undamped,  and  the  Avire,  being 
alloAved  to  untwist,  turned  the  Avheel  back  until  the  couple  due  to  the  elasticity  of 
the  wire  balanced  the  couple  due  to  the  300  grammes.  After  20  cycles  of  magnetisa¬ 
tion,  H  varying  between  the  limits  di  5,  Bq  and  W  were  determined.  The  load  was 
then  reduced  to  200  grammes,  and  the  magnetic  tests  were  repeated.  When  by  two 
more  steps  of  100  grammes  the  load  had  been  reduced  to  zero,  loads  of  100,  200,  and 
300  grammes  were  hung  in  succession  from  the  left  edge  of  the  wheel  to  produce 
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negative  couples.  The  process  of  changing  the  load  from  +  300  to  —  300  grammes 
and  hack  again  vas  continued  till  it  appeared  that  the  curves  connecting  Bq  and 
vith  the  load  had  nearly  settled  down  to  a  permament  form. 

In  the  first  experiments,  when  the  permanent  set  was  about  6  revolutions,  the  first 
ai^plication  of  a  negative  couple  due  to  200  grammes  caused  the  wire  to  yield 
somewhat,  and  when  the  load  of  —300  grammes  vms  reached,  the  yielding  was  great 
enough  to  cause  the  wheel  to  turn  gradually  through  half  a  revolution.  In  the 
next  cycle  of  loading  this  effect  of  a  negative  couple  was  small,  and  it  became 
much  smaller  for  each  successive  cycle.  With  the  large  permanent  sets  of  20  and  50 
revolutions  the  wire  Ijecame  so  hard  that  the  yielding  under  a  negative  couple  vas 
very  small  even  in  the  first  cycle.  Tlie  positive  couples  caused  little  yielding  even  in 
the  first  cycle  with  the  permanent  set  of  6  revolutions. 

The  observations  were  too  numerous  to  be  recorded,  except  in  the  form  of  the 
curves  in  figs.  15,  16.  In  order  to  shovr  all  the  curves  on  a  single  diagram,  we  have 
taken  a  different  position  of  the  zero  line  for  and  W  in  each  curve. 


Fig.  16. 


In  these  experiments  it  was  found  that  after  the  first  application  of  a  negati^  e 
couple  due  to  300  grammes  the  iron  had  roughly  reached  a  cyclic  state,  and  thus,  to 
avoid  confusion,  we  give  only  U  cycles  as  continuous  curves.  For  a  permanent  set 
of  6  turns  3f  cycles  were  actually  gone  through,  and  in  each  of  the  other  cases 
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2'g  cycles.  In  each  case  the  last  cycle  is  indicated  by  isolated  points  ;  when  the 
positive  load  is  increasing  a  +  is  used,  and  when  the  positive  load  is  decreasing  a  X 
is  used. 

In  their  general  forms  the  curves  due  to  the  last  cycle  for  20  and  50  turns  of 
permanent  set  resemble  those  obtained  after  several  comparatively  rapid  cycles  of 
torsion  for  25  and  50  turns  of  permanent  set  in  §  62.  Any  close  comparison  is 
impossible  on  account  of  the  fact  that  the  curves  of  §  62  do  not  form  closed  figures. 

In  the  case  of  6  turns  of  permanent  set,  the  curves  for  the  last  cycle  differ  widely 
from  those  for  5  turns  of  permanent  set  in  the  experiments  of  §  62.  '  The  part  of  the 
curve  which  corresponds  to  a  decreasing  positive  couple  now  lies  always  above  that 
part  which  corresponds  to  an  increasing  positive  couple  instead  of  crossing  it.  The 
two  parts  of  the  curve  show,  however,  a  tendency  to  approach  each  other  with 
repetition  of  the  cycles  of  torsion. 

In  this  case  there  is  a  very  great  recovery  of  magnetic  quality  in  the  first 
1^  cycles  of  torsion.  When  the  load  was  reduced  to  zero  for  the  first  time  Bq  was 
5190,  at  the  second  zero  load  we  found  Bq  =  6310,  and  at  the  third  zero  load  Bq  = 
8050.  Since  Hq  =  5,  the  permeability  rose  from  1038  to  1610. 

Relation  connecting  W  with  Bq  and  Hq. 

§  64.  A  cursory  examination  of  the  curves  recording  the  effect  of  strain  upon  the 
hysteresis  and  the  induction,  for  given  values  of  the  magnetic  force,  is  sufficient  to 
make  it  evident  that  the  changes  in  Bq,  due  to  strain,  are  very  closely  followed  by 
the  consequent  changes  in  W.  This  correspondence  is  so  close  that  it  invites  the 
attempt  to  express  it  mathematically.  We  have  here  the  means  of  analysing  W  and 
determining  it  as  a  function  of  Hq  and  Bq  ;  this  is  impossil:)le  with  the  W  —  Bq 
curve  for  zero  stress,  since  we  cannot,  without  straining  the  specimen,  change  Bq 
without  changing  Hq.  Our  plan  has  been  to  j^lot  curves  showing  W  in  terms  of  Bq 
for  definite  values  of  Hq,  the  variations  of  Bq  and  W  being  due  to  strain. 

§  65.  The  first  example  is  taken  from  the  expeiiments  on  the  effect  of  torsion  iqjon 
a  soft  iron  wire,  the  corresponding  values  of  Bq  and  Wg  for  definite  values  of  Hq  being 
recorded  in  §  58.  Five  curves  connecting  W  and  Bq  were  plotted  for  five  values  of 
Hq  upon  fig.  10,  where  the  W  —  Bg  curve  for  zero  stress  is  also  shown.  The 
points  corresponding  to  increasing  torsion  lie  so  closely  on  the  same  curves  as 
those  corresponding  to  diminishing  torsion,  that  we  have  marked  both  sets  in  the 
same  manner.  For  the  larger  values  of  Hg  each  curve  consists  of  a  straight 
line  with  a  small  hook  at  one  end — the  end  corresponding  to  zero  strain.  The 
straight  parts  of  the  curves  all  pass,  on  prolongation,  through  the  point  — 600  on  the 
axis  of  W,  and  hence  over  the  greater  part  of  the  variation  of  Bg,  caused  by  torsion 
under  a  constant  maximum  magnetic  force  Hq,  the  value  of  W  is  given  by 

W  =  mBQ  —  600, 
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where  m  is  a  function  of  Hq.  To  determine  m  in  terms  of  Hq  we  plotted  m  against 
Hq,  and  found  that  m  is  nearly  proportional  to  as  the  following  table  shows  ; — 


Ho.  .  .  . 

4 

.0 

i 

10 

15 

m . 

•71 

•785 

•99 

1-15 

1-28 

•35Hh  .•  . 

•70 

•78 

•925 

1-10 

1-35 

Hence,  with  fair  accuracy,  the  formula 

W  =  -  GOO 

represents  W  as  a  function  of  Hq  and  Bq,  over  a  large  range,  provided  that  the  load 
producing  torsion  exceeds  100  grammes.  The  hooked  jDart  of  each  curve  corresponds 
to  small  torsions  due  to  loads  of  100  grammes  and  under.  The  value  of  W  for  zero 
strain,  recorded  in  §  57,  is  given  with  considerable  accuracy  by  W  =  ’326  H’qBq  —  320 
over  a  considerable  region  in  the  neighbourhood  of  the  maximum  permeabihty. 

§  66.  The  second  example  is  furnished  by  the  exjDeriments  on  the  torsion  of  a  steel 
rod,  described  in  §  55.  The  curves  connecting  W  and  Bq  are  shown  in  fig.  8  along 
with  the  W  —  Bq  curve  for  zero  stress.  We  again  find  that  for  the  larger  values  of 
Hq  those  portion  of  the  curves  which  correspond  to  the  larger  stresses  are  straight 
lines  radiating  from  a  single  point — in  this  case  the  origin — and  thus  obtain 
W  =  wiBq.  The  values  of  m  and  Hq  are  given  in  the  table. 


. 

10 

15-72 

26-64 

37-4 

m . 

1-25 

1-98 

2-94 

3-32 

•64(Ho-6-2p  .  . 

1-25 

1-97 

2-90 

3-57 

Thus,  approximately, 

W=:-64(HQ-6-2)iBQ. 

This  expression,  would  naturally  fail  to  represent  facts  when  Hq  <  6 '2. 

The  value  of  W  for  zero  stress,  recorded  in  §  54,  is  given  closely  over  the  whole 
range  by  W  =  •57H"qBq  —1800. 

§  67.  We  now  take  the  experiments  on  the  effect  of  tension  upon  a  soft  iron  wire 
described  in  §  52.  The  curves  connecting  W  with  Bq  are  shown  in  fig.  17  along  with 
the  W  —  Bq  curve  for  zero  stress.  Each  of  the  curves,  which  shew  the  effects  of  stress, 
is  again  made  up  of  a  straight  part  and  a  hook,  the  straight  parts  radiating  from  the 
point  Bq  =  —600,  W  =  —950.  For  the  slope  of  the  lines  we  have 


ON  THE  MEASUEEMENT  OF  MAGNETIC  HYSTERESIS. 


91 


Ho . 

4-524 

11-00 

16-24 

m . 

•741 

1-20 

1-36 

•353Hb  .  .  . 

. 

•750 

1-17 

1-42 

so  that  the  straight  parts  are  given  by 

W  =  -353^0  (Bo  +  600)  -  950  . 


The  curves  just  described  differ  in  two  important  particulars  from  the  curves  for 
torsion  in  fig.  10.  In  the  case  of  torsion  the  straight  parts  of  the  curves  correspond  to 
large  stresses  and  the  hooks  to  small  stresses,  but  in  the  case  of  tension  the  straight 
parts  correspond  to  small  stresses  and  the  hooks  to  large  stresses ;  the  hook  is  more¬ 
over  much  more  developed  in  the  curves  for  tension  than  in  the  curves  for  torsion. 
The  second  point  of  difference  is  that  the  tension  curves  lie  to  the  right  of  the 
W  -  Bo  curve  for  zero  stress  whereas  the  torsion  curves  lie  to  the  left. 
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§  68.  So  far  the  strains  have  been  practically  within  the  elastic  limit.  We  now 
examine  some  cases  in  which  this  limit  was  much  exceeded. 

In  the  W — -Bj  curve,  plotted  from  the  experiments  described  in  §  60,  the  points 
appear  to  be  irregularly  placed  till  the  torsion  wheel  has  made  about  eight  revolutions. 
For  greater  strains  the  points  lie  well  on  the  straight  line,  W  =  '610 
Since  Hq  =  5  this  may  he  written 

W  =  •273HioBo  +  450  . 

In  the  experiments  of  §  61  the  points  corresponding  to  both  the  curves  (2a)  and 
(26)  cluster  round  a  single  curve,  which  when  Bq  exceeds  2500  is  represented  by 

W  =  •352moBo  -  850  (H  =  5). 

§  69.  We  are  not  j^repared  to  oiler  any  physical  explanation  of  the  formula 
W  =  aHioBo  —  But  as  it  has  a  rational  ajjpearance  it  seemed  worth  while  to 
test  it  on  some  results  obtained  under  zero  stress.  We  plotted  W  against  H-qBq  for 
several  of  the  tables  given  by  Professor  J.  A.  Ewing  and  Miss  Klaassen,!  as  well 
as  for  the  results  for  cobalt  obtained  by  Professor  J.  A.  Fleming,  j  In  every  case 
the  resulting  curve  was  straight  over  a  considerable  range  of  B^.  For  small  values 
of  B(j  the  value  of  W  given  by  W  =  oH-qBq  —  6  is  too  small,  while  for  large  values 
of  Bq  it  is  too  large.  The  value  of  oH-Bq  —  6  begins  to  be  too  large  when  with 
increasing  B^  the  permeability  p.  begins  to  fall  rapidly  below  its  maximum  value'. 
When,  with  decreasing  Bq,  p  falls  much  below  its  maximum  value,  gH-Bq  —  6 
becomes  too  small.  It  also  appears  that  when  B,-,  is  less  than  B'q,  the  value  corre¬ 
sponding  to  tlie  maximum  of  p,  p  may,  without  causing  serious  error,  differ  much 
more  from  its  maximum  value  than  when  Bg  exceeds  B'q.  The  following  examples 
from  the  experiments  of  Professor  Ewing  and  Miss  Klaassen  will  serve  as  illustra¬ 
tions. 


*  [November  4,  1901.  ]Mr.  Wills  lias  obtained  from  his  experiments  a  series  of  curves  showing  how 
W,  for  constant  values  of  Hq,  depends  upon  Bq,  when  Bo  is  varied  by  vaiying  the  temperature.  These 
curves  exhibit  in  a  striking  manner  the  characteristic  features  of  our  own  curves.  Thus  the  ciu’ve  for  a 
given  value  of  Hq  consists  of  a  straight  line  and  a  hook,  while  the  straight  lines,  corresponding  to  different 
values  of  Ho,  all  radiate  from  a  point  on  the  axis  of  W.  Mr.  Wills,  however,  finds  that  the  index  of  Ho 
is  J  instead  of  A  The  relation  deduced  from  his  experiments  is  thus  W  =  aH^Bo  -  h] 
t  “  On  the  Magnetic  Qualities  of  Iron,”  ‘Phil.  Trans.,’  A,  vol.  184,  p.  985. 

I  “  The  Magnetic  Hysteresis  of  Cobalt,”  ‘  Proc.  Physical  Soc.,’  vol.  16,  p.  519. 
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Ring  H.  Fine  steel  vdre.* 

AY  =  •560HbBo-1120. 

Ring  IV. 
AY  =  - 

Thin  sheet  iron.! 
314HbBo-225. 

H,. 

Bq. 

y.. 

AY  (obs.). 

AY  (cal.). 

Ho- 

Bo. 

11. 

AA^  (obs.). 

AY  (cal). 

3T0 

590 

190 

125 

-538 

1-400 

420 

300 

59 

-69 

3-93 

925 

236 

307 

-90 

1-687 

677 

402 

134 

51 

4-08 

1180 

290 

540 

213 

1-884 

927 

491 

225 

174 

4-76 

1820 

382 

1130 

1102 

2  -  32 

1800 

776 

660 

635 

6T2 

3960 

647 

4310 

4370 

3-24 

4160 

1285 

2220 

2125 

7-48 

6170 

819 

8300 

8330 

4-01 

5710 

1424 

3440 

3367 

8'91 

8090 

907 

12820 

12390 

4-93 

7250 

1470 

4980 

4825 

■  10-98 

10190 

927 

18100 

17780 

6-45 

9030 

1400 

6940 

6975 

13-66 

12070 

983 

23460 

23880 

8-89 

10880 

1225 

9750 

9965 

21-89 

15040 

688 

34330 

38280 

12-99 

12640 

975 

12670 

14075 

32-42 

16720 

516 

41320 

52080 

17-20 

13760 

800 

14830 

17695  1 

43-91 

17680 

403 

45770 

64500 

23-61 

14720 

622 

16670 

22225  1 

Effect  of  an  Electric  Current  U]oon  E[ysteresis:\. 

§  70.  If  ail  electric  current  be  sent  along  an  iron  wire  it  jDrodnces  a  circular 
mao;iietic  force  which  tends  to  link  tos;ether  the  mao  netic  molecules  in  circular  chains. 
W e  may  expect  that  this  linking  of  the  molecules  will  make  them  less  susceptible  to 
the  influence  of  a  longitudinal  magnetic  force  H,  and  that  in  consequence,  for  a  given 
range  dz  Hq  both  the  range  of  the  longitudinal  component,  B,  of  the  magnetic 
induction  and  also  the  energy  dissipated  by  hysteresis  in  each  cycle  would  be 
diminished.  The  effect  deserves  a  systematic  investigation,  but  this  up  to  the 
present  we  have  not  been  able  to  carry  out.  We  must  content  ourselves  with 
recording  some  qualitative  experiments  which  show  that  the  expected  effect  of  an 
electric  current  actually  occurs. 

The  experiments  were  made  in  March,  1896,  by  one  of  us  with  the  heljD  of  Mr. 
John  Talbot.  An  iron  wire  aljout  1  niillim.  in  diameter  was  used,  and  an  alternating 
current  was  employed  in  the  piimary  circuit,  giving  rise  to  a  steady  deflexion  of  the 
dynamometer  coil  proportional  to  the  energy  dissipated  by  hysteresis  in  each  cycle. 
In  an  experiment  made  on  March  9,  a  steady  current  varying  from  0  to  IT 23  am2:»eres 
was  sent  through  the  wire,  with  the  result  that  the  hysteresis  was  diminished.  No 
observations  were  made  to  determine  Hg,  Bg,  or  W  in  absolute  measure,  and  thus  we 
can  only  represent  W  by  means  of  the  deflexion  of  the  dynamometer.  The  table 
shows  the  result  of  the  experiment,  the  third  column  recording  the  percentage 
diminution  in  the  hysteresis  occasioned  by  the  passage  of  the  current.  It  will  be 
seen  that  the  strongest  current  diminishes  the  hysteresis  by  nearly  one-quarter, 

*  Loc.  cit.,  p.  995.  t  Loc.  cii.,  p.  1002. 

I  The  experiments  of  Gerosa  and  Finzi  are  described  by  Professor  Ewixu,  ‘  Magnetic  Induction  in 
Iron,  &c.,’  .3rd  Edition,  p.  330. 
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Current 

(amperes). 

Deflexion. 

Diminution, 
per  cent. 

0 

141 

0 

•143 

139 

1-42 

•212 

137 

2-84 

•350 

132 

6-39 

•518 

127 

9-93  1 

•664 

122 

13-5  1 

1-123 

109 

22-7  j 

In  an  experiment  made  on  Mai'ch  7  the  wire  was  subjected  to  tension  due  to  a  load 
varying  from  0  to  20  kilogrammes.  The  deflexion  due  to  hysteresis  was  observed 
(1)  when  no  current  flowed  through  the  wire,  and  (2)  when  a  current  of  definite 
strength  flowed  through  the  wire.  The  current  w^as  furnished  l)y  a  single  Daniell 
cell,  and,  judging  from  the  last  experiment,  was  about  1  ’3  amperes.  In  the  table  the 
last  column  shows  the  j^ercentage  diminution  of  the  hysteresis  due  to  the  passage  of 
the  current.  The  numbers  in  this  column  are  rather  irregular,  but  they  show  quite 
clearly  that  the  effect  of  the  current  diminishes  as  the  tension  increases.  The  initial 
increase  of  W  and  its  subsequent  decrease,  noticed  in  detail  in  §  52,  are  well  shown 
in  this  ex23eriment. 


Tension 

(kilos.). 

Deflexion, 
current  ofl’. 

Deflexion, 
current  on. 

Diminution, 
per  cent. 

0 

73 

55 

24-7 

4 

90 

76 

15-6 

8 

98 

82 

16-3 

12 

94 

82 

12-8 

16 

84 

74 

11-9 

20 

75 

67 

10-7 

§  71.  In  concluding  this  paper  we  desire  to  express  our  thanks  to  Professor  J.  J. 
Thomson  for  his  encouragement  during  the  progress  of  the  experiments,  as  well  as  for 
the  use  of  the  resources  of  the  Cavendish  Laboratory.  We  are  also  indebted  to  Mr. 
John  Talbot,  of  Trinity  College  and  to  Mr.  W.  G.  Frazer,  Fellow  of  Queens’ 
College,  for  valualjle  assistance  during  the  earlier  stages  of  the  work,  and  to  Mr. 
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Appendix  I, 

On  the  Heat  produced  by  Eddy  Currents  in  a  Rod  of  Circular  Section. 

§  72,  The  problem  cannot  be  completely  solved  unless  tbe  jiermeability,  p,,  is 
independent  of  the  magnetic  force,  a  condition  not  fulfilled  with  actual  specimens 
of  iron.  Though  this  is  so,  we  can  obtain  useful  information  from  the  complete 
solution  when  p  is  constant. 

If  the  magnetic  force  be  parallel  to  the  axis  of  the  rod,  and  if  u  be  the  current  at 
a  distance  r  from  the  axis,  and  if  cr  be  the  specific  resistance,  then  the  field  within 
the  rod  has  the  characteristics 

(rd{ru)/dr  ~  —  prc/H/d^  ,  .  .  (l),  dYijdr  =  —  irru  ....  (2), 

so  that  -  d  (i'd}l/dr)/dr  =  ATrp/cr .  diL/dt  =  ydYL/dt . (3). 

Expressing  H  in  the  form 

H  =  Iiq  -f-  h^r  +  lip''  + . (4), 


where  Hq,  h.^,  .  .  .  are  functions  of  t  only,  we  see  that  =  0,  since  u  =  0  when  r  =  0. 
Using  this  value  of  H  in  (3),  and  comparing  coefficients  of  powers  of  r,  we  find 
ko,  ,  and  thus  obtain 

o'  ’ 


H  = 


(/ff  1 

2'  cU 


Hence  for  H^,  the  magnetic  force  at  the  surface  where  r  —  a, 

Tx  —  I7 

\  ^  2^  dt^  2K^'^dd  ■  ■  •  T  0’ 

sothat  H={l+fj'|+  .  .  .Ul+^f|  +  .  . 


=  H.  -  {«=  -  r=)  (3a*  -  +  r*) 


Hence 


L 

Itt  dr 


dt  '  64 

1  J  gr  (?H<^  g' 

47r  1  2  "(7^  16 


dm, 

df~ 


/o  2  3\  I 

{2ah'  -  r3)  ^  . 


(5). 


Thus  when  H„  is  known  as  a  function  of  t,  u  can  be  found  at  any  point  of  the  section. 

Now,  if  we  had  assumed  that  <iH/cZ^  is  constant  over  the  section,  we  should  have ' 
found  from  (1),  since  u  =  0  when  ?’  =  0, 
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This  assumption  is  thus  equivalent  to  the  assumption  that  the  second,  third,  .  .  . 
terms  in  (5)  are  negligible  in  comj)arison  with  the  first  term.  In  this  case  we  find  for 
the  rate  at  which  heat  is  generated  by  eddy  currents 


o 

7r«~' 


(JX 

(It 


a  u"2TTrdr 
Jo 


an-cj}  fcmV- 
1287r  \  cU  j  ’ 


where  dX/dt  has  the  meaning  assigned  to  it  in  §  8.  Here,  since  dJl/dt  is  constant 
over  the  section,  we  may  put  g  =  cZB/r/H,  and  thus 

^7X  _  A  /dBy  _  QA  /(IBV 
(It  Sttct  \  dti  a  \  cU  / 

Hence,  with  the  notation  of  (13)  ^  9,  Q  =  I/Stt  =  •03979. 

The  second  term  of  (5)  will  he  negligible  in  comparison  with  the  first,  provided 
that  TTixa^lcr .  d^Hfijdt^  is  negligible  in  comparison  with  dH„ldt,  and  the  third  term 
will  be  negligible  in  comparison  with  the  second  if  ir^cdlcT .  ddYlnjdt'^  is  negligible  in 
comparison  with  d^Yiajdd'. 

Now,  as  in  §  15,  the  characteristic  of  H„  is 

KdYi^jdl  +  KH„  =  IttNE. 

Hence,  supposing  that  K  may  l)e  treated  as  constant, 

Kdm„idf^  +  mujdt  =  0. 

Thus  we  see  that  the  ratio  of  each  term  in  (5)  to  the  term  before  it  is  small,  provided 
that  Tr/xcdlcr  is  small  compared  with  the  “  time  constant  ”  K/R.  When  this  condition 
is  satisfied,  we  may  treat  t/H/c/^  and  also  dBjdt  as  constant  over  the  section  of  the 
rod,  and  may  then  calculate  the  eddy  current  from  (1). 


On  the  Heat  2^Toduced  hy  Eddy  Currents  in  a  Rod  of  RectavgnJar  Section. 

§  73.  The  section  of  the  rod  is  supposed  so  small  that  the  current  at  any  point  may 
be  calculated  by  Faraday’s  law,  on  the  assumption  that  has  the  same  value  at 

all  points  of  the  section.  We  see  by  the  case  of  the  circular  rod  that  this  assumption 
is  legitimate,  provided  that  Tryda  is  small  com23ared  with  K/R,  r  being  the  radius  of 
the  largest  circle  inscribable  in  tJie  section. 

Let,  now,  a,  h  be  the  sides  of  the  rectangular  section,  and  let  the  origin  be  at  the 
centre  of  the  section.  Then,  since  the  magnetic  force  is  parallel  to  the  axis  of  the  rod, 
we  liave,  under  the  specified  conditions 


du  d  V 
dy  dx  ^ 

M  =  0  when  x  = 


du  dv _ 

dr  ^  dy~  '  ■  ■ 

't?  z=  0  when  y  =  ih 


where  u,  v  are  the  components  of  the  current,  and  qcr  =  clQjdt. 
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Now  (2)  is  satisfied  if  we  write 

u  —  d^jdij,  V  —  —  d^jdx . (5), 

while  (1)  now  becomes  d^^jdx"^  +  d^(f>ldif  =  q . (6). 


The  solution  of  (6),  approj^riate  to  the  problem  in  hand,"^"  is 

,  _  _  /  _!  V'+'‘ _ cos(2?>t  +  l)7rxla  .  cos(2»  +  l)7r,# _ 

^  ~  TT'  ^  {2m  +  1)(271  +  1)  {(2m  +  l)VU(d  +  {2n  +  1)VV&2}  ’ 


This  value  of  </>  satisfies  vV  —  because,  m  and  n  both  ranging  from  0  to  oo  , 


cos  (2  m  +  1)  TTi'la  _  4  ^  , 
2m +1  — 


1) 


,  cos  (2?-<,  +  1)  Tryih 


2n  +  1 


within  the  limits  x  —  V  = 

Now  by  (5)  and  (7) 

IQq  ^  ^  \m+n  4"  1)  7r.r/(X  .  sin  (2?i  +  1)  Tryjh 


u 


—  VV/  m 

dy 


(2?i  +  l)7r 


TT" 


(2m  +  1)  {2n  +  1)  {(2m  +  1)-  TT-jcd  +  {2n  +  l)^  ttUS-} 


with  a  similar  expression  for  v.  These  expressions  satisfy  (3)  and  (4),  and  thus  all 
the  conditions  are  fulfilled. 

The  rate  at  which  heat  is  generated  is  given  by 


ahd^jdt  =  cr  11  {ir  +  v~)  dxdy . (8). 

The  necessary  integrations  are  easily  effected,  for  the  integral 

COS  (2A  +  1)  TTxIa  .  cos  (2k  +1)  TTxja  .  dx 

-ia 

is  zero  unless  h  and  k  are  equal.  When  h  =  k,  its  value  is  ^a.  Similar  results  hold 
when  two  sines  are  substituted  for  the  two  cosines. 

We  thus  obtain 


dX.  64:q"acd  1 

~  TT®  '  (2m  +  l)'^(2;i  +  ly  {(2m  +  1)'  +  {2n  +  If  ay¥}  ‘ 

It  is  not  convenient  to  calculate  dJL/dt  from  this  double  series,  on  account  of  the  slow 
convergence.  We  therefore  transform  it  into  a  single  series.  Now 

cosh  7TZ/2  =  (1  +  (1  _|_  2^3=)  (1  +  zy5~)  ...  * 


Differentiating  the  logarithm  of  both  sides,  we  obtain 


itani'  -2  +  !/  +  .■• 


{m  from  0  to  oo  ) . 


*  The  method  of  solution  was  suggested  l)y  notes  taken  by  one  of  us  at  a  course  of  lectures  on 
hydrodynamics,  given  by  Mr.  R.  A.  Herman,  Fellow  of  Trinity  College,  in  November,  1889. 
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Expanding  in  powers  of  z  and  comparing  the  coefficients  of  z  and  of  z^,  we  find 
TT^/S  =  X  (2m  +  l)-2,  7rV'96  =  :S  {2m  +  1)“^ 

1 


Hence 


^  —  tanh  ^ 


(2m  +  1)2  {(2m  +  1)2  +  ^2}  ’ 


Now  put  z  =  {2n  fi-  1)  ajh,  and  then 

fl'X  _  1  {  ir-h-  vrS'^  tanh  (2?i  +  1)  7ra/25 

It  ~~  ^  {2n  +  1)2[8(2«  +  l)2a2  4(27i  +  l)3fr 

_  ah  /dBy  r  b  ^  tanh  (2??.  +  l)7ral2b  1 

cr  \dt)  I  l2a  ir'^cr  (2n  +  1)®  J 


Writing  this  in  the  foiin  d^jdt  =  QA(r/B/(:/?)Ycr,  we  have 

„  _  &  16&2  ^  tanh  (2?i  +  1)  7ra/2& 

(2?i  +  ly  •  •  • 

As  ajh  increases,  the  expression  (9)  very  rapidly  tends  to  the  limit 


W  1 

TT'Yr  ^  {2)1  1)“ 


b^ 

I2d 


•05255 


¥ 


(9)- 


(10) 


[since  %{2n  +  l)~^  =  1'0045],  the  error  not  exceeding  1  in  4000  when  ajh  is  as  small 
as  2.  We  give  a  table  of  the  values  of  Q  for  small  values  of  a/6  ;  it  will  be  seen  that 
Q  is  rather  smaller  for  a  square  than  for  a  circular  rod. 


ajh. 

1. 

1  -5. 

2. 

2-5. 

3. 

4. 

8. 

16. 

32. 

64. 

Q 

•03512 

•03260 

•02853 

•02492 

•02194 

•01755 

•00960 

•00500 

•00255 

•00129 

Mr.  L.  N.  G.  Filon  has  kindly  verified  our  results,  emplo3dng  the  mathematical 
method  used  by  de  St.  Venaxt  in  finding  the  torsional  rigidity  of  a  rectangular 
prism.  [Cf.  Thomson  and  Tait,  ‘  Nat.  Phil.,’  Part  II.,  p.  248,)'^ 


Appendix  II. 

On  the  Demagnetising  Force  due  to  Rods  of  Finite  Length. 

§  74.  In  order  to  find  how  the  demagnetising  force  at  the  centre  of  a  long 
cylindrical  rod  depends  upon  the  induction  at  the  centre  of  the  rod,  the  following 
experiments  were  made.  The  magnetising  solenoid  was  placed  at  right  angles  to  the 

*  [For  an  elliptic  cylinder,  axes  2a,  2b,  4>  =  hq{x-ja-  +  y^jh-)  a-b-j{(d  +  b-)  satisfies  (6)  as  well  as  the 
condition  that  no  current  crosses  the  boiinding  surface. 

We  hence  find  Q  =  abi{4:-  {a-  +  ^<2^}. — Decembei'  26,  1901.] 
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magnetic  meridian,  and  a  magnetometer  was  so  adjusted  that  its  magnet  was  verti¬ 
cally  above  the  centre  of  the  solenoid,  and  as  near  to  the  solenoid  as  possible.  On 
sending  a  current  through  the  solenoid  a  small  deflexion  of  the  magnet  ensued,  diie  to 
the  finite  length  of  the  solenoid  ;  by  adjusting  the  wires  connecting  the  solenoid  to  the 
rest  of  the  apparatus  this  effect  was  easily  annulled.  On  now  placing  the  rod  inside 
the  solenoid  there  was  a  deflexion  of  the  magnet,  due  entirely  to  the  distribution  of 
magnetism  on  the  bar.  When  the  diameter  of  the  rod  and  the  distance  of  the 

O 

magnetometer  needle  from  the  rod  are  both  small  compared  with  the  length  of  the 
rod,  the  magnetic  force  at  the  magnetometer,  due  to  the  rod,  differs  very  little  from 
the  magnetic  force  at  the  centre  of  the  rod  due  to  the  rod  itself  Under  these 
conditions  the  deflexion  of  the  magnetometer  may  be  taken  as  a  nearly  exact  measure 
of  the  demagnetising  force  due  to  the  rod. 

When  the  specimen  was  a  single  thin  wire,  a  mirror  magnetometer  was  used  ;  for 
bundles  of  wire,  a  mirror  magnetometer  had  too  small  a  range,  and  then  a  magneto¬ 
meter,  with  a  pointer  moving  over  a  circular  scale,  was  employed. 

If  6  be  the  deflexion  of  the  magnetometer,  and  M  be  the  earth’s  horizontal 
magnetic  force,  then  the  demagnetising  force  h  is  given  by  h  =  M  tan  6. 

§  75.  When  iron  is  tested  for  permeability,  the  specimen,  j^reviously  demagnetised 
“  by  reversals,”  is  subjected  to  a  magnetic  force  which  is  reversed  many  times  between 
the  limits  flz  Hg.  The  maximum  induction  Bg  is  then  determined  from  the  galvano¬ 
meter  “  throw  ”  due  to  a  single  reversal  of  the  magnetic  force  between  the  same 
limits.  Starting  from  a  small  value,  Hg  is  increased  by  suitable  steps,  and  the  Audue 
of  Bg  corresponding  to  each  value  of  Hg  is  determined,  the  process  yielding  a  single 
point  on  the  Bg — Hg  diagram  for  any  given  value  of  Hg. 

We  made  a  test  of  this  kind  upon  an  annealed  soft  iron  wire,  determining  also,  by 
the  method  of  §  74,  the  demagnetising  force  Ag  for  every  value  of  Hg  employed.  The 
area  of  section  of  the  wire  was  '00412  sq.  centim.,  and  its  length  was  48 '5  centims. 
As  the  solenoid  was  60  centims.  in  length  and  of  small  diameter,  the  magnetic  force 
due  to  the  current  Avas  very  nearly  uniform  over  the  whole  length  of  the  specimen. 
A  mirror  magnetometer  was  used  to  determine  h^,  the  needle  l)eing  about  3  centims. 
from  the  wire. 

The  results  of  this  experiment  are  shoAvn  graphically  in  fig.  18.  The  abscissas  of 
the  curves  marked  Hg,  p,  and  h  represent  the  values  of  Bg,  the  mean  maximum 
induction  at  the  centre  of  the  wire,  Avhile  the  ordinates  represent  the  corresponding 
values  of  Hg,  p  [=  Bg/Hg]  and  Iiq  respectively.  The  nearly  straight  line  passing 
through  the  origin  indicates  the  value  Ag  would  have  if  the  flow  of  induction  from  the 
wire  occurred  entirely  at  its  ends,  in  which  case  the  “  poles”  would  be  concentrated 
at  the  ends  of  the  wire.  This  line  represents  Ag  =  2lgA/P,  where  Ig  [=  (Bg — Hg)/47r] 
is  the  mean  maximum  of  intensity  of  magnetisation  at  the  centre  of  the  wire,  and  2/ 
is  the  length  of  the  wire. 

Initially  Ag  is  nearly  proportional  to  Bg.  Since,  however,  much  of  the  induction 
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leaks  out  from  the  wire  by  the  cylindrical  surface,  thus  developing  a  distribution  of 
magnetism  along  the  wire,  Iiq  is  considerably  greater  than  it  would  be  were  the  “  poles  ” 
at  the  ends  of  the  wire.  As  Bq  increases,  Iiq  increases  less  rapidly,  reaches  a  maximum 
for  a  value  of  Bg  [10300]  somewhat  greater  than  B'q  [8400],  the  value  corresjDonding 


Fig.  18. 


to  fx'  the  maximum  value  of  p,  and  then  diminishes.  As  B,,  increases  still  further, 
/?o  diminishes  rapidly  till  Bq  reaches  the  stage  where  p  begins  to  diminish  compara¬ 
tively  slowly.  After  passing  a  minimum  /i,,  again  increases,  and  in  this  last  stage 
is  less  than  2IqA//^. 

§76.  The  expeiiments  of  Mr.  C.  G.  Lamb,  “On  the  Distribution  of  Magnetic 
Induction  in  a  Long  Iron  Bar,”"^'  serve  to  explain  the  rise  of  /;q  to  a  maximum,  and  its 
subsequent  fall.  For  he  found  that  as  Bq  increases  from  zero,  the  percentage  of  the 
induction  at  the  centre  of  the  rod  which  leaks  out  between  the  centre  and  the  end  of 


*  ‘Proc.  Phys.  Soc.,’  vol.  16,  p.  509;  or  ‘Phil.  Mag.,’  Sept.,  1899. 


ON  THE  MEASUREMENT  OF  MAGNETIC  HYSTERESIS. 


lOl 


the  rod,  increases  until  Bq  reaches  B'q  approximately.  Thus  as  Bq  increases  we  may 
regard  the  “poles”  as  moving  inwards  towards  the  centre.  There  is  thus  a  double 
reason  why  Iiq  should  increase  with  Bg  during  this  stage.  When  Bg  increases  beyond 
B'g,  he  found  that  the  “poles”  move  out  again  towards  the  ends  of  the  rod,  and  we 
must  suppose  that  this  motion  more  than  compensates  for  the  increasing  strength  of 
the  poles  with  increasing  Bg.* 

In  our  experiments,  for  the  largest  values  of  Bg,  Iiq  was  less  than  2lgA//b  This 
effect  can  only  arise  from  the  development  of  a  subsidiary  pole  between  the  centre  and 
either  end  of  the  wire,  wdth  sign  opposite  to  that  of  the  pole  at  the  end.  This 
result  is  easily  seen  to  be  impossible  with  a  bar  of  uniform  material  as  long  as  the 
induction  is  a  definite  single-valued  function  of  the  magnetic  force,  which  increases  as 
the  magnetic  force  increases.  It  must  therefore  be  due  to  the  effects  of  hysteresis, 
which  becomes  an  increasingly  important  factor  as  the  point  of  maximum  perme¬ 
ability  is  reached  and  passed.  A  different  result  might  perhaps  have  been  obtained 
if  the  magnetic  force  had  been  gradually  increased  from  zero.  But  in  our  experiments, 
as  in  those  of  Lamb,  the  magnetic  force  was  put  through  several  cycles  between  the 
limits  iHg  before  the  observations  wmre  made. 

§  77.  When  iron  is  tested  by  the  ballistic  method  for  hysteresis,  the  specimen  is 
subjected  to  an  applied  magnetic  force  which  is  reversed  between  the  limits  fizHg  until 
the  iron  has  reached  a  cyclic  state.  This  attained,  the  points  on  the  cyclic  B — H 
diagram  are  found  from  the  throws  of  the  galvanometer  which  occur  when  the 
magnetic  force  is  suddenly  changed,  by  means  of  a  special  key,  from  Hg  to  a  series 
of  values  between  Hg  and  — Hg. 

We  made  hysteresis  tests  by  this  method  ip^on  two  specimens,  determining  also 
the  demagnetising  force,  h,  at  tlie  centre  of  the  wire,  for  each  value  of  H  which  was 
employed  in  constructing  the  B — H  curve.  Thus,  the  magnetic  force  was  changed  from 
Hg  to  H,  and  the  throw  of  the  galvanometer,  giving  Bg  —  B,  was  observed,  and  then, 
without  altering  the  magnetic  force  from  its  value  H,  the  deflexion  of  the  magneto¬ 
meter  was  noted.  We  reckon  positive  when  its  direction  is  opposite  to  that  of  the 
induction  at  the  centre  of  the  specimen. 

§  78.  The  first  specimen  w'as  a  bundle  of  ten  iron  wires  with  a  total  area  of  section 
of  •0412  scp  centim.  The  length  of  the  wire  was  equal  to  the  length  of  the  solenoid, 

*  Dr.  L.  Holborx,  in  a  paper  “  On  the  Distribution  of  Induced  Magnetism  in  Cylinders  ”  (‘  Sitzungs- 
berichte  der  Akademie  der  Wissenschaften  zu  Berlin,’  17th  February,  1898),  has  obtained  a  result  similar 
to  that  found  by  Mr.  Lamb.  He  used  two  secondary  coils,  one  a  uniformly  wound  solenoid  closely  fitting 
the  rod,  the  other  a  coil  wound  about  the  centre  of  the  rod.  The  rod  and  the  secondary  coils  w^ere  placed 
inside  a  long  magnetising  solenoid.  By  comparing  the  changes  of  induction  through  these  two 
secondaries  due  to  a  reversal  of  the  primary  current,  he  found  the  distance  A.  between  the  “  centres  of 
gravity  ”  of  the  free  magnetism  on  the  two  halves  of  the  rod.  He  found  that  the  “  centres  of  gravitj^  ” 
move  towards  the  centre  as  Bq  increases,  until  Bq  reaches  B'q.  A  further  increase  of  Bq  caused  the 
“  centres  of  gravity  ”  to  move  out  again  from  the  centre.  Dr.  Holborn  made  similar  experiments  on 
ellipsoids,  and  found  that  for  them  X  was  remarkably  constant. 
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47  centinis.,  and  thus  since  the  internal  radius  of  the  windings  was  about  2  centims. 
the  applied  magnetic  force  was  far  from  uniform  near  the  ends  of  the  wires.  The 
results  of  this  experiment  are  shown  in  figs.  19,  20.  As  we  pointed  out  in  §  18, 
li  exhibits  hysteresis  with  respect  to  both  B  and  H.  In  fig.  19  the  straight  line 


through  the  origin  I'epresents  2BA/47r/~,  the  demagnetising  force  corresponding  to 
uniform  magnetisation,  H  in  these  experiments  being  negligible  in  comparison  with  B. 
From  the  areas  of  the  curves  we  found 


J'HdB  =  89200,  |/;dB  =  949, 


J/u/H  =  1-57. 
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§  79.  The  second  specimen  was  a  single  iron  wire  47  centiins.  in  length,  and 
•00412  scp  centim.  in  section.  The  magnetising  solenoid  was  that  described  in  §  75, 
and  thus  the  applied  magnetic  force  was  practically  uniform  over  the  whole  length 
of  the  wire.  We  examined  the  polarity  of  the  eastern  end  of  the  wire  at  every 
stage  by  means  of  a  small  compass.  We  show  the  results  of  the  experiment  in 
figs.  21,  22,  and  also  in  the  following  table,  where  the  last  column  indicates  the 


polarity  of  the  eastern  end.  It  will  be  seen  that  the  polarity  of  the  end  of  the  wire 
agrees  in  every  case  with  that  corresponding  to  the  direction  of  the  induction  at  the 
centre  of  the  wire.  In  fig.  21  the  straight  line  tlirough  the  origin  rejDresents 
2BA/47rZ~,  the  demagnetising  force  corresponding  to  uniform  magnetisation,  H  in 
these  experiments  being  negligible  in  comparison  with  B. 
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II. 

B. 

h. 

Pole. 

H. 

B. 

h. 

Pole.  ' 

10-67 

9850 

•00839 

N. 

-  0-59 

4250 

■  00587 

N. 

9-44 

9675 

•00810 

N. 

-  1-13 

3800 

-00610 

N.  ! 

8-30 

9465 

•00757 

N. 

i  -  2-36 

1900 

•00590 

N.  1 

7-12 

9204 

•00676 

N. 

-  2-88 

730 

•00460 

N.  i 

5  •  95 

8800 

•00575 

N. 

-  3-52 

-  850 

•00238 

S.  ! 

4  •  65 

8320 

•00446 

N. 

-  4-05 

-2200 

•00120 

s. 

3-52 

7590 

•00344 

N. 

-  4-65 

-  3480 

•00023 

s. 

2-88 

7190 

•00323 

N. 

-  5-95 

-5370 

-  -00119 

s. 

2-36 

6820 

•00338 

N. 

-  7-12 

-6680 

-  -00276 

s. 

1-13 

5900 

•00440 

N. 

-  8-30 

-7950 

-  -00450 

s. 

0-59 

5450 

•00486 

N. 

-  9-44 

-8900 

-  -00630 

s. 

0 

4900 

•00559 

N. 

-10-67 

-  9850 

-  -00839 

s. 

As  B  diminishes  from  9850,  h  diminishes  to  a  minimum  at  B  =  7200,  and  then 
increases  to  a  maximum  at  B  =  3000  ;  after  this  it  passes  to  its  greatest  negative 
value  corresponding  to  B  =  — 9850  without  jDassing  through  a  maximum  or  minimum. 
As  B  increases  again  to  9850,  h  goes  through  a  similar  set  of  changes,  its  values  from 
B  =  7000  to  9850  differing’  hut  little  from  those  which  it  had  when  B  was  diminishing. 
From  B  =  9850  to  4700,  h  is  less  than  2BA/47rF,  and  from  B  =  0  to  B  =  —  3800, 
h  has  the  opposite  sign  to  B.  Both  these  cases  require  that  there  should  he  “  poles  ” 
on  the  wire  between  the  centre  and  the  ends,  with  signs  opposite  to  those  of  the 
poles  at  the  ends  of  the  wire.  Our  arrangement  of  apparatus  was  not  well  adapted 
for  detecting  these  subsidiary  poles,  since  the  magnetic  force  due  to  a  uniformly 
distriljuted  pole  would  be  at  right  angles  to  the  wire,  and  therefore  parallel  to  the 
magnetic  meridian,  thus  producing  no  deflexion  of  the  search  compass.  Still  we  were 
able  to  verify  the  conclusion  when  B  was  — 3480,  for  though  the  corresponding 
S-magnetism  appeared  at  the  eastern  portion  of  the  wire,  being  most  concentrated  at 
a  point  about  7  centims.  from  the  end,  yet  we  found  a  weak  N-pole  at  9  centims.  from 
the  same  end. 

From  the  areas  of  the  curves  we  found 

J’HdB  =  102100,  j/nZB  =  72’3,  J/n/H  =  MIS. 

These  experiments  add  empliasis  to  Mr.  Lamb’s  remark  that  “  the  magnetometric 
method  [of  determining  I — H  curves],  although  extremely  useful  for  comparative 
work,  must  he  used  with  much  caution  in  determinations  of  an  absolute  character.” 

\_Dece7y1her  23,  1901. — C.  Benedicks  (‘Annalen  der  Physik,’  1901,  vol.  6,  p.  726) 
compared  the  B — H  curve  for  a  cylinder  of  steel  with  the  curve  for  au  ellipsoid  formed 
out  of  the  same  piece  of  metal,  and  deduces  that,  as  B  increases,  li  rises  to  a  maximum 
and  then  rapidly  decreases,  as  in  our  fig.  18.  From  Ewixg’s  experiments  (‘Phil.  Trans.,’ 
1885,  pp.  532,  535)  on  (1)  a  ring,  (2)  straight  pieces  of  iron  wire,  Ite  deduces  the  same 
result.  Neither  experimenter,  however,  reached  the  minimum  of  /u] 
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As  early  as  1853  Hittoke  (‘ Pogg.  Ann.,’  vol.  89,  181,  1853),  discussing  tlie  results  of 
his  experiments,  emphasised  the  fact,  that  a  more  detailed  study  of  the  movements  of 
the  ions  during  electrolysis  would  result  in  an  increased  knowledge  of  the  constitu¬ 
tion  of  salts  in  solution. 

He  himself,  in  a  research  extending  over  a  number  of  years,  {ibid.,  89,  177,  1853  ; 
98,  1,  185G;  lOG,  337  and  513,  1859,)  determined  the  ratio  of  the  velocities  of  the 
tu  o  ions  for  a  large  number  of  salts,  and  the  series  of  measurements  has  been  further 
extended  Ijy  later  investigators.  (For  tlie  original  literature  on  transport  number 
determination,  see  Bein,  ‘  Zeitschrift  fur  Phys.  Chemie,’  vol.  27,  1  (1898) ). 

The  method  ado})ted  by  Hittoef  consisted  in  the  direct  determination  of  the 
clianges  in  concentration  which  take  place  during  electrolysis  in  the  neighbourhood 
of  the  electrodes,  and  depends  on  a  recognition  of  Faeaday’s  law.  The  increase  in 
concentration  of  the  cation  at  the  cathode  is  pi’oportional  to  the  number  of  cations 
carried  by  the  current,  and  similarly  for  the  increase  in  anion  concentration  at  the 
anode,  and  these  numbers  are  proportional  to  the  velocities  of  the  cation  and  the 
anion  respectively. 

The  ratio  of  the  velocity  of  the  anion  to  the  sum  of  the  velocities  of  the  anion  and 
tlie  cation  p  ^  is  represented  by  the  symbol yi,  which  is  called  the  transport  number, 
“  U  berfuhrungszahl,”  of  the  anion.  The  corresponding  transport  number  for  the 
cation  =  I  —  p  =  -  and  hence  , 

As  a  result  of  the  examination  of  simple  salts,  it  has  been  found  that  for  many 
salts  of  the  most  simple  type,  ey.,  potassium  chloride,  the  transport  number  is  inde¬ 
pendent  of  concentration,  whereas  for  a  few  of  this  type  and  for  all  salts  which 
contain  a  dyad  metal  as  cation,  it  varies  Avith  the  concentration.  The  direction  of 
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change  is  differeut  in  difterent  cases ;  for  lithinin  chloride,  and  the  chlorides  and 
sulphates  of  tlie  alkaline  earth  metals,  i?  diminishes  with  increasing  dilution,  whilst 
for  silver  nitrate,  the  opposite  is  the  case.  The  measurements  of  the  same  salt  which 
have  been  made  by  different  investigators,  although  they  shoAv  considerable  differences 
amongst  themselves,  nevertheless  all  point  to  the  same  general  conclusion ;  namely, 
that  it  is  only  for  a  very  limited  number  of  salts  that  the  transport  number  is 
independent  of  concentration.  These  differences  are  probably  due  in  part  to  the 
difficulties  of  the  method,  and  the  very  great  influence  of  a  small  experimental  error 
in  the  determination  of  small  changes  of  concentration,  and  partly  also  to  the  fact 
tliat,  following  Hittoef,  many  rvorkers  have  employed  membranes  of  one  kind  or 
another  to  separate  difterent  portions  of  the  solution,  and  thus  preA'ent  mixing  by 
convection  currents,  whilst  others  again  have  altogether  avoided  their  use.  Beix 
(‘ Zeit.  Phys.  Chem.,’  28,  439,  1898)  has  shown  that  the  use  of  certain  membranes 
aflects  in  a  very  remarkable  manner  the  value  of  the  transport  number,  and  it  is 
probable  that  a  considerable  number  of  the  discrepancies  are  to  be  traced  to  this 
cause.  Another  serious  difficulty  consists  in  the  fact  that  an  experiment  inirst  only 
be  carried  on  for  such  a  time  that  no  change  in  concentration  can  take  place  in  the 
middle  part  of  the  solution,  and  for  many  salts  the  formation  of  hydrogen  and 
hydroxyl  ions  at  the  electrodes  further  diminishes  this  time  on  account  of  the  great 
velocity  of  these  ions.  The  danger  from  hydrogen  ions  has  been  minimised  by  the 
use  of  a  cadmium  anode,  and  quite  recently  Noyes  (‘  Zeit.  Phys.  Chem.,’  36,  63, 
1901)  has  completely  overcome  this  difficulty  by  the  device  of  adding  small  quantities 
of  acid  and  alkali  to  the  solution  in  the  neighbourhood  of  the  anode  and  cathode 
I'espectively. 

The  measurements  of  Noyes  are  probably  the  most  accurate  that  have  been  made, 
and  his  results  again  confirm  the  statement  made  above. 

Tlie  importance  of  and  the  need  for  a  measurement  t)f  the  resistance  of  aqueous 
solutions  of  electrolytes  was  repeatedly  referred  to  by  Hittoef  ;  but  it  was  not  until 
the  development  by  Kohleausch  of  his  Avell-knoAvn  method — in  Avhich,  by  the  use  t>f 
an  alternating  current,  the  polarisation  eflect  is  neutralised — that  this  problem 
could  be  successfully  attacked. 

From  the  measurement  of  the  conductivities  of  salt  solutions,  Kohleausch  (AVied. 
Ann.,’  6,  1,  26,  213)  deduced  the  law  of  “the  independent  Avandei'ing  of  the  ions,” 
which  states  that  the  imdecular  conductivity  of  an  aqueous  solution  of  an  electrolyte 
is  the  sum  of  two  constants,  of  which  one  depends  only  on  the  nature  of  the  cation, 
and  the  other  only  on  the  nature  of  the  anion  ;  and  he  further  assumed  that  these 
coirstants  are  proportional  to  the  velocities  of  the  ions,  g  oc  U  +  A’.  The  values  of  L 
and  A"  are  obtained  from  the  molecular  conductivity,  which  is  the  sum,  and  the  trans¬ 
port  number,  which  is  the  ratio,  of  tlie  two  velocities,  or  \J x  (1  —  p)g  and  Yx  pji. 

It  is  found  further,  tliat  with  increasing  dilution  the  molecular  conductivity 
increases,  until  it  tinallv  reaches  a  con.stant  value  at  very  great  dilutions.  This  is 
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explained  1)Y  the  supposition  that  in  more  concentrated  solutions  oidy  a  certain  pro¬ 
portion  of  the  molecules  are  employed  at  any  instant  in  the  carriage  of  the  current, 
and  that  with  increasing  dilution  tire  proportion  of  active  molecules  increases  until 
finally  all  are  dissociated,  or  ioiiized. 

The  molecular  conductivity  of  a  solution  is  equal  to  the  sum  of  the  actual 
velocities  of  the  2  ions  nndtiplied  by  the  quantity  of  electricity  carried  Ijy  1  monad 
ion  ;  this  is  equal  to  9G,450  coulombs.  At  infinite  dilution  /x^  =  e('/.  -T  -r),  at 
other  dilutions  p,,  =  jr,  e{u  -f-  r)  =  e(U  +  V),  and  hence  x  =  p  where  x  is  tiie 
coefficient  of  ionization,  or  tlie  proportion  of  ions  (cations  or  anions)  to  total 
molecules.  Provided  that  the  specific  velocities  are  independent  of  the  concentration, 
the  actual  average  velocities  at  any  concentration  are  U  =  xu  and  V  =  xv,  u  and  v 
are  the  specific  ionic  velocities,  or  the  velocities  with  which  the  ions  move  under  a 
driving  force  of  1  volt  per  centimetre.  The  ionic  velocities  of  Kohlrausch  are 
obtained  from  these  by  multiplication  1)y  e.  In  all  cases  the  relation  U  -f-  V 

X  [u  ii)  holds  good. 

Here,  as  iii  the  case  of  the  transport  number,  it  is  found  that  it  is  only  salts  of  the 
sim})lest  type — as,  for  example,  the  chlorides  and  nitrates  of  the  alkali  metals — that 
agree  well  with  theory ;  salts  of  the  alkaline  earth  metals  and  of  dyad  and  triad 
metals  generally  present  the  difficulty  that  they  do  not  give  values  for  the  specific 
ionic  velocities,  which  are  tlie  same  when  calculated  from  the  measurement  of  different 
salts  of  the  same  metal. 

The  idea  of  measuring  directly  the  velocity  of  ionic  movement  by  tlie  o1)servatlon 
of  a  boundary  originates  with  Lodge  (‘  Brit.  Assoc.  Reports,’  1880,  389),  who,  in  a 

large  ninnher  of  experiments,  endeavoured  to  follow  the  movement  of  certain  ions  by 
their  reaction  with  chemical  indicators ;  thus  the  passage  of  the  Cl  ion  through  a 
tube  filled  witii  gelatine,  was  traced  l)y  a  faint  cloudiness  caused  by  its  combination 
with  a  very  little  silver  salt,  which  was  placed  there  to  mark  the  progress  of  the 
anion.  Similarly  the  passage  of  the  H  ion  through  a  gelatine  solution  was  Indicated 
by  the  discharge  of  the  colour  of  a  very  faintly  alkaline  solution  of  phenolphthalein. 
In  other  experiments  the  2>oint  at  which  2  ions  travelling  from  opj^osite  ends  of  tlie 
same  tube  formed  a  precipitate,  was  considered  to  divide  the  tnlie  in  the  ratio  of  the 
resj^ective  velocities  of  the  2  ions.  Of  all  these  ex})eriuients  only  that  in  which  the 
H  ion  was  measured  gave  results  in  agreement  with  those  of  Kohlrausch. 

Tills  has  been  shown  Ijy  Whetham  and  Masson  to  be  due  to  a  faulty  assumption 
as  to  the  distribution  of  jDotential  in  the  circuit. 

Kohlrausc:h,  in  his  calculations  of  the  alisolnte  velocity,  reduces  the  velocities  to 
that  conditioned  by  a  jDotential  fall  of  I  volt  jier  centimetre,  assuming  that  the 
velocity  is  jiroportional  to  the  driving  force.  A  knowledge  of  the  j^otential  fall  is 
therefore  necessary  before  any  just  conclusions  can  he  drawn  from  the  observed 
velocity  of  a  margin. 

In  any  solution  maintained  at  constant  temjierature  the  resistance  and  hence  also 
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the  potential  fall  depends  on  the  concentration ;  any  changes  in  which,  that  mar  take 
})lace  during  electrolysis  wdll  condition  corresponding  changes  in  potential  fall.  The 
([uestion  of  concentration  changes  and  the  movements  of  these  during  electrolysis  is 
discussed  by  Kohlrausch  (‘ "VAhed.  Ann.,’  vol.  G2,  209,  1897),  in  wdiose  calculations  it 
is  assumed  that  the  electrodes  are  far  removed  from  the  part  of  the  .system  under 
consideration  ;  the  effects  of  ordinary  diffusion  are  also  not  dealt  with. 

If  w^e  consider  the  case  of  electrolysis  in  a  long  narrow^  column  of  liquid,  and 
neglect  tlie  movements  that  take  place  in  directions  at  right  angles  to  the  length  of 
the  tube,  dealing  only  with  those  in  the  direction  of  the  axis,  Kohlr.\u.sch’s  general 
ecpiation  takes  the  form 

0c  .  0  /«C\ 

dt  ^  0r  \  /U,  /  ’ 

wTere  c  is  the  ionic  concentration  of  one  species  of  ion  (cation),  that  of  the  anion  being 
necessarily  tlie  same  ; 

i  is  the  current  density  ; 

X  is  the  length  of  the  tube  ; 

u  is  the  velocity  of  the  cation  who.se  concentration  is  c  : 

[JL  is  the  molecular  couductivity  of  the  solution,  if  r  is  the  velocity  of  the  anion 
and 

IJi  =  {u  +  v)  c  ; 


tlien 


KC  U 

/X  'II  +  V 


(1  -P)  =P\ 


wliere  }■>'  is  fke  cation  transport  number,  and  the  equation  takes  tlie  form 

^  /  'A 

OC  .0/1  .  o/>  oc 

fit  ^  a.  ^  ^  0f  ' 


From  this  it  follows  that  a  change  in  concentration  can  be  brought  about  only  in  the 
case  that  there  exists  an  initial  concentration  change,  dcxlx,  together  with  a  change  in 
tran.sport  number  wuth  change  in  c  ;  when  the  solution  is  originally  homogeneous  no 
variation  in  c  is  caused  even  if  p'  varies  wuth  c.  If,  how'ever,  the  solution  is  not 
originally  of  the.  .same  concentration  throughout,  a  portion,  .s%  of  the  .solution  being, 
perhaps,  more  dilute  than  the  remainder,  then  if  dp'/dc  =  0,  or  if  there  is  no 
variation  in  transport  number,  ,s  remains  stationary,  “  as  many  ions  leave  the  section 
as  enter  it.” 

If  dp'jdc  is  positive,  that  is,  if  the  cation  transport  number  increases  with  increasing 
concentration,  then  moves  in  the  direction  of  the  current. 

If  dp' /dc  is  negative,  the  movement  is  in  the  opposite  directiou, 

A  .sharp  margin  between  a  concentrated  and  a  dilute  solution  of  the  same  .salt  is 
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not  destroyed  or  moved  liy  the  current  if  p'  is  constant^"  On  the  other  liajid,  p' 
varies,  it  will  move  in  the  positive  or  negative  direction  according  as  the  change  in 
p'  is  in  the  one  or  the  other  direction ;  it  is  further  shown  that  such  a  sharp 
houndary  may  be  formed  during  electrolysis,  provided  that  p/  changes  in  such  a  way 
that  the  following;  ion  moves  slower  than  that  in  the  solution  it  follows. 

The  case  of  the  houndary  between  two  electrolytes  having  a  common  ion  is 
discussed  by  Kohlrausch  in  this  paper  and  also  by  Weber  (‘  Sitzungsber.  k.  Akad. 
Wiss.,’  Berlin,  1897,  936),  and  Massox  (‘Phil.  Trans.,’  A,  1899,  vol.  192,  p.  331). 
Kohlrausch  and  Massox  arrive  independently  at  the  conclusion  that  tire  con¬ 
centration  of  the  two  solutions  becomes  mechanically  adjusted  during  electrolysis, 
so  that 

c  p 
c!  p'  ’ 

where  c  and  d  represent  the  concentration  of  the  two  solutions,  and  p  and  p'  the 
transport  number  of  the  non-common  ions. 

Massox  gives  experimental  proof  of  this  for  the  case  of  a  soluti(rn  of  cojrper  chloi  ide 
-  following  potassium  chloride. 

The  stalrility  of  such  a  margin  is  dependent  on  the  relation  between  the  velocity  ot 
the  following  and  the  preceding  ions.  The  fact  that  the  boundary  between  certain 
pairs  of  solutions  was  stable  when  the  current  moved  in  one  direction,  but  shorved 
signs  of  mixing  when  sent  in  the  opposite  direction,  was  first  explained  l)y 
Whetham  (‘Phil.  Trans.,’  A,  1893,  p.  337). 

Some  of  tlie  phenomena  at  the  junction  of  two  solutions  had  been  previously 
observed  by  Gore  (‘Boy.  Soc.  Proc.,’  1880-1881),  hut  were  not  looked  at  from  the 
present  standpoint. 

Weber  shows  mathematically  that  the  boundary  is  stable  when  the  slower  ion 
follows  the  faster  one,  and  experimental  proof  of  this  is  given  independently  ])y 
Massox,  who  found  the  relative  velocities  of  the  potassium  and  cldorine  ions  in 
potassium  chloride  to  he  the  same  whether  the  anion  was  followed  by  the  chromate 
or  the  tartaric  ion. 

For  the  velocity  of  the  boundary  when  this  condition  is  fulfilled,  Weber  gives  the 
equation 

ilx,  ill 

(It  {U  -t-  r)r  ’ 

where  the  symbols  have  the  same  slgnificati<m  as  before.  The  velocity  is  lienee 
determined  by  u  and  c,  the  velocity  and  ionic  concentration  of  the  jirecedlng  ion.  For 

•  (l.dO  7  V 

the  anion  boundary  —  =  - - ;  hence  if  c  =  cs  the  relative  velocities  of  the  two 

(It  (u  -h  r)q  ^ 

margins  gives  at  once  u/v. 

*  Such  a  margin  is  obviously  lost  by  diffusion  unless  some  special  condition  for  its  maintenance  is 
fulfilled. 
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If,  on  the  other  hand,  the  following  ion  has  the  greater  velocity,  the  velocities  of 
the  2  ions  are  given  hy 

(Ir-^  in? 

dt  + 

d/’o  ho 

and  yf  =  7 - ^ - y  , 

df  +  Vj)  c 

where  u  and  v  are  the  velocities  of  the  preceding  and  those  of  the  following 

ions. 

The  2  ions  no  longer  move  with  tlie  same  velocities,  Imt  a  mixing  takes  place,  with 
the  result  that  no  stable  boundary  is  to  be  expected. 

Whetham  {loc.  cit.),  avoiding  altogether  the  use  of  gelatine,  measured  the  velocity 
of  the  Imundary  l)etween  two  electrolytes  having  a  common  ion,  and  by  the  device  of 
selecting  pairs  of  solutions  which  possessed  the  same,  or  nearly  the  same,  specific 
resistance,  olTained  an  approximately  uniform  potential  fall  for  the  whole  column. 
He  was  thus  able  to  convert  the  observed  velocities  into  those  which  would  he 
occasioned  l)y  a  fidl  in  potential  of  1  volt  per  ceiLtimetre. 

Although,  as  previously  mentioned,  the  conditions  for  stability  of  the  boundary  are 
pointed  out  l)y  Wheteiam,  in  his  experiments  the  values  obtained  are  the  means  of 
two  sets  of  measurements  in  which  the  boundary  moves  alternately  in  opposite 
directions,  and  generally  with  slightly  difierent  velocities. 

Most  of  Ids  figures  show  a  very  good  comparison  with  those  calcidated  by 
Kohlraitsch,  and  the  measurements  as  a  whole  form  the  first  direct  confirmation 
of  the  theory.  Proof  of  the  fact  that  the  velocity  is  proportional  to  the  potential 
fall  is  also  given  in  tins  paper. 

In  a  second  paj^er,  Whetham  (‘  Phil.  Trans.,’  A,  vol.  186  (1895),  p.  507)  measured 
the  velocity  of  a  number  of  ions  in  gelatine  solution  :  in  some  of  these  experiments  the 
})osition  of  the  boundary  was  indicated  by  means  of  chemical  indicators.  The 
results  show  a  very  good  agreement  with  Kohle.iusch’s  figures. 

Masson  [Ioc.  cit.),  employing  a  gelatine  solution  of  the  salt,  compares  directly  the 
velocity  of  tlie  anion  and  the  cation  margins,  which  he  shows  to  he  dependent  only  on 
the  nature  of  the  ions,  provided  certain  conditions  are  fulfilled ;  the  potential  fall 
although  mdmown  is  the  same  for  both  boundaries,  since  between  these  the  concentra¬ 
tion,  and  so  also  the  resistance,  is  the  same  at  all  points.  His  experiments  afford  a 
striking  confirmation  of  the  Kohlrausch  theory,  since  he  shows  tliat  it  is  possible  to 
calculate  the  current  hy  measui'ing  the  velocity  of  the  two  mai'gins. 

The  general  theory  of  electrolysis  is  briefly  summed  up  hy  the  equation, 

C  =  A-(U  +  y)  =  A-(n+  idTT.r, 

rj  ' 

since  the  observed  velocities  U  =  Tr.ra,,  and  V  =  Tr.rr. 
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Ill 


Ill  this  eijiiatioii, 

C  =  the  current  as  measured  by  the  galvaiioiiieter. 

A  =  the  sectional  area  of  the  conducting  medium. 

n  =  the  normality  of  the  solution. 

rj  =  the  electro-chemical  equivalent  of  liydrogen. 

U  and  V  =  the  observed  velocity  of  the  cation  and  anion  respectively. 
u  and  V  —  the  specific  velocities  of  the  cation  and  anion. 

X  =  the  coeliicient  of  ionization. 

TT  =  the  fall  in  potential  or  potential  slope. 

In  Massox’s  paper  it  is  shown  that  the  ratio  - ^ — 777  =  1  for  a  number  of  salts 

of  the  most  simple  ty]3e  ;  hut  here  again  salts  of  the  type  of  magnesium  sulphate 
give  values  for  this  ratio  (when  measured  in  gelatine)  differing  considerably  from 
unity,  and  similarly  for  more  concentrated  solutions  of  potassium,  sodium,  and 
lithium  sulphates. 

Both  Masson  and  Whetham  employ  as  indicators  solutions  which  contain  ions 
having  a  characteristic  colour.  The  employment  of  these  necessarily  limits  the 
method,  since  there  do  not  exist  many  coloured  anions  from  which  to  select,  and 
none  which  do  not  give  a  precijDitate  with  the  heavy  metals  and  the  metals  of  the 
alkaline  earth  group.  Whetham’s  first  method  is  subject  to  the  further  limitation 
that  there  are  not  many  pairs  of  solutions  that  fulfil  all  the  conditions  necessary  for 
its  application  ;  it  also  does  not  allow  for  the  changes  in  concentration  that  will  take 
place,  unless  the  transport  numbers  as  well  as  the  conductivities  of  the  two  salts  are 
identical. 

Nernst  (‘ Zeitschrift  fur  Electro-chemie,’  3,  308,  1807)  has  described  a  lecture 
experiment,  'vTiicli  shows  the  motion  of  a  coloured  margin,  that  Ijetween  potassium 
2)ermanganate  and  potassium  nitrate.  The  success  of  the  experiment  depends  on 
the  selection  of  pairs  of  solutions  whose  ions  on  eitlier  side  of  the  Ijoundary  possess 
the  same  specific  velocities,  a  condition  that  is  fulfilled  in  the  case  of  the  ions 
MnO^  and  NO3. 

The  author  (Steele,  ‘  Chem.  Soc.  Journ.,’  79,  414,  1901)  has  succeeded  in  extending 
Masson’s  method  in  two  directions. 

The  first  extension  consists  in  the  substitution  of  aqueous  for  gelatine  solutions 
of  the  salt  to  Ije  measured.  By  this  means  many  salts  winch  will  not  form  solid 
jellies  with  gelatine  may  he  investigated.  The  second  depends  on  the  fact  that  it 
has  been  found  possible  to  observe  the  boundary  between  two  colourless  solutions, 
on  account  of  their  difierence  in  refracti\'e  index,  tlius  rendeiing  the  use  of  tlie 
coloured  indicator  solutions  unnecessary. 

The  method  compares  the  velocity  of  the  anion  and  cation,  and  therefore  determines 


112 


MR.  B.  L).  STEELE  OX  THE  MEASUREMENT  OF  IONIC  VELOCITIES 


1  • 

the  ratio  —  tt  T  ‘v  ’ 

U  L  -4”  V 


as  Avill  be  seen,  it  also  measures,  in  the  case  of  salts  of  the 


type  of  sodium  chloride,  the  actual  velocity  U  =  xa  for  any  concentration. 

The  essential  feature  of  the  method  consists  in  the  imprisonment  of  the  liquid  to 
Ije  measui'ed  between  two  partitions  of  jelly'*"  containing  the  indication  ions  in 
solutions,  thus  preventing  displacement  of  tlie  liquid  during  the  course  of  an 
ex})eriment. 


A  large  number  of  ditferent  forms  of  apparatus 
have  been  tiled,  and  it  has  been  found  that  for  tlie 
measurements  of  the  simplest  type  of  salts,  the  appa¬ 
ratus  shown  in  hg.  1  is  most  convenient,  t 

In  the  figure,  A  and  B  are  two  carefully  selected 
glass  tubes  having  an  even  bore,  and  being  both  of 
the  same  area  of  cross-section ;  tliey  are  joined  by  a 
short  piece  of  tubing  of  larger  diameter.  The  tube 
B  is  also  provided  with  a  tube  E,  by  means  of  which 
the  liquid  during  measurement  is  exposed  to  the  atmo¬ 
spheric  pressure. 

Each  tube  is  fitted  at  either  end  with  the  vessel 
C,  C  and  D,  D  which  are  carefully  ground  in.  For  an 
experiment,  two  of  the  vessels  (C,  C  if  the  indicator 
solutions  are  lighter,  and  D,  1)  if  heavier  than  the 
measured  solution)  are  taken  and  filled  to  a  dejitli  of 
2 ’5  centims.  with  a  gelatine  solution  of  the  indicator 
to  lie  employed. 

The  open  ends  of  the  tiilie  having  been  first  closed  with  laibbei'  stoppers  F,  the 
ap)})aratus  is  filled  with  the  solution  and  the  cells  C  0  placed  in  position,  care  being 
taken  not  to  enclose  any  air  ])ubbles.  Tlie  apparatus  is  then  completely  immersed 
in  a  \vater-bath,  which  is  jjrovided  with  parallel  walls  of  good  plate-glass,  in  (.)i-der 
that  the  observations  inay  not  be  affected  Ijy  uneven  refraction  at  the  surface. 

The  electrodes  are  then  placed  in  position,  and  the  current  is  started  by  pouring 
into  the  cells  solutions  of  the  same  indicator  as  that  cojitained  in  the  jelly. 

Since  tlie  boundaries,  at  first  coincident  with  those  between  gelatine  and  aqueous 
solutions,  advance  shortly  after  the  current  is  started  into  the  tubes  A  and  B,  the 
presence  of  the  jelly  can  have  no  influence  on  theii’  velocities,  which  are  conditioned 


Fig.  1. 


*  Attemjits  have  Ijeeii  made  to  u.se  a  porcelain  membrane  instead  of  gelatine,  but  it  was  alwa3’s  found 
lliat  the  liquid  was  forced  through  the  memljrane  in  the  direction  of  the  anode,  proliably  on  account  of 
electric  endosmose. 

t  A  modilication  of  this  form  of  apparatus  may  Ijc  made  b}'  connecting  the  tube  with  the  electrode 
cells  by  means  of  rubber  tubing,  as  shown  in  hg.  o. 
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only  by  the  nature  of  the  preceding  ion  and  by  the  potential  fall,  provided  certain 
conditions,  which  will  be  described  immediately,  are  fidfilled. 

It  has  been  already  pointed  out  that  it  is  not  necessary  that  either  the  measured 
or  indicator  solutions  should  be  coloured,  a  perfect  boundary  being  rendered  visible 
in  most  cases  by  the  difference  in  refractive  index  of  the  two  solutions. 

The  occurrence  of  such  a  boundary  has  been  previously  noted  by  Lenz  (‘  Mem. 
Acad.  St.  Petersburg,’  vii.,  vol.  30,  No.  9,  1882)  in  the  case  of  cadmium  chloride 
following  sodium  chloride,  and  Bein  (‘ Zeitschrift  Phys.  Chem.,’  vol.  27,  9,  1898)  also 
refers  to  the  same  kind  of  boundary  for  the  same  pair  of  solutions. 

The  Production  and  Maintenance  of  a  Good  Boniidari/. 

In  what  follows,  by  a  good  boundary  will  be  understood,  one  which  moves  with 
constant  velocity  under  a  constant  potential  fall,  or  whose  change  in  velocity  is 
proportional  to  the  change  in  potential  fall.t 

For  the  production  and  maintenance  of  such  a  boundary,  the  following  conditions 
are  necessary  : — 

1.  The  indicator  ions  must  have  a  specific  velocity  slower  than  that  of  the  ion 
to  be  measured. 

2.  The  indicator  ion  must  not  be  such  as  to  react  chemically  on  the  solutions  to 
be  examined. 

3.  During  electrolysis  the  cell  solutions  must  not  give  rise  to  any  species  of  ions 
which  would  move  faster  than  and  overtake  the  measured  ion,  thus  altering  the 
potential  slope  within  one  or  both  boundaries. 

4.  The  specifically  lighter  solution  should  lie  over  the  heavier. 

5.  The  indicator  should  have  a  resistance  not  very  much  greater  than  that  of  the 
solution  it  follows. 

6.  The  potential  fall  should  lie  within  certain  limits,  which  depend  on  the  nature 
of  the  solutions  forming  the  boundary. 

In  addition  a  tube  should  be  selected  ol'  such  a  size  that  with  the  required 
potential  fall  the  total  current  does  not  exceed  0'03  ampere.  If  this  limit  is  exceeded 
there  is  considerable  danger  of  the  jellies  being  melted.  It  has  been  found, 
however,  that  in  a  tube  of  smaller  sectional  area  than  0'08  sq.  centim.  there  is  great 
difficulty  in  detecting  the  position  of  the  margin. 

Of  these  conditions,  the  first  three  have  already  been  given  by  Masson  for  the 
measurement  in  gelatine.  In  aqueous  solutions  a  refraction  boundary  may  occa- 

*  This  refraction  margin  may  be  shown  to  a  large  audience,  or  as  a  lecture  experiment,  l)y  means  of 
projection  lantern,  when  it  is  seen  on  the  screen  very  clearly  and  distinctly. 

t  The  best  test  of  a  pair  of  boundaiies  lies  in  the  fact  that  if  their  velocities  U  and  V  l»ear  a  constan 
ratio  to  one  another  they  are  probably  both  good,  if  the  ratio  is  not  constant  one  or  both  are  bad,  and 
is  easy  by  plotting  the  velocity  curve  to  see  whether  the  boimdary  fulfils  the  l  equired  conditions. 

VOL.  CXCVIII.  —  A.  Q 
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sionally  be  produced  even  when  conditions  1  and  3  are  not  fulfilled,  but,  as  is  seen 
from  the  e(|uations  of  Weber,  already  given,  its  velocity  is  no  longer  that  of  the 
ion  in  the  intermediate  solution.  Ciondition  No.  4  is  sutliciently  obvious,  neverthe¬ 
less  it  is  necessary  to  point  out  that  it  is  not  sufficient  that  the  difference  in 
density  of  equimolecular  solutions  should  be  known ;  for,  since  concentration 
changes  are  brought  about  during  electrolysis  in  the  sense  that  the  indicator 
solution  is  always  (provided  condition  1  is  fulfilled)  of  less  concentration  than  the 
measured  solution,  it  may,  and  sometimes  does,  happen  that  an  indicator  solution 
when  jilaced  l)eneath  the  solution  to  be  measured,  and  which  in  equimolecular 
solutions  is  more  dense  than  the  lattei’,  becomes,  through  these  changes,  lighter 
than  and  accordingly  rises  through  the  overlying  solution,  with  the  result  that 
no  Ijoundary  can  he  obtained  ;  this  behaviour  is  shown  with  2  N  potassium  chloride 
solution  followed  by  2  N  copper  chloride.  According  to  the  I’elation  cjc  =  p^p',  the 
concentration  of  the  copper  solution  becomes  reduced  to  1'2  N,  the  density  of  which 
=  1'0711,  whilst  that  of  2‘0  N  potassium  chloride  =  1'0886.  Hence  for  this  reason 
copper  chloride,  although  its  density,  as  calculated  from  Valsox’s  moduli  (see 
Nernst’s  ‘Theoretical  Chemistry,’  p.  333),  is  much  greater  than  that  of  potassium 
chloride,  cannot  be  used  as  an  indicator  for  the  latter  from  underneath. 

In  addition  to  the  experimental  evidence  of  these  concentration  changes  that  has 
been  given  by  Massox,  further  qualitative  evidence  is  found  in  the  fact  that  in  an 
experiment  in  which  lithium  or  magnesium  follows  potassium  in  a  solution  of 
potassium  chromate,  so  that  there  is  formed  elect  roly  tically  a  solution  of  lithium 
or  magnesium  chromate  overlying  one  of  potassium  chromate,  the  indicatoi-  solution 

is  seen  to  be  distinctly  lighter  in  colour  than  the  measured. 
Since  the  colour  depends  only  on  the  anion,  this  shows  the 
concentration  of  the  latter  is  less  in  the  indicator  solution. 

More  direct  and  conclusive  evidence  was  obtained  in  the 
Ibllowing  manner  : — 

An  apparatus,  shown  in  tig.  2,  was  employed.  The  tubes 
A  and  B,  instead  of  having  the  anode  and  cathode  cells 
ground  in,  are  provided  with  pieces  of  thick,  strong,  india- 
ladDber  tubing,  which  are  tirmly  bound  on  with  copper  wire, 
into  which  the  cells  C  and  C'  can  be  fitted. 

It  is  found  in  practice  that  no  displacement  of  the  latter 
takes  place  during  the  course  of  an  exjjerinient,  and,  in  order 
to  reduce  the  danger  of  melting  the  jelly  by  the  current,  the 
E  necks  of  the  vessels  C  and  C'  are  made  a  little  larger  than  the 
tubes  A  and  B ;  the  tube  E  serves  the  double  purpose  of  a 
support  or  handle,  by  means  of  Avhich  the  apparatus  may  be 
held,  and  also  to  allow  for  any  slight  contraction  or  expansion 
that  may  take  place  through  unequal  heating. 
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a  and  h  are  two  glass  tubes  sealed  int(^  the  tul^e  A,  through  which  enter  two 
platinised  platinum  wires. 

The  tube  A  with  the  two  points  serves  as  an  electrode  vessel  for  the  measurement 
of  the  resistance  of  the  solution  to  he  examined. 

The  capacity  of  the  apparatus  was  first  determined  by  the  measurement  of  a 
solution  of  known  specific  resistance.  The  whole  apparatus  was  then  filled  with  a 
solution  of  0‘5N  potassium  chloride  and  the  cells  placed  in  position,  C' being  first 
filled  with  a  lithium  chloride  jelly.  The  resistance  of  the  potassium  chloride  was 
then  measured,  the  current  was  started,  and,  after  the  margin  had  reached  a  point 
well  below  the  second  platinum  point,  so  that  both  points  were  inside  the  indicator 
solution,  the  current  was  cut  off  and  the  resistance  again  determined.  From  this  the 
specific  conductivity  of  the  lithium  chloride  was  calculated,  and  from  this  the  corre¬ 
sponding  concentration  was  obtained  from  Kohlrauscit’s  tables  of  conductivities. 
The  concentration  of  lithium  chloride  following  0'5N  ])otassium  cliloride  was  thus 
found  to  be  almost  exactly  0'4  N. 

The  confirmation  thus  olitained  is  only  qualitative,  since  according  t(^  theory, 
using  Hittorf’s  values  for  the  transport  numbers,  the  concentration  should  Ije  0'278  N. 

The  relation  between  the  resistances  referred  to  in  condition  5  becomes  of 
importance  on  account  of  the  distribution  of  the  heating  effect  of  the  current ;  since 
in  any  part  of  the  circuit  this  is  proportional  to  the  resistance  of  that  part,  it  follows 
that,  if  in  a  cylinder  of  liquid  there  occurs  a  short  column  whose  resistance  is  very 
much  greater  than  in  other  parts,  the  heating  will  be  proportionally  greater,  con¬ 
vection  currents  will  be  set  up,  and  mixing  will  take  place,  with  the  result  that 
the  boundary,  if  not  destro3^ed,  will  Ije  washed  away  and  will  advance  more  or  less 
rapidly  than  it  shoidd,  according  as  the  indicator  lies  over  or  under  the  measured 
solution.  As  an  example  of  the  great  difference  in  resistance  that  ma}-"  occur  between 
the  two  solutions,  the  case  of  the  system  cadmium  chloride  following  potassium 
chloride  may  be  taken. 

If  the  concentration  of  the  latter  solution  is  2'0  N,  it  will  have  a  S})ecific  resistance 
of  5 ’4  ohms,  the  concentration  of  the  cadmium  chloride  Ijecomes  UON  audits 
resistance  =  44 '6  ohms,  or  the  heatino-  effect  in  the  indicator  is  8 '2 5  times  as  o-reat 
as  in  the  solution  ;  in  consequence  of  this  it  lias  not  lieen  found  possible  to  use 
solutions  of  cadmium  or  copper  sulphate  as  indicator  for  potassium  salts. 

The  formulse  of  Kohlrausch  and  Weber  do  not  show  that  the  stability  of  a 
boundaiy  is  in  any  wa^"  dependent  on  the  potential  fall.  This  has,  however,  been 
found  to  be  of  the  greatest  importance. 

As  the  result  of  a  great  number  of  observations,  it  may  be  stated  that,  for  most 
pairs  of  solutions,  there  is  a  certain  range  of  potential  fall  which  is  capable  of  pro¬ 
ducing  a  good  and  stalile  margin  ;  there  exists  an  inferior  limit  lielow  wliicli  no 
boundaiy  whatever  can  lie  detected  in  the,  case  of  colourless  solutions ;  and  in  the 
case  of  one  coloured  and  one  colourless  solution,  a  shading  out  of  colour  only  can 

Q  2 
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be  seen,  and  a  superior  limit  above  which  the  Ijoundary  is  rendered  useless  for  obser¬ 
vation  by  the  “washing”  and  “mixing”  effect  of  too  great  a  current  density  and 
consequent  heating.  For  a  few  pairs  of  solution  it  has  not  been  found  possible  to 
obtain  a  refraction  margin  under  any  conditions  that  have  been  tried. 

The  potential  fall  in  all  cases  is  calculated  on  the  assumption  that  the  solution 
l^etween  the  two  boundaries  is  homogeneous,  being  of  the  same  concentration  and 
specific  resistance  throughout.  Since  Ohm’s  Law  holds  good  for  electrolytes,  E  =  CR  ; 
and  from  the  specific  resistance  r  the  resistance  of  1  centim.  of  the  liquid  column 
is  obtained  by  dividing  by  the  area  of  the  tube,  and  hence  the  potential  fall 
c/tt  C  r 
dx  A 

section  of  the  column  of  liquid. 

A  striking  example  of  the  influence  of  23otential  fall  on  the  condition  of  the 
maigin  is  seen  in  the  case  of  a  normal  solution  of  barium  chloride,  using  the  apparatus 
shown  in  fig.  i.  With  magnesium  chloride  and  sodium  acetate  as  indicators  the 
anion  boundary  is  that  between  barium  acetate  and  barium  chloride,  and  will  be 

uA.c 

rejDresented  by  Ba  ,  the  cation  boundary  that  between  magnesium  chloride  and 

barium  chloride  =  ~  CT.  Starting  the  experiment  with  a  potential  fall  of  1  volt  per 

centim.,  a  fair  but  not  very  good  anion  boundary  is  produced,  but  there  is  no  sign  of 
a  boundary  at  the  other  end  ;  on  increasing  the  voltage  to  1‘20,  the  anion  margin 
becomes  very  sharp  and  easy  to  read.  At  the  cation  end  the  gas  flame,  when  viewed 
through  the  telescope  of  the  cathetometer,  is  seen  to  be  slightly  distorted,  but  no 
boundary  has  yet  appeared.  With  a  voltage  of  I A  the  anion  boundary  shows  signs 
of  “  washing,”  whilst  that  at  the  cation  end  is  still  too  indistinct  for  use.  At 
2'0  volts  it  has  become  good  and  distinct,  whilst  from  the  anion  margin  little 
whirlpools  are  seen  to  rise,  and  it  has  become  undulating  and  sharp  as  though  it  were 
cut  with  a  knife.  With  further  increased  potential  fall  the  cation  boundary  remains 
good,  until  about  3 ’5  volts,  when  it,  in  its  turn,  begins  to  show  signs  of  “washing” 
and  consequent  mixing. 

Y  V 

For  the  determination  of  the  ratio  —  or  ^  ^  for  salts  which,  like  barium  chloride, 

require  a  different  potential  fall  at  the  two  boundaries,  the  form  of  apparatus  shown 
in  fig.  3  has  been  found  suitable. 

Here  the  tubes  to  be  used  for  the  measurement  are  four  in  number,  and  are 
indicated  by  the  letters  A,  B,  and  C.  The  sectional  areas  of  these  tubes  are  different, 
and  each  is  carefully  calibrated,  and  its  area  of  cross-section  determined.  Since  the 

potential  fall —  ^  ,  it  follows  that,  by  selecting  tubes  of  different  sizes,  any 

required  ratio  between  the  potential  falls  at  the  two  margins  may  be  easily  obtained. 
It  is  found  in  practice  that  three  sizes  of  tubes  are  sufficient  for  all  the  cases  that  are 


,  where  C  is  the  current,  r  the  specific  resistance,  and  A  the  area  of  cross- 
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likely  to  arise,  the  ratio  of  the  areas  of  the  tnlies  lieiiig  approximately  1,  :  Do, 

In  this  apparatus,  as  in  that  shown,  tig.  2,  the  electrode  cells,  instead  of  being 
ground  into  the  tubes,  are  connected  by  means  of  thick  rubber 
tubing  ;  the  tube  G  serves  as  a  handle  by  which  the  apparatus 
may  be  held  in  a  clamp,  and  also,  like  E  in  figs.  1  and  2,  to 
allow  for  expansion  of  the  liquid. 

The  apparatus  shown  in  the  figure  permits  of  the  use  of  the 
following  combinations  :  The  tubes  A  and  B  may  be  used  in 
three  ways  :  with  two  cells  similar  to  D  both  indicators  may 
be  placed  on  top  ;  with  one  vessel,  D,  and  one  E,  as  shown  in 
the  figure,  one  indicator  may  be  used  from  above  and  one  from 
underneath  ;  and  with  two  vessels  such  as  E  both  indicat(3rs 
from  underneath.  The  same  combination  may  be  employed  v/ith 
the  tubes  B  and  C,  whereas  with  A  and  C  the  apparatus  can  be 
used  only  in  the  second  of  these  three  manners  ;  by  the  use  of  a 
second  similar  apparatus  in  which  the  tube  C  is  replaced  by  B, 
and  vice  versd.  All  jiossible  combinations  of  these  three  tubes, 
two  at  a  time,  may  be  obtained. 

V 

For  the  calculation  of  —  from  the  observed  velocity,  since 

the  latter  is  proportional  to  the  potential  fall,  and  this  inversely 
as  the  sectional  area  of  the  tubes,  it  is  only  necessary  to  multiply 
the  velocity  of  the  boundary  in  one  tube  by  the  ratio  of  tlie  two 
areas.  Thus,  using  the  tubes  A  and  C,  the  sectional  areas  of  which  are  a  and  y,  if 
U'  and  V'  are  the  actually  observed  velocities  of  the  two  margins,  the  ratio  of  the 
ionic  velocities  is  given  by 


U 

Y 


7  IF 


In  Table  L  are  given  the  potential  falls  whicli  have  been  found  to  give  a  measure- 
able  boundary  in  the  case  of  thirty-eight  different  pairs  of  solutions.  In  addition  to 
those  tabulated,  the  following  have  also  been  examined,  but  no  good  margins  could  be 
obtained  : 


H 


NO., 


H 


NO3  ’ 


NO.,  \  Ou 


Li  ’ 


U 

Mg 


Cl,  ^ci 

JLl 


Li 

Chi 


Cl, 


and  cadmium  chloride  as  indicator  following  2N  solutions  of  the  chlorides  of  potas¬ 
sium,  lithium,  magnesium,  and  calcium. 

In  the  first  column  of  the  table  is  given  the  system  forming  tlie  boundary,  thus  ; 
K  —  represents  the  boundary  between  an  acetate  and  a  chloride  whose  common 
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cation  is  potassium,  and  in  all  cases  the  indicator  ion  is  placed  over  the 
measured  ion. 

Table  1. 


N  = 

=  1-0. 

1 

o 

<M 

11 

A. 

B. 

A.  B. 

— 

— 

0-84  — 

1-13 

— 

0-92  — 

Margin. 


'  T-  Ac 
■  Cl 

I  -VT  Ac 

^“cr 


A. 


B. 


N  =  0-5. 


A. 


0-82 
O' 735 


B. 


_ 

— 

1'57-1'98 

1-06 

— 

1-94 

1-1-2 -3 

_ 

— 

1-06 

— 

1-25 

1-1-1-6 

1-02 

Q  Ac 

Cl 

— - 

1-40 

— 

1-02 

i 

1-32 

1-0-1 -6 

:  ^  cf 

— 

1-2 

0-916-1-61 

1-18 

— 

1-2 

0-86-1-61 

A I 

"S  cr 

— 

1-7 

1-55-1-90 

1-53 

— 

1-25-1-41 

— 

N  =  0 

.  O 

2  •  38 

— 

2-05 

— 

2-1 

— 

2-26 

1-1- 

— 

— 

1-6  • 

1-14-2-7 

1-6 

— 

1-6 

— 

j-  Ac 
CrOj 

— 

— 

1 -40-1 -89 

— 

— 

— 

0-93.5-1-47 

— 

K 

Fe'"Ox 

— 

— 

2 • 6-4 • 25 

— 

— 

— 

— 

— 

Br 

OH 

— 

— 

0-81-1 • 23 

0-81 

— 

— 

— 

— • 

Vo 

1-40 

— 

1  -02- 

1-02-2-10 

— 

— 

— 

1 

N.=  0 

•1. 

! 

K 

Br 

1-213 

— 

0-981 

— 

1-192 

— 

0-841 

— 

Ac 

Br 

1'07 

— 

0-906 

— 

1-04 

— 

— 

j 

K  Cl 

— 

— 

0-82 

— 

— ■ 

— 

0-84 

—  1 

Li  OH 

— 

- - 

0-81-1-23  I 

0-81- 

-  1 

— 

j 

o 

o 

: 

— 

■ — 

1-39-2-74 

— 

— 

— 

0-89-2-2 

-2  3 
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Table  1. — cordinued. 


Margin. 

N  = 

0-5. 

N  = 

=  1-0. 

N  = 

2-0. 

A. 

B. 

A. 

B. 

A. 

B. 

A. 

B. 

Br 

1-21 

0-981 

— 

1-192 

_ _ 

0-85 

_ 

~  Fe"'Ox 

Iv 

2-43 

2-1.5-3-28 

— 

— 

— 

Cl 

Na 

— 

0-73.5 

— 

1-13 

— 

0-923 

— 

9  Br 

-- 

~ 

0-906 

— 

— 

-- 

— 

— 

N  =  0 

•  2 

NO. 

0-48-0 -79 

— 

— 

— 

— 

— 

— 

1 

H  "'■O* 

0-70-1-20 

_ 

0-3-0-6 

0-2.38-0-85 

— 

— 

— 

55  Cl 

Li 

■  - 

— 

2-40 

1-55 

— 

— 

Cl 

Ba 

— 

— 

2  -  56 

— 

2-00 

1-60-3-50 

2-56 

-3-57 

— 

— 

1-40 

— 

1-02 

— 

— 

— 

CO. 

— 

_ 

2 -.50- 

2-0- 

— 

— 

— 

N03 

gl  Cl 

Sr 

— 

— 

2  -  02* 

— 

— 

— 

2-51 

Cl 

Ua 

— 

_ 

— 

— 

— 

— 

2-29 

— 

Cl 

Mg 

— 

— 

— 

— 

— 

2-05 

-- 

~  N03 
^g 

— 

— 

2-79-3-32* 

2  -  22 

— 

-  - 

— 

— 

S-  “ 

— 

1-13-1-50 

— 

1-18 

— . 

— 

“ci 

Mg 

— 

_ 

1-50 

— 

1  -53 

-  -- 

— 

-- 

2 -.38 

2-05 

2-10 

2-26 

1  1- 

— 

— 

— 

— 

3-66 

— 

3-06 

2-54 

— 

— 

3-04 

— 

3-36 

— 

— 

— 

*  Boundary  good  but  jelly  melted. 
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Tlie  concentration  of  the  intermediate  solution  is  given  at  the  head  of  the  table,  a 
normal  solution,  here  and  throughout  the  paper,  being  one  which  contains  1  gramme 
ecpiivalent  of  salt  in  a  litre  of  solution.  In  the  columns  A  are  given  for  each 
conceiitration  of  the  different  boundaries  the  potential  fall  which  has  been  found  to 
produce  a  good  and  measurable  refraction  margin.  In  the  columns  B  are  given  the 
limits,  where  these  have  been  determined,  within  which  such  a  margin  may  be 

.....  ' 

expected.  Thus,  for  example,  foi'  O' 5  N  Mg  -y  the  inferior  limit  is  bo  volts,  the 

su])erior  IT  volts  per  centim.  A  very  faint  and  indistinct  margin  may  still  be  found 
wlien  the  voltage  is  reduced  to  1'39,  but  its  velocity  is  not  constant.  Above 
I '90  volts  the  margin  Ijecomes  “washed.” 

Although  an  examination  of  tire  table  fails  to  show  any  regularities  of  a  striking 
cliaracter,  it  is  seen  that,  generally  speaking,  the  slower  the  ions  forming  the 
l)oundary  the  higher  the  potential  fall  recphred.  On  the  other  liand,  contrary  to 
expectation,  it  is  found  that  the  margin  l)etween  the  same  pair  of  ions  varies  in  the 
voltage  recpiired  with  the  nature  of  the  common  ion.  This  is  most  clearly  shown  in 

-Ac  .  .  .  .  ^  . 

the  case  of  the  --r  maro’in  ;  here,  with  Na  as  cation,  073  volt  is  more  than  sufficient 

to  ensure  staljility,  whereas,  with  Ba,  Ca,  or  Mg  as  cation,  a  higher  potential  fall  than 
this  is  recphred  before  the  minimum  is  reached  ;  the  same  behaviour  is  shown  by  the 

l)oundary  ,  when  Cl  is  the  common  anion,  0‘82  volt  is  more  than  sufficient ;  with 

Fe^'Ox,"^^  on  the  other  hand,  the  lowest  voltage  that  will  give  a  stable  margin 
is  2'5. 

Greater  regularities  and  a  possible  explanation  of  the  difficulty  of  cfotaining  a 
margin  in  certain  cases  are  found  by  considering,  instead  of  the  potential  fall  in  the 
measured  solution,  the  change  of  potential  slope  on  passing  from  indicator  to  solution, 
or  the  difference  between  the  ])otential  fall  in  the  tv'o  parts  of  the  system.  To  obtain 
this  a  knowledge  of  the  ]-esistance  in  the  indicator  is  necessary,  and  this  can  be 
calculated  very  approximately  frcun  the  transport  numbers  of  the  two  ions,  which 
condition  the  concentration  change,  and  from  Kohlrausch’s  conductivity  tables. 

Talde  II.  contains  the  differences  in  potential  for  a  few  I)oundaries  for  which  the  data 
exist  for  the  recpiired  calculation.  The  numbers  under  “  Potential  Fall  (A)  ”  give  the 
voltage  used  for  the  production  of  the  particular  lioundary,  and  in  the  few  cases  where 
tlie  minimum  fall  is  known,  this  is  given  in  the  fourth  column  under  B.  In  the  last 
column  are  given  the  differences  in  potential  fall  between  indicator  and 

solution  for  tlie  voltage  under  A  and  B. 


*  This  symljol  lia,s  Ijeeii  useil  as  an  al)breviatioi)  to  indicate  the  coinjjlex  anion  of  the  ferric  o.xalates. 
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Table  II, — Potential  Fall. 


iMargin. 

N. 

A. 

B. 

Ib-E,. 

Ino, 

0-574 

— 

0-20 

1-18 

0-5 

0-82 

— 

1-lG 

0-5 

0-98 

— 

1-10 

Bci 

Aa 

0-5 

0-73 

— 

0-45 

t-Mo- 

Cl 

2-0 

2-00 

— 

0-01 

if- 

1-0 

— 

1-GO 

0-G5 

=  Sr  -  Cl 

1-0 

— 

1-02 

0-28 

^  Cl 

“  Ca 

0-5 

1-15 

— ■ 

1-G9 

— 

2-0 

0-G5 

— 

1-92 

1-0 

1-53 

— ■ 

2-82 

— 

2-0 

1-25 

— 

2-G7 

ig!c. 

0-5 

1-OG 

— 

1-04 

0-5 

2-04 

— 

0-47 

1-00 

— 

0-23 

0-5 

6-95 

— 

0-30 

T-  Ac 

0-5 

0-82 

— 

0-98 

AT  Ac 

Cl 

0-5 

— 

1-39 

1-13 

Ca  — 

0-5 

— 

0-91G 

0-98 

OH 

0-5 

0-81 

— 

1-32 

From  thi.s  table  it  is  seen  that  a  very  different  electrical  tension  across  the  boundary 
is  required  for  some  pairs  of  solutions  than  for  others.  On  the  other  hand,  for  the 
same  pair  of  ions,  a  different  value  for  the  potential  fall  in  the  intermediate  solution 
corresjDonds  to  apj^roximately  the  same  change  in  potential  slope.  This  is  shown  by 
-A.C 

the  —  margin  with  K,  Mg,  and  Ca  as  common  cation.  Looked  at  from  this  stand¬ 
point,  it  seems  that  the  change  in  jDotential  fall  required  is  some  function  of  the 
velocities  of  the  ions,  and  it  is  most  probable  that  a  connection  will  be  found  to  exist 
YOL.  CXCVIII. — A.  R 
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could  be  found  are  the  Cl  and  ^  Cl. 

IM.o'  Li 


l)et\reen  this  and  the  Nernst  theory  of  liquid  cells.  To  establish  the  relation, 
liowever,  it  is  necessary  that  a  very  much  larger  numljer  of  experiments  should  be 
carried  out.  In  the  table  only  five  of  the  experiments  correspond  to  the  minimum 
potential  fall.  This  follows  from  the  fact  that  the  investigation  had  for  its  first  aim 
the  production  of  a  margin,  and  not  the  determination  of  the  limits  of  voltage  within 
which  this  may  he  produced. 

Two  of  the  boundaries  previously  referred  to  for  which  no  satisfactory  conditions 

From  Table  II.  it  is  seen  that  for  this  pair 

of  solutions  no  change  in  potential  slope  is  brought  about.  The  densities  and 
refractive  indices  of  the  two  solutions,  however,  differ  very  considerably.  Perhaps  it 
is  on  this  account  that  it  is  possible  to  obtain  an  indistinct  and  undulating  refraction 
margin  whether  the  Li  follows  Mg  or  Mg  Li ;  l^ut  in  neither  case  is  the  velocity 
constant.  This  is  undoubtedly  due  to  the  fact  that,  since  there  exists  no  difference  in 
potential  fall  at  the  two  sides  of  the  margin,  there  is  no  controlling  force  which  shall 
prevent  the  faster  ion  difihsing  into  the  .slower,  or  vice  verscl.  Diffusion  therefore 
takes  place,  tiie  resistances  become  .slightly  altered,  and  so  also  tlie  potential  fall  and 

(M 

velocities.  A  similar  case  is  that  of  the  Oh  N  7—  SO,  maroin.  Here,  with  a  low 

Cu  ^  ^ 

voltage,  a  mixed  colour  boundary,  which  cannot  be  located  nearer  than  peihaps 
1-2  millims.,  results ;  Imt  when  the  voltage  is  increa.sed,  a  sharp  colour  boundarv 
idtimately  appears  at  about  6h  volts,  and  from  the  table  it  is  seen  that  even  with 
7  volts  the  change  in  potential  slope  only  amounts  to  0'30  volt.  That  no  refraction 
margin  can  be  detected  witii  this  pair  of  solutions  at  this  concentration  (such  a  margin 
is  obtained  in  more  concentrated  solutions)  is  explained  1)}^  the  circumstance  that  the 
refractive  indices  of  the  two  solutions  lie  very  close  together.  Neex.st,  in  describing 
the  experiment  previously  quoted,  refers  to  the  necessity  for  a  high  voltage  that  will 
allow  the  experiment  to  be  completed  in  a  comparatively  short  time,  as  the  margiir 
would  otherwise  be  lost  l3y  diffusion.  Tliis  is  another  case  in  which  there  is  no 
change  in  potential  slope  on  ])assing  from  one  solution  to  the  other,  tlie  velocities  of 
the  NOo  and  MnOj^  ions  being  practically  identical. 

The  case  of  cadmium  cldoride  as  indicator  followino'  2  N  solutions  of  the  chlorides 

o 

furnishes  examples  of  another  difficulty.  Here  the  boundaries  obtained  are  the  most 
distinctly  to  l)e  seen  of  any  that  have  l)een  investigated,  but  the  motion  is  always 
irregular  and  much  too  slow.  These  irregularities  are  probably  due  to  a  mixing  In- 
convection  currents  set  up  as  previon.sly  described  by  the  greater  heating  in  the 
indicator  solution  ;  they  may,  however,  Ije  in  some  way  connected  with  the  nature  of 
the  anions  in  the  cadmium  chloride  solution,  which  according  to  Hittoef,  are  not 
simple  Cl  ions,  Imt  something  more  complex. 

For  the  systems  Cl  and  Cl  also  an  undidatinv  refraction  maro-in  results  iu 


both 


cases 


Cu  Li 

Imt  in  the  former  case  the  copper  lags  l)ehind  tlie  margin,  and  the 
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resulting  lithium  chloride  solution  shows  throughout  the  entire  length  of  the  column 
a  uniform  blue  colour.  In  the  latter  case,  when  Cu  is  the  following  ion,  it 
encroaches  on  the  intermediate  solution  and  advances  ahead  of  the  refraction  margin 
from  0'5  to  I'O  centim.,  the  colour  gradually  fading  away. 

The  only  case  in  which  no  boundary  whatever  has  been  obtained  occurred  in  the 
attenij)t  to  measure  the  velocity  of  the  NO3  ion  in  nitric  acid."^^  Three  indicators  (the 
acetic,  oxalic,  and  phenylsulphonic  ions)  were  tried  in  different  experiments,  always 
without  success.  It  may  be  mentioned  that  with  such  excellent  conductors  as  the 
acids  the  use  of  a  high  voltage  is  practically  impossible  on  account  of  the  great  heat 
development.  An  apparatus  was,  however,  constructed  by  means  of  which  a  potential 
fall  of  2'0  to  3 '4  volts  was  obtained  at  the  anion  boundary  ;  under  these  conditions 
the  whole  column  of  liquid  was  seen  to  be  mixed  by  rapid  convection  currents. 

It  has  been  occasionally  noticed  that  with  the  same  boundary  the  inferior  limit 
apparently  differs  according  to  the  direction  from  which  it  is  approached  ;  thus  for  the 

^  NO3  margin,  when  an  experiment  is  started  with  a  low  voltage  and  this  is 

gradually  increased,  no  margin  can  he  detected  at  0'29  volt,  whereas  starting  with 
0’4  volt  and  diminishing,  the  boundary  does  not  entirely  disappear  until  a  potential 
fall  of  0'17  volt  is  reached.  This  is  due  to  the  fact  that  with  a  lower  potential  fall  a 
larger  time  is  required  before  the  stationary  condition  is  reached  than  with  a  higher 
one,  and  if  before  an  experiment  is  started  a  little  diffusion  takes  place  at  the  point 
where  gelatine  and  aqueous  solutions  are  in  contact,  it  is  possible  that  the  margin 
may  have  travelled  right  through  the  tube  before  it  has  become  visible. 

The  production  of  a  refraction  boundary  in  the  case  that  the  slower  ion  precedes 

the  faster,  has  been  noticed  for  a  few  cases,  e.c/.,  Cl,  j;-  Cl,  and^  Cl.  In  the 

’  ^  ’  Mg  Cu  Cu 

majority  of  instances,  howevei',  no  boundary  is  obtainable  under  these  circumstances. 
But  if  at  the  beginning  of  such  an  experiment  the  concentrations  of  the  two  solutions 
are  proportional  to  the  transport  numbers  of  the  respective  cations  (or  anions),  then  a 
stable  boundary  results  which  travels  with  the  current.  Such  a  ratio  of  concentration 
is  automatically  brought  about  during  electrolysis,  when  the  slower  ion  follows  the 
fastei',  and  once  this  condition  is  established  the  margin  so  produced  may  be  made  to 
move  backwards  by  altering  the  direction  of  the  current,  and  this  may  be  repeated  a 
number  of  times  without  losing  the  boundary,  althougli  its  velocity  has  been  proved 
by  experiment  to  l)e  less  iji  the  backward  than  in  the  forward  direction.  The 
stability  of  this  margin  is  easily  understood  from  the  fact  that  the  potential  slope  in 

*  For  the  investigation  of  acids  and  bases  it  is  impossible  to  employ  gelatine  solutions  in  the  cathode 
and  anode  cells  I'espectively,  as  these  are  immediately  destroyed  by  the  H  and  OH  ions ;  for  these,  there¬ 
fore,  a  partition  of  earthenware  was  substituted  at  the  one  end,  and  in  order  to  prevent  as  far  as  possible 
movements  of  the  solution  through  the  membrane,  the  open  limb  of  the  apparatus  (E,  fig.  1)  is  dispensed 
with. 
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the  two  solutions  is  so  adjusted  that  the  velocities  of  the  two  ions  is  the  same.  This 
is,  however,  only  strictly  true  for  what  may  be  called  the  inverse  direction,  for  the 
first  moments  after  reversal  of  the  current,  since  the  change  in  potential  slope  no 
longer  hinders  diffusion  between  the  two  solutions,  but  aids  it,  and  hence  the 
resistances  become  altered,  and  so  also  the  potential  fall  and  the  velocity.  The 

boundaries  tliat  have  been  investigated  in  this  direction  are  ^  Cl  and  Cu  ,  and 

both  of  these  are  cpiite  permanent  when  the  current  is  reversed,  and  are  not  lost  even 
after  2  hours,  their  velocities  becoming,  however,  steadily  less. 


T/ie  Injliience  oj  Hydrolysis  in  the  Indicator. 


It  is  necessary  that  the  indicator  solution  should  not  be  such  as  lias  undergone 
hydrolysis  ;  when  this  is  the  case,  the  H  and  OH  ions  overla^i  the  lioundary,  and 
entering  the  intermediate  solution,  thus  reduce  the  resistance  and  so  also  the 
velocity  at  that  end. 

Provided  an  experiment  in  which  one  of  the  indicators  undergoes  hydrolysis  is  not 
cari’ied  so  far  that  the  H  or  OH  ions  reach  the  second  boundarv,  the  i-atio  of  the 
velocities  remains  perfectly  constant,  Init  is  quite  different  to  the  ratio  obtained  with 
an  indicator  which  is  not  hydrolysed, 

I’his  is  clearly  seen  by  a  comparison  of  tlie  transport  number  of  copper  sulphate  as 
obtained  Avith  aluminium  sulphate,  and  with  cadmium  sulphate  : 


Indicators  = 

CuSO.j,  O'o  N 

1- ON 

2- 0  N 


A1.>(S04)3  and  CdS04  and 

NaCoHsO^  NaCMIsOo. 

,  0749  — 

0-842  U-GGO 

—  0-730 


The  influence  of  the  H  ions  formed  Ijy  hydrolysis  of  the  ALlSCj)^  solution,  in 


A1 


reducing  the  velocity  of  the  margin,  is  strikingly  shown. 


The  Gelatine  Sohdions. 


For  the  preparation  ol  the  indicator  jellies  the  best  commercial  gelatine  was 
enqffoyed,  which  had  been  ])urified  l)y  diffusion  in  distilled  Avater  in  the  manner 
described  by  Lobry  be  Bruyn  (‘ Ptec.  Tra\'.  Chim.,’  1900,  19,  236).  Gelatine 
solutions  containing  half  an  equivalent  AA^eight  in  grammes  of  indicator  salt  AA’ere  used 


for  the  ~  solutions,  containing  tAAB  equl\adent 


AA’eights  for  the  N  and  2  X  solutions. 


The  strength  of  the  jellies  in  gelatine  Avas  apA-ays,  Avhere  possible,  12  per  cent. 
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Certain  regularities  in  the  behaviour  of  the  ditfereiit  jellies  used  may  Ije  noted. 

Good  firm  jellies  suitable  for  use  in  the  experiments  are  obtained  witli  the 
following  salts,  using  12  per  cent,  gelatine  :  Potassium  chloride,  bromide,  fluoride,  and 
chromate,  sodium  acetate,  the  sulj^hates  of  magnesium,  copper,  and  cadmium,  and 
half-normal  silver  nitrate. 

To  obtain  a  sufficiently  solid  jelly  of  lithium  or  magnesium  cldoride,  it  is  necessary 
to  use  20  per  cent,  gelatine. 

0'5  N  potassium  iodide  and  2'0  N  cadmium  Ijromide,  do  not  form  solid  jellies  even 
with  23  and  25  per  cent,  of  gelatine. 

It  is  not  possible  to  prejxire  aO‘5N  aluminium  sulphate  jelly  containing  12  per 
cent,  gelatine,  as  it  becomes  coagulated  and  semi-solid  even  at  100° ;  with  5  per  cent, 
gelatine  a  good  solution  is  obtained,  which  solidifies  to  a  very  fine  jelly  of  liigh  melting 
point. 

By  the  electrolytic  formation  of  the  following  gelatine  solutions,  the  jellies  are 
melted  even  with  very  small  heating  by  the  current 

Copper  or  magnesium  nitrate  formed  by  the  passage  of  N(d3  anion  into  12  per  cent, 
jellies  of  2  N  copper  or  magnesium  sulphate.  In  only  one  experiment  the  copper 
nitrate  jelly  so  formed  was  not  melted. 

The  passage  of  Br  ions  into  a  lithium  chloride  jelly  results  in  its  melting  with  a 
current  density  winch  would  be  quite  safe,  Avith  no  formation  of  lithium  bromide. 

The  entrance  of  bichromate  ions  into  a  lithium  chloride  jelly  invariably  occasions 
the  melting  of  the  latter ;  and  H  or  OH  ions,  so  dilute  as  0’2  N,  immediately  destroy 
any  jelly  they  enter. 

From  tliese  observations,  wdiich  are  entirely  qualitative,  the  statement  seems  to  be 
justified  that  the  influence  of  the  salt  on  the  melting  point  of  a  jelly  depends  on  the 
nature  of  the  ions,  tliat,  among  anions  the  low^ering  effect  increases  as  we  })ass  down 
the  series  SO^,  Cl,  Br,  to  NOg,  Cr^O^  and  1,  and  similarly  for  the  cations  as  we  pass 
down  the  series  K,  Na,  Cu,  Cd,  Li,  and  Mg. 

The  sulphates  of  all  these  readily  form  jellies  ol  high  melting  point ;  Avith  the 
chloiides  the  melting  point  falls  as  Ave  pass  from  potassium’  and  sodium  to  Mg,  and 
so  for  the  others.  A  quantitative  investigation  of  the  influence  of  salts  oii  the 
melting  points  of  gelatine  solutions  should  yield  instructiAm  and  interesting  results. 

As  indicators,  normal  solutions  of  the  folio Aving  salts  have  been  used  : — 

Cation  Indicators. 

CuSOj,  Avith  copper  anode,  to  minimise  the  formation  of  H  ions. 

CdSO^.,  with  cadmium  anode. 

LiCl,  Avith  LioCOg  suspended  in  the  solution. 

*  This  difficulty  of  the  melting  of  the  gehitiiie  would  be  OA’crcoiue  by  substituting  mu  ciirthcuwai'c 
partition,  as  has  been  done  for  the  acids  and  alkalies. 
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MgCL,  with  MgO,  suspended  in  the  solution. 

KCl,  containing-  dissolved  K^COo. 

AgNOg,  with  silver  anode. 

Ah(S04,)3,  with  AL(OH)q  suspended  in  solution. 

Anion  Indicators. 

NaAc,  with  HAc  to  prevent  formation  of  OH  ioiis. 

KF,  containing  a  small  quantity  of  HAc. 

K,CrO„  with  KXhqO^. 

The  current  wms  obtained  from  a  battery  of  thirty  storage  cells,  and  the  total 
voltage  used  in  different  experiments  varied  from  2U  to  70  volts. 

Tlie  tenqjerature  of  the  experiments  -was  that  of  the  room  ;  it  wms  constant  to  O'^'o 
throughout  any  experiment,  but  varied  in  difierent  experiments  between  14°  and  10°. 


The  Accuracy  of  the  ILeasurenients. 

The  a]j})aratus  having  been  prepared  as  already  descril^ed,  shortly  after  the  current 
is  started,  the  boundaries  having  advanced  into  the  tube  ;  their  rate  of  motion  is 
measured  hj  means  of  a  cathetometer,  a  small  gas  jet  when  placed  behind  the  tube 
Ijeing  seen  to  Ije  cut  Ijy  a  dark  line  at  the  point  -where  the  t-wo  solutions  are  in 
contact.  Each  tube  lias  etched  on  it  a  horizontal  line,  wdiich  serves  as  a  fixed  jDoint 
from  wdiich  measurements  are  made.  At  frequent  intervals  the  time,  the  current, 
and  the  distance  moved  over  are  measured  ;  the  ratio  of  the  distances  moved  over  by 

V  ,  .  A'  . 

the  anion  and  the  cation  boundaries  gives  directly  from  wdiich  once 

obtained. 

The  cathetometer  employed  -was  capaljle  of  giving  readings  correct  to  the  tenth 
of  a  millimetre,  ljut  from  various  causes  the  accuracy  with  which  the  position  of  the 
margin  can  be  read  is  about  one-third  of  this.  The  difierence  in  the  values  of  p 
obtained  in  the  various  readings  of  the  same  experiment  amounts  in  some  cases  to 
2  per  cent.,  but  tlie  error  here  arises  in  nearly  every  case  from  the  fact  that  in  the 
earlier  measurements,  wdiere  the  distance  moved  over  by  the  boundary  is  often  less  than 
0‘5  centim.,  a  ,  small  error  in  reading  the  cathetometer  has  a  very  much  greater 
influence  than  later  wdien  tlie  distance  is  more,  hence  it  is  found  ahvays  that  the 
last  few  readings  agree  mucli  Ijetter  among  themselves  tlian  do  the  earlier  ones. 

All  the  readings  from  an  experiment  are  therefore  averaged  in  the  following 
manner  : — 

Each  value  for  p  is  nmltiiilied  hy  the  distance  moved  over  liy  one  of  the 
boundaries  since  the  beginning,  tlie  numbers  thus  obtained  are  added  together  and 
divided  by  the  sum  of  the  niulti})licands.  When  averaged  in  this  manner,  it  is 
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found  that  for  salts  of  simple  type,  the  difference  in  transport  numlDer  of  the  same 
salt,  as  determined  in  different  ex]:)eriments,  is  exceedingly  small :  thus  six  experi¬ 
ments  with  2  N,  KCl  gave  0‘492,  0'490,  0'494,  0'488,  0'488,  and  0'489,  aiid  two 
experiments  with  N,  KBr  gave  0‘473  and  0'474. 

For  salts  of  less  simple  type  than  these,  only  two  duplicate  measurements  have  l)een 
made;  these  are,  for  magnesium  sulphate  0’5N,  0'693  and  0’694,  and  for  a  0'2  N 
solution  of  the  same  salt  0'649  and  0‘646, 

For  the  measurement  of  the  current,  a  galvanometer  with  the  resistance  of  about 
100  ohms  was  employed;  it  was  far  too  sensitive  for  the  amount  of  current  used, 
and  was  therefore  always  connected  with  a  shunt.  Provided  the  total  deflection 
of  the  needle  amounted  to  at  least  70  scale  divisions,  readings  correct  to  1  part 
in  200  could  he  made  ;  to  ensure  accuracy  in  the  measurements,  therefore,  it  was 
necessary  that,  whatever  the  strength  of  the  current,  the  deflection  should  be  not 
less  than  about  50  scale  divisions. 

Since  the  current  varied  greatly  in  different  experiments,  a  series  of  shunts  was 
prepared  by  the  use  of  whicli  widely  varying  values  could  l)e  given  to  the  scale 
divisions.  The  apparatus  is  shown  in  fig.  4,  wliere  G  is  the  galvanometer  and  S  tlie 

Fig.  4. 
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box  of  coils,  one  or  all  of  which  can  l)e  used  as  a  shunt.  In  the  fiofure  the  three 
coils  between  2  and  5  are  connected  with  the  Ijinding  screws  of  tlie  galvanometer, 
and  Ijy  moving  the  connecting  wire  c  and  the  wire  d  to  different  mercury  cups, 
a  large  number  of  different  values  can  loe  given  to  the  shunt.  The  value  in  amperes 
of  each  scale  division  was  determined  Ijy  direct  measurement  wlien  the  various  coils 
were  connected  with  the  galvanometer,  and  by  this  means  it  was  possilde,  however 
the  amount  of  current  varied,  to  ensure  in  all  cases  a  deflection  of  from  80  to  100 
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scale  divisions.  Fig.  4  shows,  also  diagramraatioally,  the  arrangement  of  the  whole  , 
apparatus  for  an  experiment.  B  represents  the  hattery.  W  is  the  water-bath, 
in  which  is  immersed  the  apparatus,  of  Avhich  A  and  K  are  the  anode  and  cathode 
cells  respectively.  Pt  is  a  very  large  and  easily  varied  resistance  placed  in  circuit, 
l3y  means  of  Avhich  the  voltage  between  A  and  K  can  be  varied  as  required. 


Experimental  Besults. 

Tlie  independence  of  the  margin  velocity  on  the  nature  of  the  indicator,  provided 
the  latter  fulfils  the  required  conditions  shown  by  Masson,  has  been  confirmed 
by  the  measurement  of  magnesium  sulphate  with  three  pairs  of  indicators — copj^er 
sulphate  and  potassium  chromate,  cadmium  sulphate  and  sodium  acetate,  copper 
sulphate  and  sodium  acetate — and  l^y  the  fact  that  practically  the  same  result  has 
l)een  obtained  for  the  velocity  of  the  hydrogen  ion  Avhen  measured  Avith  sih-er 
nitrate  or  Avith  potassium  chloride  as  cation  indicator. 

The  iiegatiA^e  case  has  l)een  proAmd  by  a  large  number  of  experiments,  all  of  Avhich 
shoAV  that,  Avhen  the  faster  ion  folloAvs  the  sloAA^er,  in  cases  AA'here  a  boundary  is 
produced  at  all,  the  ratio  of  its  velocity  to  that  of  the  lAOundary  at  the  opposite  end 
of  the  solution  is  quite  inconstant. 

Talde  III.  contains  the  results  obtained  during  the  research. 

In  column  I  are  given  the  formulse  of  the  salts  measured.  In  the  second  column 
is  p'iven  tlie  concentration  of  each  salt. 

o 

In  column  3,  under  is  giA^en  the  ratio  of  the  velocity  of  the  anion  to  that  of  the 

cation,  this  l)eing  calculated  directly  from  tlie  ohserAntion  in  the  manner  previously 
described. 

V 

In  columns  4,  5,  and  6,  under  giA^en  for  comparison  the  Amines  of  the 

anion  transport  number.  Under  S  are  given  the '’numbers  obtained  by  the  author, 
under  (Masson)  those  obtained  liy  Masson  by  direct  measurement  in  gelatine,  and 
under  (Hittoee,  &c.)  are  given  those  obtained  by  dilferent  iiiAmstigators  liy  the 
Indirect  method  of  Hittoee.  The  latter  numbers  are  taken  from  Kohlrausch  and 
ITolboen  (‘  LeitAmrmogen  der  Electrolyte’). 

A  comparison  of  tlie  figures  in  the  fourth  and  fifth  columns  shoAvs  that  for 
potassium  and  sodium  chloride  there  is  a  A^ery  close  agreement  betAveen  the 
numliers  obtained  liy  direct  measurements  in  AAmter  and  in  gelatine,  Avhilst  for  lithium 
chloride  and  magnesium  sulphate  no  such  agreement  exists.  For  2N  magnesium 
sulphate  there  is  given  in  brackets  (column  5)  the  number  0’G88,  obtained  by  the 
author  for  the  value  of  in  gelatine ;  this  measurement  being  made  for  purposes 
of  comparison.  For  this  salt  the  gelatine  results  agree  among  themseb’es,  as  also 
do  the  aqueous ;  Avhereas  the  tAvo  sets  of  measurements  sIioav  no  such  agreement  as 


TN  AQUEOUS  SOLUTION,  AND  THE  EXISTENCE  OF  COMPLEX  IONS. 


129 


Table  III. 


Salt. 

N. 

i 

V 

u 

V 

U  +  V 

1 

Indicators. 

s. 

(Masson.) 

(Hittorf, 

&c.) 

Cation. 

1 

Anion. 

i 

KCl .  .  . 

0-5 

0-96 

0-490 

0  -  495 

LiCl 

NaAc 

1-0 

0-955 

0-488 

0-490 

0-515 

- - 

:  — 

2-0 

0  -  955 

0-489 

0-483 

— 

— 

1  I 

NaCl  .  . 

0-5 

1-48 

0-597 

0-598 

0-626 

LiCl 

:  NaAc 

UO 

1  -45 

0-591 

0  -  595 

:  0-637 

— 

;  — 

2-0 

1-44 

0-590 

0-587 

1  0-642 

— 

— 

KBr  .  . 

0-1 

0-9.35 

0  -  483 

...  - 

_ _ _ 

LiCl 

NaAc 

0-5 

0-920 

0-478 

— 

0-513 

— 

.  .  . 

1  -0 

0-900 

0-473 

- - 

— 

-  . 

2-0 

0-880 

0  -  468 

— 

— 

— 

NaBr  .  . 

O-.o 

1-47 

0-595 

LiCl 

NaAc 

LiCl.  .  . 

0-5 

2-52 

0-716 

0-687 

0-73 

CdS04 

NaAc 

1-0 

3-02 

0-751 

0-680 

0-745 

— 

— 

KOII  .  . 

0-574 

2-71 

0-730 

0-738 

LiCl 

KBr 

AgN03.  . 

1  •  15 

0  -  943 

0-486 

0  -  495 

CUSO4 

KF 

BaClo  . 

0-5 

1-36 

0-576 

-  - 

0-615 

MgCl 

NaAc 

1-0 

1-62 

0-619 

0-640 

— 

2-0 

1-73 

0  -  633 

0-657 

— • 

SrCT.  .  . 

0-5 

1-67 

0-G25 

— 

MgCL 

NaAc 

1-0 

1-98 

0-665 

- - 

— 

2-0 

2-44 

0-709 

— 

^  - 

CHSO4 

— 

CaCL  .  . 

0-5 

2-14 

0-681 

0-675 

CdSO.i 

NaAc 

1-0 

2-30 

0-697 

__ 

0  -  686 

— 

— 

2-0 

2-51 

0-715 

.... 

0-700 

CuS(J.i 

— 

MgCl.>  .  . 

0-5 

2-39 

0-705 

— 

0  -  690 

CdS04 

NaAc 

1  -0 

2-60 

0-722 

-  - 

0  -  709 

— 

2-0 

2-84 

0-740 

— 

0-729 

CuSO^ 

— 

MgS04.  . 

0-184 

1-82 

0-646 

_ 

0-660 

CflSO^ 

NaAc 

0-5 

2-26 

0-693 

0-684 

0-700 

-  - 

1-0 

2-50 

0-715 

0  -  703 

0-740 

— 

— 

2-0 

2-80 

0-737 

0-693 

0-750 

— 

— 

— 

-  - 

- 

(0-688) 

-- 

— 

— 

CuSO,  .  . 

1-0 

1-94 

0-66 

_  _ 

0  -  696 

CdS04 

NaAc 

2-0 

2-71 

0-73 

— 

0-720 

— 

— 

KoCrO^.  . 

0-5 

0-807 

0-447 

— 

0-512 

LiCl 

NaAc 

2-0 

0-677 

0-403 

— 

— 

— 

KFe'"Ox  . 

0-603 

0-495 

0-331 

— 

— 

LiCl 

NaAc 
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do  those  for  potassium  chloride.  The  explanation  of  this  behaviour  is  rendered 
more  difficult  Ipy  the  fact  that  the  transport  number  for  magnesium  sulphate  has 
been  determined  by  Hittorf’s  method,  using  a  gelatine  partition  to  separate  the 
anode  and  cathode  portions  of  the  solution.  Two  experiments  made  in  this  manner 
gave  0‘732  and  0744  for  the  anion  transport  number,  numbers  which  agree  well  with 
the  older  determinations  and  with  the  figures  in  column  S.  It  is  worth  pointing 
out  that  whilst  p  for  these  salts,  when  determined  in  water,  shows  a  considerable 
change  with  concentration,  in  gelatine  r)n  the  other  hand  p  is  approximately  constant. 

Table  IV. 


Group  I. 

Group  II. 

n  =  0'5. 

/i  =  1-0.  ,  /(  =  2-0. 

1 

n  =  0-5. 

n  =  1-0. 

n  =  2-0. 

Li . 

0-716 

0-7.51  — 

Mg  .... 

0-705 

0-722 

0-740 

Na . 

0-.597 

0-591  0-590 

Ca . 

0-681 

0-697 

0-715 

K . 

0-490 

0-488  0-489 

Sr . 

0-625 

0-665 

0-709 

Bu . 

0-576 

0-619 

0-633 

A  jDoint  that  is  shown  with  great  clearness  by  a  consideration  of  the  figures  in  the 
fourth  column  is  the  periodicity  of  the  transport  number  of  the  same  anion  with 
different  cations  belonging  to  the  same  group.  Table  IV.  shows  the  periodicity  in 
question  for  the  chlorides  of  the  elements  of  Grou})S  I.  and  II.  as  far  as  these  have 
been  studied.  Tables  III.  and  IV.  bring  out  very  clearly  the  difference,  referred  to 
in  the  earlier  part  of  this  paper,  between  salts  of  the  type  of  potassium  chloride  and 
those  of  the  type  of  barium  chloride  and  magnesium  sulphate.  For  the  former,  p  is 
practically  independent  of  the  concentration  ;  tor  the  latter,  p  changes  with  the 
concentration. 

A  comparison  of  the  figures  in  the  fourth  and  sixth  cohmms  shows  that  foi 
potassium  and  sodium  chlorides  the  values  obtained  by  the  two  methods  are  both 
nearly  constant,  although  not  coincident  with  one  another.  For  the  other  .salts  a 
general  agreement  is  seen  to  liold  lietween  the  two  sets  ot  figures  ;  the  variation  in  p 
is  also  in  the  .same  sense  and  of  approximately  the  .same  magnitude. 

In  referring  to  the  individual  experiments  it  may  he  mentioned  that  for  the 
measurement  of  potassium  hydroxide  only  one  gelatine  partition  was  used. 

The  experiment  with  silver  nitrate  is  probably  the  lea.st  accurate  of  all  those 
tabulated,  as  the  potential  fall  employed  for  the  ani(in  margin  was  very  near  the 
inferior  limit  for  a  good  boundary,  in  order  to  ])revent  melting  of  the  jelly  on  entrance 
of  the  NOo  ion. 

Mauv  unsuccessful  attem})ts  have  been  made  to  measure  solutions  of  sodium 
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bromide  and  silver  nitrate  of  different  concentrations  to  those  given  in  the  table.  In 

Li  r 

the  former  case,  the  —  Br  and  in  the  latter  the  Ag  boundaiy  could  not  he 

_iN  R  ^3 

made  to  move  with  a  constant  velocity  or  without  “washing”  under  any  of  the 
varied  conditions  tried.  For  the  first  salt,  no  other  indicator  has  as  yet  been  used  ; 
for  the  second,  no  other  anion  whose  silver  salt  was  soluble  has  suggested  itself 
for  trial. 

In  Table  V.  is  given  the  ratio  of  the  current,  as  measured  by  the  galvanometer, 
to  that  calculated  from  the  inargin  velocities.  For  potassium  and  sodium  chlorides, 
potassium  and  sodium  bromide,  potassium  hydroxide,  and  0'5  N  lithium  chloride,  this 
ratio  is,  as  required  by  theory,  within  the  limits  of  experimental  error,  equal  to  unity. 
On  the  other  hand,  this  is  not  the  case  for  all  the  other  salts  examined,  the  closest 
agreement  with  theory  being  shown  by  the  more  dilute  solutions  ;  for  example, 
0‘5  N  magnesium  chloride  and  0‘2  N  magnesium  sulphate.  Only  for  one  salt  have 
duplicate  measurements  been  made,  namely,  for  0‘5  magnesium  sulphate,  but  here 
the  results  are  in  accordance. 


Table  V. 


Salt. 

N. 

Ct 

Salt. 

N. 

Ct 

Salt. 

N. 

C)/ 

AN(U  +  V)- 

AN(U  +  V)-! 

1 

AN(U  +  V)- 

KCl  .  . 

0-5 

0-98-t 

BaCl.j  . 

0-5 

0-956 

MgS04  . 

0-183 

0-980 

2-0 

1-009 

1-0 

0-944 

r 

0-5 

0-949  y 

NaCl.  . 

1-0 

0-989 

2-0 

0-956 

1 

0-5 

0-951  J 

2-0 

1-004 

SrClo.  . 

0-5 

0-870 

1-0 

0-977 

KBr  .  . 

0-1 

0-978 

1-0 

0-916 

2-0 

0-956 

0-5 

1-000 

2-0 

1-080 

2-0 

0-807* 

1  -0 

1-031 

CaCl,  . 

0-5 

1-04 

2-0 

0-814T 

2-0 

0-998 

1-0 

1-03 

CuS04  . 

1  -0 

1-06 

NaBr  . 

0-5 

1-001 

2-0 

0-973 

2-0 

0  -  965 

LiCl .  . 

0-5 

1-006 

MgClo  . 

0-5 

1-01 

K.CrO., . 

0-5 

0-965 

1-0 

1-070 

1  -0 

1-05 

2-0 

0-910 

KOH  . 

0-57 

1-02 

2-0 

0  -  968 

*  M.VSSON,  in  gelatine. 


t  Steele,  in  gelatine. 


Masson  has  found  that  for  this  salt  the  ratio  as  measured  in  gelatine  is  considerably 
less  than  I.  Under  2'ON,  MgSO_^,  are  given  in  the  table  the  values  found  by  the 
author  in  aqueous  and  in  gelatine  solution,  and  also  Masson’s  number  found  in 
gelatine  ;  a  difference  is  here  to  he  noted  corresponding  with  that  already  j)ointed  out 
for  the  transport  number. 

For  the  calculation  of  the  current  the  avei'age  is  taken,  this  being  obtained  from 
the  area  of  the  time-current  curve,  and  for  the  velocities  the  total  distance  moved 
over  divided  by  the  time  in  seconds. 

s  2 
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Tablk 


Y\. 


Conductivity. 

U  = 

V  = 

Salt. 

V" 

l>  . 

Measured. 

Calculated. 

Kohlr.vusch. 

Found. 

IvOHLRAl’SCH. 

Found. 

KCl  .  . 

0 

5 

]  02  •  3 

104-5 

0-000512 

0-000553 

0*000543 

0-000529 

0 

0 

92-6 

91-0 

0-000466 

0-000483 

0-000494 

0-000458 

NaCl.  . 

1 

0 

74-4 

74-5 

0-000285 

0-000318 

0  -  000485 

0-000452 

2 

0 

64-8 

64  -  6 

0-000250 

0-000274 

0-000418 

0-000395 

KBr  .  . 

0 

5 

105-7 

104-5 

0-000542 

0-000568 

0-000553 

0-000516 

1 

0 

102-0 

99-5 

0-000522 

0-000542 

0-000532 

0-000484 

2 

0 

97-4 

97  ■  3 

0  -  000500 

0  -  000538 

0-000510 

0-000471 

■ 

KOH  . 

0 

576 

l!)2-0 

190-0 

0-000530 

0-000535 

0-001450 

0-001435 

LiCl  .  . 

0 

T) 

70  -  3 

67-0 

0-000196 

0-000191 

0  -  000535 

0-000483 

1 

0 

G2-8 

7)8  *  S 

. 

0*00017.“. 

0-000141 

0-000480 

0-000450 

BaCl,  . 

f) 

T) 

77 -G 

75  -  2 

0-000310 

0  - 00O330 

0-000494 

0-000450  1 

1 

0 

70-3 

71-5 

0  -  000264 

0  -  000283 

0  -  000465 

0-000457  , 

0 

0 

GO  -  3 

60-7 

0  -  0002 1 3 

0- 000231 

0-00041 1 

0-000398 

SrCl...  . 

d 

f) 

SO  - 1 

81-0 

0-000312 

0-000316 

0-000512 

0-000524 

1 

0 

73 -G 

75 -L' 

0  -  000255 

0-000261 

0-000507 

0-000519 

0 

0 

54-  1 

50  -  9 

0-000164 

0  -  000152 

0  -  000396 

0-000374 

CaCl.  . 

0 

5 

74-7 

67-6 

0-000252 

0-000224 

0-000521 

0-000476 

1 

0 

67  -  8 

64-2 

0- 000220 

0-000201 

0-000482 

0-000464 

0 

0 

58-0 

55-0 

0-000180 

0-000162 

0-000420 

0-000408 

MgCL  . 

0 

5 

71  -0 

64  -  2 

0-000229 

0-000196 

0  -  000508 

0-000468 

J 

0 

63  -  0 

56-9 

0-000189 

0-000163 

0  -  000463 

0-000427 

•> 

0 

53-0 

51  -6 

0-000149 

0-000139 

0  -  000400 

0-000396 

MgS04  . 

u 

18 

44-0 

45  -  4 

0-000155 

0-000167 

0-000301 

0-000304 

0 

f) 

35  -  4 

36  -  8 

0-000111 

0-000117 

0-000257 

0-000264 

1 

0 

28-9 

29-4 

0-000078 

0  -  000087 

0-000221 

0-000217 

•  > 

(J 

21-4 

23  - 1 

0  -  000054 

0-000061 

0-000168 

0-000178 

CuSO.,  . 

1 

0 

25  -  8 

22-7 

0  -  000082 

0-000080 

0-000186 

0-000155 

2 

0 

20  -  1 

19-9 

0  -  00005 S 

0-000055 

0-000150 

0-000151 

NaOlI  . 

u 

2 

... 

■  ' 

— 

0-00152 

0-00158 

KOH  . 

0 

5  7.6 

192-0 

]  90  -  0 

0  -  0005  10 

0  -  000535 

0-00145 

0-001435 

HNO3  . 

0 

2 

_ 

_ 

0  -  00280 

0  -  00282* 

t) 

- 

— 

0-00280 

0-002721 

*  With  AgNO;;  as  cation  indicator  margin 
t  ^^dtll  KNO"  as  cation  indicator  margin 


Ag 

Jl 


N( 


Jv 

11 


NO,. 
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The  correctness  of  the  assumption  that  tlie  velocity  of  the  l)onndary  is  in  reality 
that  of  the  preceding  ion  is  capable  of  l)eing  tested  by  the  calculation  of  the 
conductivity  of  the  intermediate  solution  from  the  observed  velocity.  For  tins 
purpose  it  is  necessary  to  first  reduce  the  latter  to  that  Avhich  would  be  produced  lyy 
a  potential  fall  of  1  volt  per  centimetre.  From  the  sum  of  the  velocities  thus 
obtained  the  conductivity  is  obtained  by  multiplication  by  e,  where  e  is  the  (|uantity 
of  electricity  carried  by  1  ion  =  96,500  coulombs.  Table  VI.  contains  a  comparison 
of  the  conductivities  so  calculated  with  those  given  by  Koiilrausch.  In  the  last 
four  columns  are  given  the  values  of  the  velocities,  calculated  from  KohlRx\usch’.s 
tables,  at  the  concentrations  indicated  in  the  second  column,  and  those  reduced  from 
the  author’s  measurements. 

Since  the  sum  of  the  velocities  is  pro2:)ortional  to  the  conductivities,  the  sum  of 
U  and  V  must  show  the  same  agreement  with  the  sum  of  U  and  V  from 
Kohlrausch’s  figures,  as  is  shown  in  columns  3  and  4  ;  that  U  and  Y  singly  do  not 

show  such  an  agreement  is  due  to  the  fiict  that  the  velocity  U  =  --  «,  and  hence  if 

the  Hittorfian  p  is  used  in  the  calculation,  a  difierent  value  for  U  will  Ije  obtained 
than  if  the  author’s  p  is  used.  In  columns  5  and  7  the  p  that  is  used  is  Hittorf's  ; 
in  columns  6  and  8  that  obtained  during  the  present  research,  and  hence  the  want  of 
agreement.  The  fact  that  l)y  the  use  of  the  latter  the  figures  in  question  would  be 
brought  into  much  greater  concordance,  speaks  strongly  in  favour  of  their  greater 
accuracy. 


The  Existence  of  Complex  Ions. 

With  the  three  electrolytic  measurements  that  have  been  considered,  it  has  been 
found  that  it  is  only  in  the  case  of  a  few  salts  of  the  most  simple  type  that 
experiment  and  theory  are  in  agreement.  In  the  case  of  all  other  salts,  in  the  first 
place  the  transjjort  numbei',  Avhether  measured  by  the  older  metliod  of  Hittorf  or 
by  the  direct  method,  described  in  the  present  paper,  is  not  independent  of  the 
concentration  ;  secondly,  from  the  measurements  of  the  conductivity  it  is  not  possilde 
to  assign  any  specific  ionic  velocity  to  sucli  ions  as  Mg,  which  is  constant  in  different 
salts  of  the  same  cation;  and  finally,  the  current  as  measured  l)y  the  galvanometer 
is  not  tlie  same  as  that  calculated  from  the  observed  A'elocity  of  tlie  margin. 

For  the  change  in  transport  number  two  explanations  only  seem  possible,  since  in 
the  majority  of  instances  the  infiuence  of  hydrolysis  is  })ractically  negligible. 

The  first  of  these  is  that  with  change  in  concentration  there  occurs  a  variation  in 
the  specific  velocity  occasioned  l)y  the  electrolytic  friction,  and  that  the  influence  of 
the  latter  is  greater  for  s(mie  ions  than  for  others,  and  usually  ginater  for  tlie  cation 
than  for  the  anion. 

If  we  assume  that  at  a  given  total  concentration  the  specific  mobilities  of  the  ions  are 
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represented  by  %l  and  y,  and  the  ionic  concentration  by  c,  then  for  the  transport 
number  we  have 

CV  V 

c  {u  +  r)  i!  +  v' 


For  any  otlier  total  concentration  n  the  mobilities  are  Wj  and  and  the  ionic  concen¬ 
tration  Cj  : 


pn  = 


0^1 

Cl  («!  4-  ri) 


«i  +  i\  * 


In  order  that  2^»  should  he  greater  than  p>  it  is  necessary  either  that  t'l  increase 
faster  than  that  diminish  faster  than  Vj,  or  that  decrease  and  Vy  increase 
with  increase  of  concentration  ;  the  latter  case  may  he  excluded  from  its  great 
improhal)ility.  Further,  since  in  all  cases  the  fluidity  of  a  solution  decreases  with 
addition  of  salt,  it  is  not  probable  that  the  ionic  mobility  will  he  greater  in  tlie  more 
viscous  solution.'^ 

Assuming,  then,  that  no  increase  in  or  i\  takes  place,  for  a  variation  in  p 
must  decrease  very  Jiuich  more  rapidly  than  y,.  To  take  the  case  of  barium  chloride, 
the  anion  transport  number  changes  between  n  =  O'Ol  and  n  =  2'0  from  0'56 
to  0'66. 


In  the  dilute  solution 


in  the  stronger  solution 


u  — 


u,  = 


0-44 

0-34 

0-66 


V  =  0786  V, 


=  0-514  y, 


and  hence 


u 


=  1-53 


or  between  these  concentrations  u  has  diminished  in  velocity  I’oS  times  as  much  as  v. 
For  calcium  chloride  a  similar  calculation  gives  the  relation 


Uj  ri  ■ 

Such  a  large  difference  in  the  influence  of  concentration  change  on  the  actual  velocities 
of  the  two  ions  seems  hardly  to  be  expected. 

It  is  also  difficult  to  explain  by  any  change  in  u  and  i’  the  fact  that  if  we  consider 
solutions  up  to  O’l  N  of  potassium  nitrate  and  chloride  and  barium  nitrate  and 
chloride,  in  the  case  of  the  three  former  no  change  in  2^  occurs  ;  whilst  for  the  latter 


*  The  coiidusioiis  of  Jahn  (‘ Zeitsc-hrift  fiir  Pliys.  Cheni.,’  33,  545,  1900;  35,  1,  1900)  point  to  the 

N 

fact  that  with  increasing  concentration,  up  to  the  velocity  of  the  ions  increases  in  solutions  of  potassium, 

sodium,  and  hydrogen  chloride,  the  ratio  of  the  velocities,  however,  remaining  constant.  (See  also 
AltKHENirs,  ihki.,  36,  28,  1901,  and  Sackuu,  ‘  Zeit.  fiir  Electrochemie,’  1901,  No.  34.) 
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it  does  ;  this  w(.)uld  mean,  eitliev  that  the  Ba  ion  has  its  velocity  diminished  more 
than  the  anion  in  solution  of  the  chloride  but  not  in  the  nitrate,  or,  that  the  NOg  ion 
is  diminished  in  velocity  in  the  barium  salt,  but  not  in  the  potassium  salt.  Further, 
the  variation  in  for  potassium  sulphate  points  to  the  fact  that  the  potassium  ion  is 
retarded  more  than  the  sulphate,  hut  not  more  than  the  chloride.  Any  of  these  con¬ 
clusions  are  of  course  possible,  but  improbable,  and  the  more  so  since  all  the  facts  are 
far  more  simply  explained  by  the  supposition  that  complex  ions  exist  in  certain  salt 
solutions. 

The  variation  in  p  with  N,  which  is  found  by  direct  measurement  in  aqueous 
solution,  seems  to  point  to  the  correctness  of  the  assumption  of  a  variation  in  u  and  i’. 
But  for  this  class  of  salts  it  has  been  demonstrated  for  a  few  cases,  and  is  probably 
true  for  all,  that  a  change  in  concentration  of  the  solution  occurs  within  the  anion 
boundary.  Such  a  change  does  not  occur  with  potassium  chloride,  and  it  is  not  clear 
how  it  can  be  brought  about  in  a  system  containing  only  simple  ions.  And  here 
again  a  more  reasonable  explanation  is  afforded  by  the  theory  of  complex  ions. 

The  form  of  the  equation  given  by  Masson  for  the  relation  between  current  and 
margin  velocity  is  not  altered  by  supposing  a  variation  in  u  and  r,  hence  no  explana¬ 
tion  is  aftbrded  liy  this  assumption  of  the  divergence  from  unity  of  the  ratio  of  the 
current  as  measured  liv  the  o-alvanometer  to  that  calculated  from  the  observed 

*j 

velocities. 

The  difficulty  in  assigning  values  to  the  specific  ionic  velocities  finds  here,  also,  a 
possible  explanation.  For  a  given  solution  the  conductivity  is  X  =  e  (-■  {u  +  r),  where 
e  is  the  quantity  of  electricity  carried  liy  one  monad  ion,  and  u,  v,  and  c  have  the 

same  signification  as  before.  The  molecular  conductivity  p,  =  —  e  ~^u  v),  where 


n  is  the  total  concentration  of  the  solution. 

For  infinite  dilution,  c  =  n  and  w'here  v ^  and 

velocities  at  infinite  dilution.  Hence  —  =  A  .  d— Ad_.  Here 

a  -j-  Tji 

ionic  to  total  concentration,  or  the  coefficient  of  ionization. 


V 

X 

C 

/I 


are  the  specific 
=  the  ratio  of 


Therefi  )re 


and  since 


»  -f  ’ 

p^=  +  rq)  therefore  rr  = 


_ 

e(a  -f  r)  ’ 


or  the  coefficient  of  ionization  is  given  by  the  ratio  of  the  molecular  conductivity  to 
the  product  of  e  into  the  sum  of  the  specific  velocities  at  the  same  concentration,  and 

is  only  equal  to  when  {u  +  v)  =  +  Vm ). 

From  what  has  been  already  said,  the  probability  is  that  if  u  and  ??  change, 

u  +  V  is  less  than  (?q  +  and  hence  the  real  value  of  x  is  greater  than  ^  . 
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Now,  taking  as  an  example  solutions  of  calcium  chloride,  if  we  assume  that  v  is  not 
diminished  in  velocity,  u  only  being  affected,  and  assign  such  a  value  to  x  that  the 
absolute  velocity  of  the  chlorine  ions  at  the  various  concentrations  =  0 '000690  centim. 
second,  tlie  value  given  Ijy  Kohleausch  for  the  specific  velocity,  then  we  find 
that  for 

N  =  O'o,  X  =  0'756  ;  N  =  I'O,  a;  =  0'697  ;  and  N  =  2'0,  x  =  0'610. 

For  fhe  corresponding  solufions  of  sodium  chloride,  the  figures  are 

0'737,  0'678,  and  0'590, 

or,  solufions  of  calcium  chloride  are  more  dissociated  than  solutions  of  sodium  chloride 

of  the  same  concentration.  If  we  assume,  instead  of  this,  that  the  ratio  gives  the 

correct  values  for  x,  and  calculate  the  specific  ionic  velocities  for  the  anion  and  the 
cation  at  different  concentrations,  we  ol)tain  the  following  figures  ^or  solutions  of 
calcium  chloride  : — 

N  =  0-5  .  .  .  a  =  0-000401  r  =  0'000830 

I'O  .  .  .  386  845 

2-0  ...  372  '  867 

V  for  Cl  from  KCl  or  Na  Cl  at  all  concentrations  =  0 '000690. 

Thus  we  find  fhat,  uidess  calcium  chloride  is  much  more  dissociated  than  sodium 
chloride,  the  velocity  of  the  anion  steadily  increases,  and  tliat  of  the  cation  steadily 
decreases  with  rise  in  concentration ;  and  the  same  is  shown  by  all  the  chlorides 
referred  to  in  this  paper  whose  transport  numher  increases  with  increasing  N. 

The  assumpti(»n  of  a  variation  in  specific  ionic  velocity  does  not  in  itself  seem  to  be 
sufficient  to  afford  a  proljalde  explanation  of  the  difficidties  in  cpiestion. 

The  second  explanation  that  we  shall  consider  is  one  that  was  advanced  in  1859  by 
Hittoef,  who  says  (‘  Fogg.  Ann.,’  106,  p.  385,  1859)  :  “■  Die  Yerhaltnisse,  welche  von 
der  Zunahme  des  Wassers  abhiingen,  und  bei  den  Verbindungen  der  Metalle  aus  der 
jMagnesia-grujJiJe  auf  die  Ueherfiihrungen  so  wesentlich  einwirken,  mlissen  hei  den 
Kaliuin  und  Ammoniumsalzen  S(.)  gut  wie  fehlen.  Dadurch  werden  wir  auf  chemische 
Veranderungen  der  Constitution  unserer  Electrolyte,  die  mit  der  wachsenden  Menge  des 
Wassers  eintreten,  hingewiesen.”  hi  the  case  of  the  chlorides  of  zinc  and  cadmium, 

and  of  cadmium  iodide,  the  change  in  p  is  so  great  tliat  the  ratio  ^>1,  as 

measured  by  Hittoef,  or  there  is  more  current  carried  liy  the  anion  than  the  total 
current — a  conclusion  which  is  obviously  absurd.  To  exjilain  these  cases,  he  supposes 

that  ionization  takes  place  not  only  into  the  simple  ions  Cd  and  I,  hut  also,  at  least 
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partly,  into  complexes  of  the  nature  of  (C'd  L  L^),  ;iiul  tliat  a  })ortiou  (jf  the  curreut 
being  carried  hy  these,  the  ciiange  in  ct)ncentration  in  the  neighl)ourliood  of  tlie  anode 
becomes  increased  by  tlie  amount  of  neutral  salt  carried  by  tliis  complex  anion. 
.Referring  again  to  the  variation  in  for  other  salts,  he  says  {ibid.,  p.  546-7)  : 

“  Die  1)edeutende  Abhiingigkeit  der  Ueberfiihrungszahlen  von  der  Concentration 
der  Losung  erklart  sich  in  derselben  Weise,  wie  bei  dem  Doppelsalze  (ICd  +  IK). 
Mit  der  Zunahrne  des  Wassers  zerfalleii  die  Doppelatome  in  immer  wachsender  Zahl 
in  die  einfachen,  der  Strom  wird  daher  immer  mehr  von  den  einfachen  geleitet,  welche 
bei  stark  Verdiinnung  allein  vorhanden  sind. 

“Nur  durch  diese  Deutuno-  vermao-  ich  den  Thatsachen  a^erecht  zu  Averden,  und 
stehe  nicht  an,  dieselbe  auf  das  Verhalten  sammtlicher  Salze,  Avelche  zur  Magnesia- 
gruppe  gehdren,  zu  ubertragen.  Die  schon  frliher  fur  einen  Theil  derselljen  angege- 
benen  Ueberfiihrungen  sind  ebenfalls  in  hohem  Grade  Ann  der  Concentration  abbiingig 
und  Avlirden,  wenn  nocb  concentrirtere  Losungen  in  binreicbender  Ausdebuung 
untersucbt  Averden  konnten,  fiir  das  Anion  ebenfalls  die  Einbeit  uliersteigen.” 

More  recently  Bredig  (‘ Zeit.  f  Phys.  Cbemie,’ vol.  13,  262,  1894)  has  pointed  out 
the  possibility  of  explaining  this  difficulty  by  means  of  complex  ions,  and  Noyes 

iloc.  cit.)  assumes  the  existence  of  complex  anions  BaClg  or  BaCl^.  in  solutions  ot 

barium  chloride  so  dilute  as  -  -  . 

10 

The  most  natural  assumption  tliat  can  be  made  as  to  the  manner  in  Avhich  such  a 

salt  as  magnesium  chloride  AAnuld  ionize,  is  that  there  Avould  be  first  fiArmed  the  tAvo 
+  — 

ions  MgCl  and  Cl,  and  that  on  further  dilution  the  former  of  tliese  Avould  dissc'ciate 

+  4*  — 

into  the  simple  ions  Mg  and  Cl.  Noyes  (‘  Zeitschr.  f  Physik.  Cbemie,’  9,  618),  from 
a  study  of  the  solubilities  of  such  salts,  concludes  that  this  is  the  case,  but  the 
formation  of  such  ions  (comjAlex  cations)  would  lead  to  a  change  in  j)  exactly  the 
opposite  of  that  Avhich  actually  occurs,  and  it  is  possible  that  his  results  could  be  as 

AA'ell  exjDlained  by  the  sujAposition  of  complex  anion,  e.g.,  (MgCbCL).  The  tendency 
toAvards  the  formation  of  complex  ions  is  discussed  fully  lAy  Abegg  and  Bodlander 
(‘Zeitschr.  f  Anorg.  Chemie,’  vol.  20,  471,  1899),  Avho  shoAv  that  these  are  formed  always 
by  the  combination  of  a  free  electrically  charged  ion  with  an  electrically  neutral 
molecule,  the  latter  may  be  of  the  nature  of  a  salt  or  not.  As  an  example  of  the 
former,  the  complex  K3Fe(Cu)g  is  formed  of  the  simple  cation  K  and  the  complex 
anion  Fe(Cn)g"',  Avhich  latter  is  formed  from  the  neutral  part  Fe(Cn)3  and  tlie 
simple  anion  Cn~. 

Similarly,  the  complex  anion  of  the  jAeriodides  I3  is  formed  by  the  union  of  the  anion 

I  Avith  the  neutral  molecule  L.  This  definition  also  includes  the  case  of  the  douljle 
salts,  Avhich  difier  only  from  the  ferrocyanides  and  others  in  the  greater  tendency 
of  the  complex  to  dissociate  into  its  component  parts  wlien  dissolved  in  Avater. 

VOL.  CXCVJII. - A. 
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It  is  only  with  the  weaker  ions  that  this  tendency  to  the  formation  of  stable 
complexes  is  manifested,  and  according  to  the  theoiy  put  forward  by  Abegg  and 
Bodlander,  this  tendency  is  a  measure  of  the  electro-affinity  or  the  ability  of  an  atom 
to  combine  with  unit  charge  of  electricity  to  form  an  ion.  “  The  weaker  an  ion  is, 
the  more  it  seeks  to  form  complexes  by  the  addition  of  a  neutral  part.”  The  nature 
of  the  complex  that  will  be  formed,  whether  cation  or  anion,  depends  on  the  question 
whetlier  the  simple  anion  or  cation  has  the  greater  electro-affinity. 

“  The  weaker  of  the  two  ions  will  combine  with  the  neutral  molecule  to  foi'm  the 
complex.  ” 

Thus  the  complexes  that  are  formed  in  solutions  of  the  chlorides  of  the  alkaline 
earth  group  are  anions,  the  comparatively  strong  cations  showing  less  tendency  to 
combine  with  the  neutral  salt  than  does  tlie  chlorine.  On  the  other  hand,  in  solu¬ 
tions  of  silver  nitrate,  where  the  cation  is  a  very  weak  one,  and  the  anion  one  of  the 
strongest  known,  complexes,  if  formed  at  all,  should  be  cations,  and,  as  a  matter  of 
fact,  Hittorf’s  measurements  show"  that  for  this  salt  changes  in  the  opposite 
direction  to  that  for  the  other  salts  considered. 

With  the  very  strong  ions  K  and  Na  there  is  shown  no  tendency  towards  the 
formation  of  such  complex  bodies,  and  consequently  no  change  in  transport  number 
with  increasing  concentration,  whereas  w"ith  the  weaker  ions  of  the  second  group,  a 
very  marked  change  in  p  occurs,  and  for  the  still  weaker  ions,  such  as  Cu  and  Zn, 
the  change  in  p  is  still  more  marked. 

If  now  we  apply  this  explanation  to  our  three  difficulties,  we  shall  find  that  it  is 
able  to  atibrd  at  least  a  qualitative  explanation  without  involving  any  improbable 
conclusions. 

If  we  assume  that  in  a  given  solution  dissociation  takes  place  in  such  a  manner 
that  there  are  formed  in  addition  to  the  simple  ions  only  one  species  of  complex  (for 
example,  complex  anions)  then,  if  c  is  the  ionic  concentration  of  the  cations,  and 
c  that  of  the  complex  anions,  (c  —  c')  is  the  ionic  concentration  of  the  simple  anions, 
and  if  u,  v,  and  v'  are  the  specific  ionic  velocities  of  the  cation,  simple  anion,  and 
complex  anion  respectively,  the  total  anu^unt  of  current  carried  is  proportional  te 


cu  +  (c  —  c')  V  “b  c'v', 

the  amount  of  current  carried  by  the  anions  to  the  anode  is  equal  to 


and  hence 


(c  —  c')v  cv, 


P  = 


(c  —  c')  r  +  c'v' 
cu  -f  {c  —  c)v  -}-  c'v' 


cv  -f-  c'  {v'  —  V) 
c  {u  -f  v)  -f  c  {v'  —  f)  " 


Since  V  wall  be  most  probably  greater  than  v\  this  e( [nation  seems  to  shoAv  that,  by 
tlie  formation  of  complexes,  p  sliould  become  diminished  and  not  increased  ;  but  in  the 
Hittorfian  experiments,  whilst  the  current,  as  determined  by  the  silver  voltameter,  is 
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coiTectly  represented  l)y  c  {u  v)  c'  {v'  ~  ?>),  the  nui^ierator  in  tlie  above 
fraction  is  determined  by  a  measnre]nent  of  concentintion  change,  and  the  amount  of 
this  will  depend  on  the  type  of  complex  that  is  formed. 

If  u,  V,  and  v'  represent  the  velocity  of  that  quaiitity  (jf  matter  which  carries 
I  unit  charge  of  electricity,  u  and  v  rvill  1)e  associated  with  the  passage  frojii  one  part 
of  the  solntion  to  another  of  single  equivalents,  but  this  is  not  the  case  with  v'.  If 
m  is  the  mnnber  of  monad  anions  into  'which  the  complex  would  fall  if  completely 
dissociated,  tlien  the  clunige  in  concentration  that  would  be  produced  by  the 
movements  of  the  complex  is  proportional  to  mv' ;  hence  the  increase  in  concentration 
at  the  anode  is  proportional  to  (c  —  c')  v  +  c'mv\  and  the  Hittorfian 

rr  +  c'  {mv'  —  v)  r  +  oi(mv'  —  v) 

^  r  {n,  -)-  t)  +  ('  (  v  —  r)  u  +  V  +  «(  r  —  i’) 

where  a  =  c  jc,  or  the  rati(')  of  complex  to  total  anions. 

Now  since,  as  we  have  before  remarked,  v'  is  probably  less  than  u,  the  denominator 
becomes  diminished,  and  urdess  /h  is  very  small,  niv' ^  r,  and  so  the  numerator 
increases  with  formation  of  complexes,  or  tlie  anion  transport  numl)er  as  determined 
in  this  manner  increases  with  formation  of  complex  anions,  that  is,  Avith  concentration, 
and  the  change  is  in  the  opposite  direction  if  complex  cations  are  present.  If  the 
aboA'e  equation  is  put  into  the  form 

f  4  ci{v'  —  V)  +  xv'  (m  —  1) 

^  r  4-  « (v'  —  v)  +  ‘ic  ’ 

it  is  seen  at  once  that  for  the  case  >  1  it  is  only  necessary  that  a  v  {m  —  1)  should 
be  >  u,  a  relation  AAdnch  is  fulfilled  if  either  a  or  m  is  A^ery  large.  In  the  case 
of  the  cadmium  and  zinc  salts  the  anions  are  probably  more  complex  than  in  the 
magnesium  group. 

For  the  relation  of  the  coefficient  of  ionization  to  g  AA^e  haA^e  the  folloAving.  Let  us 
define  by  the  coefficient  of  ionization  the  ratio  of  total  cations  or  anions  to  the  total 
number  of  molecules  ;  then,  if  c  is  the  ionic  concentration  of  the  cations  and  n  the 
total  concentration,  cjn  =  x. 

The  conductiAuty  of  the  solution  is 

\  z=  e  (c  {ii  -\r  v)  —  c  (  v  —  v') ), 

=  ec  [(rt  v)  —  a  [  v  —  v')~\. 

For  any  other  concentration 

Xi  =  eCi  [(m  +  v)  -  a,  {v  —  F)]. 

T  2 


or 


if  -  =  a. 
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Since  the  molecular  conductivity  /x  =  ,  we  net 

'  n 

~  [(tt  +  f)  —  a  {v  —  f')] 

/A  _  n  LV  /  ^ 

h  +  r)  —  u^{v  —  r')] 

'h 

At  infinite  dilution  c  —  n  and  a  =  0, 

IM  x[(tt  +  r)  -  «  (r  —  U)] 
and  ^  =  - 

r  —  v' 

—  X  —  ax  -  , 
u  +  f 

/^  ,  A’  “ 

or  X  =  —  -4-  ax - . 

n  +  V 

Hence,  only  in  the  case  that  v  =  v'  or  a  =  0  do  we  obtain  the  true  coefficient  of 
ionization  from  the  conductivities. 

Further,  from  the  conductivities  and  transport  number  we  are  not  able  to 
determine  the  values  of  the  specific  ionic  velocity  for  any  one  species  of  ion,  unless 
the  transpoi't  number  is  determined  at  such  a  dilution  that  no  coinplexes  exist.  With 
other  values  of  p  we  obtain  instead 

U  =  XU  —  axv' (m  —  I) 
and  y  =  XV  +  ax  {mv'  —  v), 

and  therefore  the  apparent  velocity  of  the  anion  becomes  increased  and  that  of  the 
cation  decreased  by  increasing  concentration,  and  consecpient  increase  in  a.  To 
determine  the  specific  ionic  velocities,  therefore,  of  .such  cations  as  Ba,  Ca,  Cu,  &c.,  it 
is  necessary  to  know  the  value  of  p  at  very  great  dilutions,  much  greater  than  any  at 
which  this  important  physical  constant  has  been  hitherto  determined. 

It  is  of  interest  to  point  out  that  the  values  for  p  recently  determined  by  Noyes 
for  0'02  N  solution  of  barium  chloride  and  nitrate  are  such  as  give  to  Ba  the  same 
absolute  velocity  in  solutions  of  the  two  salts 

p-cc  V  X  (I  —  p)  for  BaCL  =  U'000564 
for  BaNOg  =  U’0005G2. 

Since  the  total  amount  of  current  crossino-  unit  area  of  the  conductino-  medium  in 
unit  time  under  a  potential  fall  of  tt  volts  per  centim.  =  e7Tc[{iL  +  t')  —  a  (r  —  r')], 
the  amount  of  current  passing  across  a  section  of  area  A  in  a  solution  of  concentra¬ 
tion  N  is  o’iven  hv 

(J  =  Aerrx  r)  —  a  (r  —  r")]  N, 


since 
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Thus  the  equation  in  the  foiin  given  l^y  Massox  no  longer  holds  good  for  solutions 
which  contain  complex  ions,  a  conclusion  which  is  verified  by  the  irregular  values 

C  ,  '  . 

for  the  ratio  -- — — ^ shown  for  these  salts  in  Table  V. 

Xne  ( U  +  \ ) 

The  conclusions  arrived  at  by  Kohleausch,  and  given  in  the  early  part  of  this 
pajDer,  as  to  the  movements  during  electrolysis  of  a  portion  of  an  electrolyte  which 
differs  from  the  remainder  in  concentration,  these  movements  being  conditioned  by  a 
change  in  transport  number,  receive  a  simple  explanation  by  the  assumption  of 
complex  ionization.  Let  us  imagine  such  a  solution  having  initially  a  section  which 
differs  from  the  remainder  in  concentration,  and  first  let  us  assume  no  complexes  to 
be  present,  that  is,  p  constant.  Then  since  only  the  simple  ions  carry  the  current, 
that  portion  of  the  salt  which  is  not  ionized  remains  stationary  (neglectiirg  diffusion), 
and  no  movement  is  brought  about.  Next  let  us  assume  complexes  to  be  present, 
that  is,  p>  variable ;  then,  in  addition  to  the  motion  of  the  completely  ionized  salt,  a 
portion  at  least  of  the  remainder  of  the  salt  is  carried  liy  the  current,  and  movements 
of  the  section  take  place.  If  the  complexes  are  cations,  that  is,  p  decreases  witli 
increasing  concentration,  the  movement  is  in  the  positNe  direction  ;  if,  on  the  other 
hand,  p  increases,  or  the  complexes  are  anions,  in  the  negative  direction,  in  complete 
ao-reement  witli  Kohleausch’s  conclusions. 

o 

This  behaviour  of  such  a  section  explains  at  once  the  change  in  p  that  is  found 
when  the  velocities  of  the  two  boundaries  are  measured  ;  for,  assuming  that  the 
margins  are  those  between  indicator  and  simple  ion,  there  occurs  simultaneously  and 
independently  the  migration  of  the  complex,  by  means  of  which  the  whole  column  of 
salt  solution  (cations  and  anions)  is  carried  along  and  in  the  positive  or  negative 
direction,  according  as  the  complex  ions  are  cations  or  anions,  and  hence  the  apparent 
velocity  of  the  one  boundary  is  diminished  and  that  of  the  other  increased.  The 
influence  of  the  presence  of  such  complexes  on  tlie  velocity  of  the  margin  between 
two  solutions  is  a  question  of  considerable  importance,  and  one  tliat  is  worthy  of  strict 
mathematical  investigation.  It  is,  however,  not  considered  by  either  Kohleausch  or 
Webee  in  the  papers  previously  cited. 

It  is  possible  that,  at  the  anion  boundary,  where  the  indicator  is  following  two  ions 
which  differ  in  velocity,  the  concentration  of  the  solution  within  the  margin  may 
become  slightly  altered. 

Such  a  change  undoubtedly  occurs  at  the  anion  boundary  of  solutions  of  magnesium 
sulphate  and  copper  sulphate,  and  the  change  is  in  the  direction  of  a  diminution  of 
concentration  at  this  point.  This  corresponds  with  an  increased  resistance,  and 
accordingly  a  higher  j^otential  fall,  and  hence  a  greater  velocity  for  this  margin, 
a  result  which  would  also  help  to  explain  the  increase  in  p  with  more  concentrated 
solutions. 

Experimental  evidence  of  the  changes  referred  to  has  been  obtained  in  the  following 


manner  : — 
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The  ap])Hi‘atu,s  previ(ju.sly  desciil>e(l,  ^uid  shown  in  fig.  2,  is  filled  with  the  solution 
to  be  measured,  and  the  cells  C  and  C'  Avitli  the  indicator  jellies  are  placed  in  position 
tor  the  investigation  of  the  anioii  marc’iin  Tlie  cell  C'  contains  the  anion  indicator. 

O  O 

After  the  current  is  started  the  resistance  of  tlie  solution  Ijetween  the  points  a  and  h 
is  measured."^' 

If  the  concentration  is  the  same  right  n]3  to  tlie  margin,  the  resistance  will  remain 
constant  u])  to  the  time  when  the  margin  reaches  the  wire  h,  when  it  will  suddenly 
increase,  and  continue  to  do  so  until  both  the  jioints  a  and  h  are  well  within  the 
indicatfjr. 

In  fig.  5  are  drawn  the  curves  for  the  conductivity  between  the  points  a  and  b  and 
for  the  neighbourhood  of  the  anion  margin  for  solutions  of  magnesium  and  copper 
sulpliates.  As  abscissae  are  plotted  the  position  of  the  margin  at  the  time  of  obser¬ 
vation,  the  position  of  the  platinum  points  lieing  indicated  by  two  small  circles  on 
each  curve.  As  ordinates  are  plotted  the  conductivity  of  the  column  of  licpiid 
lying  between  the  two  points. 

The  similarlv  olitained  curve  fitr  potassium  chloride  is  also  shown.  Following  tliis 
curve  from  left  to  rigid,  it  is  seen  that  the  conductivity,  and  so  also  the  conceidration, 
is  constant  as  long  as  the  two  points  are  within  the  s(.>hddon,  a  sudden  and  great  fall 
in  conductivity  taking  place  after  the  |)oint  b  is  ])assed  by  the  boundary.  This  fall 
continues,  and  the  concentration  is  not  constant  again  until  the  two  points  are  both 
well  within  the  indicator  solution.  The  curves  for  the  magnesium  and  copper 
sidphates  show  no  such  constancy  in  conductivity  within  the  iDOundary.  On  the 
contrary,  it  is  seen  tliat  just  as  the  margin  apj)r(:)aches  the  point  h  a  very  considerable 
change  is  indicated. 

The  cation  l)oundary  of  magiiesium  sulphate  has  been  examined  by  the  same 
metliod,  bid  ouly  a  very  slight  conductivity  change  was  shown ;  this  was,  however, 
in  the  opposite  direction  to  that  detected  at  the  anion  end. 

Further  and  very  striking  evidence  of  the  dilution  that  occurs  at  the  anion 
margin  for  the  solution  of  coppei'  sulphate,  is  olitained  liy  simple  observation  of  the 
solution  during  an  experiment.  Using  sodium  acetate  as  indicator  tliere  results  a 
system  in  which  a  dark-ldue  solution  of  copper  acetate  lies  over  the  lighter  blue 
solution  of  the  suljihate  ;  a  perfect  lioundary  is  produced,  and  one  at  which  the 
refraction  and  colour  margins  are  absolutely  coincident  ;  but  the  solution  immediatelv 
lieneath  the  indicator  is  much  holder  in  colour  than  that  a  T  centim.  lower,  thus 
indicating  a  diminution  in  co})])er  concentration.  This  difference  in  colour  has  heen 

*  It  is  necessary  that  the  iilatinnm  points  should  I)e  so  near  together  that  the  difference  in  potential 
between  them  is  not  sufficient  to  overcome  the  decomposition  tension  of  v'ater  and  so  to  cause  an  evolution 
of  hydrogen  and  oxygen  gases,  which  would  result  in  a  mixing  of  the  two  solutions.  A  very  curious 
phenomenon  has  been  noticed  in  measuring  the  resistances  in  this  apparatus  :  in  all  cases  the  resistance  as 
measured  during  the  passage  of  the  curi'ent  is  less  than  that  found  when  it  is  measured  with  no  current 
l)assing.  and  this  is  the  case  whether  the  latter  is  sent  in  the  one  direction  or  in  the  opposite. 
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Fig.  5. 
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noticed  in  every  experiment  wliicli  lias  been  made  witli  copjier  sulpliate  as  inter¬ 
mediate  solution,  and  it  is  alAvays  mncli  nifire  noticeable  in  tbe  more  concentrated 
S(  tint  ions. 

A  few  exjieriments  bave  been  carried  ont  wbicb  slnnv  tliat  complex  ions  of  a 
different  kind  to  those  bitlierto  considered  do  undoubtedly  exist.  The  most  striking 
of  tliese  is  tlie  measurement  of  the  transport  number  of  a  solution  of  potassium 
ferric  oxalate  ;  for  this  salt  it  was  possible  to  obtain  a  very  good  margin  with  the 
acetic  ion  as  anion  indicator.  At  tlie  other  end  of  the  tube,  where  the  comjffex  entered 
the  cation  indicator,  thei'e  is  formed  a  solution  of  lithium  ferric  oxalate,  and  the  ion 
penetrated  the  lithium  chloride  jelly  for  about  I’O  centim.  on  its  way  to  the  anode  as 
a.  conpilex  anion. 

In  another  experiment,  evidence  of  the  constitution  of  the  periodides  was  obtained. 

1’be  apparatus  shown  in  fig.  1  was  filled  with  a  O'oN  solution  of  potassium  iodide 
containing  iodine,  the  indicators  beino'  sodium  acetate  and  lithium  chloride. 

iVc 

At  the  cathode  end,  whei'e  the  --  Na  houndary  was  formed,  a  precipitation  of 

iodine  occurred,  doubtless  on  account  of  the  fact  that  the  I,  ion  being  slower  than  the 
I  ion,  some  of  the  former  would  lie  left  behind  in  a  portion  of  the  system,  where 
the  ecpiilibrium  between  KI,  I.,,  and  KIg  was  disturbed,  and  tlierefore  nearly  the 
whole  of  the  iodine  was  thrown  out  of  tlie  solution.  The  existence  of  complex 
Ig  ions  is  conclusively  jiroved  by  the  behaviour  of  the  solution  at  the  anode  end ; 

here  a  ^  I  margin  ti'avels  away  fi-om  the  gelatine  solution  of  lithium  chloride,  and 

simidtaneously  the  1  ions  enter  the  latter,  forming  lithium  iodide,  but  not  only  I  ions 
enter  the  jelly,  but  Ig  also,  and  the  jelly  for  a  length  of  about  1  centim.  becomes 
coloured  a  deep  red  by  the  solution  of  Li  Ig  that  is  produced.  The  entrance  of  the 
iodine  is  far  too  rapid  to  be  explained  by  diffusion,  and  a  lilank  experiment  that  was 
carried  out  showed  that  in  the  same  time  the  distance  covered  b}"  diffusion  of  the 
iodine  amounted  to  only  about  1  millim.,  and  showed  no  such  sharp  line  of 
demarcation  between  the  coloured  and  colourless  portions  of  tlie  system. 

Previous  evidence  of  the  existence  of  tlie  compound  KIg  is  given  by  Le  Blaxc 
and  Noyes  (‘  Zeitsclirift  fur  Phys.  Chem.,’  13,  359,  1894,  and  20,  19,  189G),  Jakowkix 
{ibid.,  6,  385,  1890),  and  Noyes  and  Siedenstickee  {ibid.,  27,  357,  1898),  whilst 
Day’sox  (‘Chem.  Soc.  Jl.,’  79,  238,  1900)  discusses  the  dissociation  of  the  compound 
KIg  into  the  ions  K  and  Ig. 

Yet  another  series  of  experiments  may  be  described  which  tend  to  show  in  the 
same  manner  the  presence  of  complexes  in  solutions  of  copper  sulphate.  When  a 
solution  of  this  salt  is  followed  hy  the  three  indicator  ions  Cd,  Mg,  or  Li,  a  great 
difference  in  behaviour  is  to  be  noticed.  Cd  as  indicator  fulfils  the  condition  that 
it  is  slower  than  the  Cu,  and  consequently  the  solution  behind  the  boundary  remains 
quite  colourless  ;  with  the  other  two  ions  this  condition  is  not  fulfilled.  When  Mg 


IX  AQUEOUS  SOLUTIOX,  AXU  THE  EXISTEXCE  Of  COMPLEX  lOXS. 


145 


follows  Cii  the  latter  falls  behind  the  margin,  and  the  colorn-  does  not  entirely 
disappear  until  a  point  about  2  centiins.  behind  the  boundary  is  reached  ;  no  copper, 
however,  is  found  to  enter  the  MgSO^  jelly. 

AYith  Li  as  indicator  the  copper  also  lags  Ijehind  the  boundary,  but  as  has  been 
previously  mentioned,  the  colour  shows  no  sign  of  entirely  fading  out,  and  when 
there  exists  a  column  6  centims.  long  of  Li^S(4^,  solution,  the  blue  colour  of  the 
copper  left  Ijehind  is  perfectly  uniform,  hut  lighter  in  colour  than  the  measured 
solution.  On  'examining  the  lithium  chloiide  jelly  after  the  experiment,  it  was 
found  that  copper  had  entered  it  for  a  distance  of  between  3-3 ‘5  millims.,  thus 
indicating  the  passage  of  the  copper  to  the  anode  as  complex  anion.  This  behaviour 
is  possibly  associated  with  the  fact  that  the  douljle  sulphates  of  copper  belong  to 
the  class  MhCu  (SOjjn,  and  hence  a  complex  Cu  (SO  Jo  will  be  staljle  in  the  presence 
of  a  monad  cation  such  as  Li,  but  not  if  the  cation  is  of  the  type  of  Mg. 

The  method  described  in  the  preceding  pages  gives  a  simple  and  accurate  means 
of  determining  the  transport  number  of  the  simplest  type  of  salts  ;  in  its  })resent 
form  it  is  applicable  only  to  more  concentrated  solutions.  It  is  hoped  to  iiKjdify 
it  in  such  a  manner  as  to  permit  of  the  measurement  of  more  dilut;"  solutions. 
For  salts  of  the  dyad  metals,  more  doubt  attaches  to  the  accuracy  of  tlie  method, 
in  consequence  of  our  want  of  exact  knowledge  as  to  the  mechanism  of  the  changes 
that  may  take  place  at  the  margin,  on  account  of  tlie  presence  of  com})lexes. 

The  existence  of  these  may  he  considered  to  he  established  v  itli  a  |)rohal)ility 
amounting  almost  to  certainty,  hut  the  evidence  is,  as  yet,  qualitative  only  ;  by  the 
solution  f)f  the  problem,  as  to  exactly  how  the  margin  velocity  is  inliuenced  by  the 
presence  of  complexes,  and  their  dissociation  outside  the  margin,  it  is  possible  that  a 
means  of  determining  quantitatively  the  proportion  of  complex  t()  sinqjle  ions  in  a 
given  solution  may  he  indicated. 

In  conclusion,  it  is  the  author’s  very  pleasant  duty  to  express  his  indebtedness 
to  Professor  Abegg  for  the  help  he  has  received  from  him  during  the  course  of 
the  work. 
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§  1.  Object  and  Aims  of  the  Paper. 

'Phe  nsual  solution  for  the  extension  and  compression  of  elastic  bars  assumes  that  the 
latter  are  strained  under  a  normal  tension  or  pressure  nnifc)rmly  distributed  across 
the  plane  ends.  In  like  manner  the  solution  for  torsion  of  such  bars  assumes  that 
the  external  forces  which  cause  the  torsion  consist  of  a  determinate  system  of 
tangential  stresses,  acting  across  the  plane  ends. 

In  l)oth  cases  the  solution  is  such  that  the  torsion  and  extension  are  trau.smitted 
througliout  the  Ijar  uuthout  change  of  ti/pe.  Such  terminal  conditions  of  stress, 
however,  do  not  usually  occur  in  practice,  and  it  accordingly  becomes  of  considerable 
interest  to  liiul  out  how  the  results  obtained  for  such  a  theoretical  system  of  loading 
are  modified,  if  at  all,  when  we  consider  applied  external  stresses  which  give  a  closer 
la'presentation  of  every-day  mechanical  conditions. 

d’he  })resent  paper  is  an  attempt  towards  the  solution  of  this  problem  in  three 
cases,  which  appear  of  especial  practical  interest. 

The  first  case  is  that  of  a  bar  which  is  subjected  to  a  determinate  system  of  normal 
]‘adial  pressures  and  of  axial  shears  all  over  the  curved  surface,  the  radial  pressures 
being  symmetrical  about  the  mid-section  and  the  shears  having  their  sign  changed. 
'I'lius  the  cylinder  is  subjected  to  a  total  axial  pull,  due  to  the  shears,  and  also  to  a 
givei^  transverse  ])ressure.  The  plane  ends  are  free  from  stress,  except  for  a  self- 
equilihrating  system  of  radial  shears,  which  will  have  little  or  no  effect  at  points  at 
some  distance  from  the  ends. 

A  special  case  worked  out  is  that  where  the  normal  pressure  is  zero  tliroughout, 
hut  a  determinate  axial  shear,  which  has  been  taken  constant,  is  made  to  act  over 
two  ecpial  rings  on  the  surfi\ce  of  the  cvlinder. 

This  will  give  us  valuable  information  about  a  system  of  stress  which  often  occurs 
in  practice,  in  testing  machines,  fiw  example,  in  which  a  specimen  is  pulled  apart  by 
means  of  pressures  applied  to  the  inner  rims  of  projecting  collars  (see  fig.  l).  The 
shaded  })aits  of  the  figur-e  rei)resent  tlie  “grips,”  and  if  S  he  tlie  total  pull  a])plied, 
tins  is  transmitted  to  the  test  piece  by  means  (fi‘  pressure  applied  along  CA,  C'A . 
Now  consider  the  tlnnner  cvlinder  in  the  middle  ideally  produced  inside  the  thicker 
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ends.  It  is  in  equilibrium  under  the  stresses,  radial  and  tangential,  between  the 
inner  core  and  the  hollow  cylinder  produced  by  the  revolution  of  ABDC. 


Fig.  1. 


But  what  are  these  radial  and  tangential  stresses  ?  If  we  consider  tlje  etjuililirium 
of  the  outer  holloAv  cylinder  only,  we  see  that  th.e  resultant  of  the  stresses  across 
AB,  A'B'  must  exactly  lialance  the  }mll  S,  however  applied.  The  radial  stress  will 
probably  he  small,  as  it  has  no  external  traction  to  balance,  ami  the  longitudinal 
shears  are  therefore  ec^uivalent  to  8.  Thus  tlie  thin  cylinder  inside  is  really 
stretched,  not  liy  normal  traction  over  the  flat  ends,  hut  liy  longitudinal  shears  over 
tlie  curved  surface,  and  a  careful  investigation  will  show  that,  in  every  practical  case, 
extension  is  obtained  by  the  application  of  an  axial  shear  to  the  curved  surface  of  the 
cylinder,  never  of  tractions  to  the  flat  ends.  The  general  eftects  of  such  a  distribution 

appear,  therefore,  of  great  })ractical  interest. 

* 

The  second  problem  discussed  is  that  ot  a  cylinder  of  moderate  length,  which  is 
com|)ressed  l)etween  two  i-ough  rigid  planes  in  such  a  way  tliat  the  terminal  cross- 
sections  are  constrained  to  remain  plane,  hut  are  not  allowed  to  expand,  their 
perimeter  being  kept  tixed.  By  adding  a  suitable  uniforni  distribution  of  pressure  to 
a  load  system  of  this  type,  we  can  olflain  the  solution  for  a  cylinder  constrained  in 
such  a  way  that  its  ends  expand  by  a  definite  amount.  These  two  problems  are  of 
inqjortance  witli  reference  to  the  behaviour  of  a  block  of  stone  or  masonry  when 
tested  between  millboard  or  metal  planes,  which  practically  liinder  the  block  from 
expanding,  and  when  tested  between  sheets  of  lead,  wliich,  on  the  other  hand,  favour 
the  expansion  of  the  block.  The  widely  divergent  results  obtained  for  tlie  strength 
of  the  same  material  when  tested  by  these  two  methods  liave  troubled  many 
elastlcians.  Unwix  (‘Testing  of  Materials  of  Comst ruction ’)  is  of  opinion  that  the 
results  obtained  wlieii  sheet  lead  is  used  are  unreliable ;  whereas  Professor  Perry,  in 
his  ‘  Applied  Mechanics,’  states  that  the  true  strength  of  the  material  is  the  one 
given  h}"  the  lead  experiments,  and  should  he  usually  taken  as  lialf  the  published 
streiiP'th. 

O 

Finally,  the  third  problem  treated  is  that  of  a  cylinder  sulijected  to  transverse 
shears  over  tlie  parts  of  the  curved  surface  near  the  ends,  these  shears  being 
equivalent  to  a  torsion  couple.  This  is  i'eally  the  analogue,  for  torsion,  of  the  first 
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problem  for  tension,  and  corresponds  to  the  case  of  a  bar  “gripped”  as  explained 
above,  and  twisted.  This  again  is  the  method  by  which  torsion  is  practically 
produced  in  most  cases — almost  always  in  laljoratory  ex})eriments. 


^  2.  Method  of  Solution  Adopted.  Historical  Referey,.ces. 

Tlie  method  adopted  has  been  to  olRain  symmetrical  solutions  of  the  equations  ot 
elasticity  in  cylindrical  co-ordinates  and  to  express  the  typical  term  in  the  form 


cos 

sin 


\hz]  Xf{r) 


r,  (f),  z  being  the  nsnal  c}dindrical  co-ordinates. 

The  expressions  for  the  strains  and  stre.sses,  oyer  any  coaxial  cylinder,  are  therefore 
series  of  sines  and  cosines  of  multi})les  of  r.  The  arbitrary  constants  of  the  coefficients 
are  determined  by  comparison  witli  the  coefficients  of  the  Foueier’s  series  which 
express  the  applied  stresses  at  the  external  honndary. 

This  metliod  is  not  a  new  one.  It  has  been  indicated  by  Lame  and  Claeeyeox 
(“  Memoire  sm-  re([nilihre  interienr  des  corps  solides  homogenes,’  ‘  C'relle’s  Journal,’ 
vol.  7),  hut  it  has  been  lor  the  first  time  worked  out  with  any  completeness  Ipv 
Professor  L.  Pochhammer  (“  Beitrag  zur  Theorie  der  Biegung  des  Kreiscylinders,” 
‘  C'relle’s  Journal,’  vol.  81,  1876).  Professor  Pochhammer  obtains  the  general 
solution  of  the  elastic  equations  for  an  infinite  circular  cylinder  sulqect  to  any  system 
ol  surface  loading,  repeated  at  regular  intei'yals.  This  he  a})plies  to  the  case  of  a 
built-in  beam.  The  solution  is  not  restricted  to  he  .symmetrical  al)out  tlie  axis  of  the 

%j 

cylinder,  Imt  is  perfectly  general.  The  complete  accurate  expressions  are,  hoM’ever, 
(juite  ninvieldy  ;  but,  as  the  residt  of  expanding  the  functions  inyolved  to  the  first 
t^yo  or  tliree  teiins,  Professor  Pocihhammer  oljalns  far  more  manageahle  expressic-tiis, 
which  he  is  eyentually  able  to  Identify  \vitli  tlmse  previou.sly  given  V)y  Nayier  and 
DE  Saint  Venant  for  more  .special  cases  of  loading.  It  is  to  be  noted,  howeyer,  that 
Pochhammer  restricts  himself  .solely  to  the  case  of  liendlng,  and  that  his  approxima¬ 
tions  depend  upon  the  ratio  of  diameter  to  lengtli  being  a  small  quantity. 

’fhe  same  general  expressions  have  been  independently  arrived  at  by  Mr.  C'.  Chree 
(“The  Equations  of  an  Isotropic  Elastic  Solid  in  Polar  and  Cylindrical  C'o-ordinates, 
their  Solution  and  A])pllcation,”  ‘  Camb.  Phil.  Trans.,’  vol.  14).  Here,  again,  the 
solutions  are  not  restricted  to  1)e  symmetrical.  The  .symmetrical  terms,  however, 
agree  Muth  the  solutions  of  the  present  papei-,  but  the  latter  are  obtained  by  a  process 
slightly  dirterent  from  that  of  Mr.  Chree.  Mr.  Chree  has  also  given  a  solution  ol 
the  .symmetrical  case  })roceeding  in  poMmrs  of  r  and  .t.  Using  each  form  of  solution 
independently ,  it  is  not  po.sslffie  to  satisfy  the  condition  tliat  there  shall  be  im  stress 
at  all  on  the  curved  surface;  this  is  effected  in  the  second  prolJem  of  this  paper,  hy 
means  of  a  comhination  of  the  two  ty})es  of  solution. 

In  the  paper  referred  to,  Mr.  Chree,  like  Professor  Puchha;mmer,  has  not,  so  far 
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as  I  am  aAvare,  applied  his  general  solution  to  the  problems  of  tension  and  compression. 
He  does  give  one  example  of  torsion,  which  he  obtains  by  applying  an  arbitrary 
system  of  cross-radial  shears  across  the  flat  ends.  Such  a  system,  \Ye  have  seen, 
would  not  usually  correspond  to  w'hat  occurs  in  practice. 

Mr.  Chree  ha,s  written  several  other  papers  (“  On  some  Compound  Vibrating 
Systems,’’  ‘  Camb.  Phil.  Trans.,’  vol.  15,  Part  II.  ;  “  On  Longitudinal  Vibrations,” 
‘Quarterly  Journal  of  Mathematics,’  1889;  “  Longitudinal  Vibrations  in  Solid  and 
Hollow  Cylinders,”  ‘  Pliil.  Mag.,’  1899  ;  “  On  Long  Piotating  Circidar  Cylinders,” 
‘Camb.  Phil.  Soc.  Proc.,’  vol.  7,  Part  VI.,  &c.),  which  deal  with  the  solutions  of  the 
ecpiations  of  elasticity  in  cylindrical  co-ordinates,  with  special  application  to  vibra¬ 
tions  and  rotating  shafts ;  hut  1  cannot  find  that  he  has  anywhere  returned  to  the 
statical  problem  and  its  solution  by  means  of  sine  and  C(.)sine  expansions. 


[jJctoher  3,  1901. — Professor  Schief  (‘Journal  de  Liouville,’  Serie  3,  V(J.  9,  1883) 
has  attempted  the  solution  of  the  prol:)lem  of  the  cylinder  compressed  Ijetween 
parallel  planes,  which  is  one  of  those  treated  <jf  in  the  present  })aper.  His  solution 
is  expressed  in  a  series,  not  of  circular  functions,  but  of  liyperbolic  sines  and  C(.)sines 
of  nz,  the  successive  values  of  n  being  obtained  as  roots  of  a  certain  transcendental 
equation.  This  enables  him  to  satisfy  the  conditions  at  the  curved  surface,  but  the 
arbitrary  coefficients  are  finally  determined  by  the  conditions  over  the  plane  ends. 
He  assumes  both  the  radial  shear  and  the  molecidar  rotation  in  a  diametral  plane 
to  be  given  by  known  functions,  f\v)  and  F(r),  over  the  plane  ends,  and  from  these 
he  succeeds  in  obtainiim’  the  coefficients.  As  he  lias  onlv  a  sinule  set  of  the  latter 

O  O 

left  to  carry  out  the  identification,  his  functions  f[r)  and  F(r)  are  not  really  inde¬ 
pendent.  Theoretically  only  the  shear  J\y)  should  be  required,  and  in  a  practical 
problem  even  this  is  unknown,  tlie  total  pressure  being  all  that  is  given.  Tlie  actual 
distribution  of  this  pressure  does  not  appear  to  enter  into  Professor  Sciiiee’s  solution. 
Also  tlie  fact  that  the  values  of  n  are  roots  of  a  transcendental  equation  singularly 
complicates  the  solution  from  a  numerical  point  of  view,  and  Professor  Sciuff  apjiears 
to  have  made  no  attempt  to  translate  his  results  into  numbers.]^ 


It  has  therefore  appeared  worth  while  to  apply  the  solutions  involving  circular 
functions  of  2  to  problems  such  as  those  sketched  above. 

Of  each  of  these  I  have  given  a  concrete  numerical  example.  Indeed,  the  greater 
part  of  the  work  has  been  spent  on  these  numerical  examples.  The  labour  of  calcu¬ 
lation  has  in  most  cases  been  considerable,  owing  to  the  slow  convergence  of  many  of 
the  series  involved,  wdiich  has  necessitated  special  methods  of  approximation. 

*  Since  writing  the  above,  I  find  that  the  problem  of  the  circular  cylinder  under  a  symmetrical  strain 
has  been  considered  by  J.  Tho.mae  in  two  papers  (“Uljer  eine  einfache  Aufgabe  aus  der  Theorie  der 
Elasticitiit,”  ‘  Leipzig  Berichte,’  vols.  37-38).  The  author  has  used  expansions  in  sines  and  cosines  of  U, 
but,  as  far  as  I  can  make  out,  the  only  problem  he  considers  is  tliat  of  the  vertical  pillar  under  its  own 
weight. 
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§  3.  General  Solution  for  a  Symmetrical  Strain. 


Let  r,  (f),  z  be  the  usual  cylindrical  co-ordinates  ;  also,  following  the  notation  of  Tod- 

HUXTER  and  Pearsox’s  ‘  History  of  Elasticity,’  let  st  denote  the  stress,  parallel  to  els, 
across  an  element  of  surface  perpendicular  to  dt,  .s,  t  standing  for  any  t^^'o  of  the 
letters  r,  <f),  z. 

Let  R,  u:  denote  the  radial,  cross-radial,  and  longitudinal  displacements  respec¬ 
tively,  then  we  have  (Lame,  ‘  Lecons  sur  fElasticite ’),  if  u,  v,  iv  are  independent 
of  (f)  : 


,,  ,  d~H  .  ,  (I  /  /'.  \  (l~l(  ",  .  ,  it-ic 

+  -d)  +  -V)  p,  (7  )  +  +  (^  +  /")  = 


7  7~ir  )  +  A.,.  =  0 


di 


dr 


(/-A 


+  f) 


(t-i/,  1  di>.\ 


dnh 


'ddir  .  1  did 


+  ,■  ,7;  )  +  '■*  (,>,■=  +  Jr  ]  +  (^  +  ® 


(!)• 

(^)- 

(3). 


rr  _=  (X  -f  Lg)  +  X  ^_  +  X 


fd/ic  .  dll  \  d 


= 


dr 


dr 

dz 


^dz 


(-i), 


dz 


(dr  V 

^[fr-; 


X  and  jx  1)eing  the  elastic  constants  of  Lame. 

We  see  from  the  above  that  and  ref)  depend  only  on  v,  the  other  stresses  only 
on  u  and  w.  xLlso  the  ecpiation  (2)  contains  v  only,  (1)  and  (3)  contain  u  and  w  only. 
The  solution  for  transverse  displacements  is  therefore  absolutely  independent  of  the 
solution  for  radial  and  longitudinal  displacements. 

Let  us  IK nv  denote  the  operators  -  f  r  by  and  ,  bv  D.  Ditferentiate  (l) 

dr  r  dr  "  dz  ^ 

with  regard  to  5.  and  (3)  Avith  regard  to  r,  and  remember  that  the  order  of  tlie  symbols 
1)  and  -S'  is  indifferent,  then  we  find 
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Eliminate  either  clujclz  or  chvldr  between  (6)  and  (7)  :  it  is  found  that  either  of 
these  quantities  satisfies  the  partial  difierential  equation 

(S3+D^)2y  =  0 . (8). 

The  whole  problem  of  the  determination  of  the  elastical  equililnuum  of  the  circidar 
cylinder  under  any  symmetrical  system  of  stress  depends  therefore  on  the  solution  of 
this  difierential  equation. 


§  4.  Solution  of  the  Differential  Equation. 

The  difierential  equation 

(^2  q_  p)2^  y  ^  0 

is  really  identical  with  Laplace’s  equation  in  cylindrical  co-ordinates,  namely, 

1  cl  rd.Y  .  1  cPY  ,  cPY 

- - L -  4.  —  —  0 

r  cir  dr  ^  S  d(f>^  ^  dz- 

Suppose  V  independent  of  cf)  and  difierentiate  with  regard  to  r,  we  have 

(.52  D3)  clY/clr  =  0. 

If  therefore  V  be  such  a  solution  of  Laplace’s  equation,  y  =  clY /dr  will  be  a  solution 
of  the  given  difierential  equation.  For  our  jjurpose,  however,  it  will  be  simpler  to 
proceed  from  the  equation  itself 
Assume  a  typical  solution 

l/i  —  1^]  •  ■Zi, 

where  is  a  function  of  r  only,  a  function  of  2  only. 

AVe  find  easily 

+  +  =  0 . 


cPZi 

dz^ 


-h  =  0 


(9), 

(10). 


The  solutions  of  (9)  are  of  the  form 

Ij  {kr)  and  Kj  (^r), 

,.n+2i 

T  —  V _ _ 

’  7  (s)  n  (.s  -I-  n)  ’ 


where 


K,fx)  =  (—  1)' 


1.3.  {2n  —  1)  d'“cos  {x  siiili  (/>) 
J  g  cosh®"  (f) 


d(f)  . 


(See  Gray  and  Mathews,  ‘  Bessel’s  Functions,’  pp.  66-7.) 
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Consider  now  the  equation 


+  Wfy  =  0. 


Let  be  any  solution  of  the  equation 


Then  if  y.,  be  a  solution  of 
it  is  also  a  solution  of 


( c;.  q_  !)■:)  y  ^  0. 

(.92  +  1  =  0. 


Now  if  ijy  —  IqZi  what  is  the  condition  that  w'e  can  obtain  a  second  product  solution 

y.,  =  ILZo  ? 

We  have,  substituting 


dTL  lyz,  _  IQ  Zj 
R,  Z,  “Ib'z, 


(llX 


or  function  of  r  only  +  function  of  z  only  =:  product  function  in  r  and 

Tf  (11)  is  to  be  identically  satisfied,  this  })roduct  function  must  be  a  function  of  r 
only  or  of  i  only. 

Case  (i.).  Zj  =  aZ^  where  a  is  a  constant. 


We  find 

or,  since  IQ  is  a  solution  of 


^  IQ 

"  ~  a  '■ 

(d'  —  C')  IQ  =  0 


(12), 

(13), 


which  is  the  same  as  (*J),  IQ  is  a  solution  of 


{.P  -  /f-QUQ  =  0, 

which  is  not  at  the  same  time  a  solution  of  (13). 
Now  the  solutions  of  tliis  eipiation  are 


dh 


But 


and  similarly 


dl; 


K,  (kr)  =  rK„  (kv)  -  f  K,  (kr) . 


dk 


The  four  independent  integrals  are  therefore 


Ki(^''’),  ^‘lu(^’^’)=  ’’Ko(^’'’)> 


and  therefore  the  required  values  of  IQ  are  rQ,,  rK^,. 
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Case  (ii.).  Eo  =  ;  we  find,  using  (13), 

and  therefore  is  a  solution  of  (D^  +  Z.^  =  0,  which  is  not  at  the  same  time  a 

solution  of 

(D2  +  ^■•^)Z,  =  0. 


The  possible  values  of  Z^  are  2  cos  Jcz,  z  sin  kz. 

Hence  the  possible  sets  of  product  functions  satisfying  the  equation 
are  as  follows  : — 

//  =  A  cos  {kz  +  a)  Ij  {kr)  -) 

B  cos  {kz  +  /3)  (kr) 

C  cos  {kz  +  y)  {kr) 

D  cos  {kz  +  S)  rK,;,  {kr)  . 

Ez  cos  {kz  +  e)  Ij  {kr)  ; 
F2cos(^'2+  ' 


(14). 


§5.  Solution  under  given  conditions  of  Surface-loc.iding  ;  the  first  problem. 

Let  us  now  consider  first  the  case  of  a  circular  cylinder  under  the  following  system 
of  stress  : 

rr/g  —  a  given  even  function  of  z{=  f{z)  )  over  the  curved  surface  r  =  o  , 
rzjp  =  a  given  odd  function  of  z  {  =  xfj  {z)  )  over  the  curved  surface  r  —  cc , 
zz  =  0  over  the  plane  ends  2  =  dc  • 

Since  dujdz,  div/dr  are  both  solutions  of  (8)  we  may  have  them  composed  of  a  series 
of  terms  as  follows  : 


Aj  cos  {kz  +  a^)  li{k}-)  +  Cj^  cos  {kz  +  yfi 

-{-  EjX  cos  {kz  T]^  {kr)  i 


(15). 


(hu 

dr 


j  Ao  cos  {kz  -f-  ttg)  Ij^(/^’/’)  -{-  do  cos  {kz  -fi  yj) 
+  E,j2  cos  {kz  +  €0)  Ii  {kr) 


.  .  (16). 


No  K-functions  have  been  introduced  in  this  case,  as  they  lead  to  infinite  terms  at 
the  axis. 
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Also  the  conditions  of  the  j)roblein  require  that  u  shall  he  an  even  function  of  2 
and  IV  an  odd  function  of  2.  Hence 

«!  =  —  —  7r/2  ,  =  Co  =  0  . 

Integrating  (15)  and  (16)  we  have 


n  =  X  (^■)  +  -  “I  —  cos  kzl^  {I'v)  —  y;  cos  h..r\{Jir)  +  ^ 


sin  kz 


cos  kz 

‘T 


Ii  {h' 


ir  = 


sin  l'z\  (kr)  + 


y  sin  kz.r\^  [kr)  -j-  y 


To  find  the  relations  between  the  constants  we  must  sulistitute  in  equations  (1)  and 
(3).  AVe  then  find  the  following  relations  : 


,H;^(r)=0.  .  .  .(17),  D2d(2)  =  0.  .  .  .(18), 

(A^  —  Ao)  (X  fi-  /x)  k'  +  2/'{Cj  (X  +  'Ijx)  —  /xEj  —  (A  +  ^)  =  0  .  .  (19), 

(A^  -  A.)  (X  +  /x)  B  +  2X:{Ci  (X  +  /x)  +  /xC.  -  (X  +  2/x)  EJ  0  .  .  (20), 

=  Co  =  C,  say  ...  (21),  E^  =  Eo  =  E,  say  .  .  .  (22). 

In  virtue  of  equations  (21)  and  (22),  (19)  and  (20)  reduce  to  the  single  equation 

(A,  -  Ao)  (X  +  /x)  k  +  2  (X  +  2/x)  (C  -  E)  0 . (23). 

Also  from  (17)  and  (18) 

X  (’’)  =  ^  V  ’  ^  (2:)  =  , 


remembering  that  w  is  odd  in  s  and  that  u  is  not  to  he  Infinite  when  r  —  0. 
For  the  stresses  rr,  zz,  rz  we  find  from  (4),  after  some  obvious  reductions, 

rn  =  2  (X  +  /x)  n.jj  -j-  Xiq, 


+ 


-  ^ 


+  2^ 


{(2X  fi-  3^)  A^  4-  cos  kz 


+  2/x|(A,  -  |)-j^^osy(:2  +  E:sinH  (^Io(H)  - j  -  CVIi(H)cos  H 


2Xi?o  +  (X  -}-  2/x)  xiq 


+  2/x)  Ao  —  XAj  ~  ^  “1“  +  t)  )7  [■  ^0  cos  h 


_  +  2/x{CrIj  [kr]  cos  kz  —  El,,  {kr)  z  sin  h 


(24). 


•  (^5). 


'  j 


rz 


/xS[(A^  q-  Ao)  Ij  {kr)  sin  kz  -f-  2Crl|,  {kr)  sin  kz  +  2EIj  {kr)  z  cos  kz]  .  .  .  (26), 
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But  clearly  if  2:2  is  to  be  zero  all  over  the  plane  ends  we  must  have 


Uq  =  - 


X  *2li 


h  = 


(2n  +  1)  7!- 


2c 


and 


E  =  0 


(27) , 

(28) , 
(29). 


The  expressions  for  the  displacements  and  stresses  then  reduce  to  the  following, 
writing  kr  =  p  for  shortness  : 


u  = 


\  .  C  T-  ,,1  cos  kz 
=  UqV  -  t  j  Aili  (p)  +  -  pT„ 


k 


k 


rr  =  2  (X  +  /x)  Uq  +  \ii\^ 


+  -  1  “  ^  2^  [(2X  +  3p)  +  pAo]  Iq  (p)  +  2p 


P 


—  V 


22  = 


rz  —  pS 


where 


P- 


A  +  2p 


C 
k  ‘ 


2L' 


+  ^2)  Ii  (p)  +  T  P^o  (p) 


A/  K  -T 

Over  the  surface  of  the  cylinder  r  =  «,  we  find 
(W/^)r=a  = - X’  '^^’0 


(30) , 

(31) . 


CpH 
k  _ 

(p)  1  cos  kz. 

•  (32), 

cos  kz 

. 

■  (33), 

■  (34), 

.  (35), 

~  ( ’^  +  y)  iij  (''^)  +  ( ,  +  y“  )^i(“) 


A, 


+  A,[-(l-y)  I,3(a)-y«I,(a)] 


-I  >cos  k' 


Aj[Ii(a)  -  yalo(a)]  1 
{rzlp.)r^„  =  S  ^  >sm 

+  A.  [I^  (a)  +  yal^  (a)]  J 

where  y  is  written  for  and  a  for  ka, 

A  +  2p 


(36), 


(37), 
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Now  f{z)  being  an  even  function,  we  can  expand  it  in  a  Fouiuer’s  series  between 
the  limits  i  c  in  the  form 


2n-\- 
2c  ~ 


2n  +  Itts  , 
COS  -  ^  clz 
2c 


/(-)  -  /(c)  =  cos 
0 

where  «»  =  M  i/(/“/(c)} 

C  J  _  (• 

and  being  an  odd  function  can  be  expanded  in  tlie  form 

00  4-  1 77-*  1 

^{z)=%  K  sin 
0 


•  ■  (38). 


h.  =  i  1^' 

C  J  —  c 


2n  +  lirz  , 

Sm  -  - dz 

2c 


where 

Now  since  {rrl  ^  „  =  /r//.),  ( =  pi//  i^:) 

we  have,  comparing  (3G)  and  (37)  with  (38)  and  (39), 


(39). 


3X-  +  2fi 
\ 


«b=/(c) 


Ai  (  -  !  I  +  7}  Iq  («)  +  b  +  f  /  )  +  A/-  >  1  -  7I  lo  («)  -  y«Ii  («) )  = 


Ai  (Ii  (a)  -  7“lo  (“)  )  +  Ao  (Ii  (a)  +  yalo  (a)  )  = 
whence 

_  j  (“)  +  7«%(«))  +  +  (1  -  7)«Io(«))  . 

^  '  7«M,^(«)-(l  +  7«blF(«)  •  •  •  t  h 

A  1  («)  —  («))  +  ^«((1  +  7)  ^h)(^)  —  (-  +  («)) 

7«3y  («)  -  (1  +  7«-)  O  («)  ■  ■  ^ 


W’a  = 


-'1^/(0) 


00. 


and  therefore  from  (35)  and  (27) 


C  = 


(271  +  l)7r  j  rr„a7b(«)  +  (7“Io  («)  ~  7b(*)) 

2c  ~  7a2I(,2(a)  —  (1  +  7^2) 


(^3), 


w.„ 


2(47-1) 


/(c) 


(44). 
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§  6.  Consideration  of  the  Approximate  Expressions  to  ivhich  the  Results  of  the  last 
Section  lead,  when  the  Ratio  o  f  Diameter  to  Length  is  smcdl. 

If  we  can  treat  the  diameter  of  the  cylinder  as  small  compared  with  its  length,  we 
can  obtain  a  first  approximation  by  following  the  method  of  Professor  Pochhammer 
(‘  Crelle,’  vol.  81),  and  expanding  Aj,  Ao,  C  in  powers  of  a,  which  is  then  a  small 
quantity,  provided  the  index  n  is  not  too  large.  ^  If  we  do  this  we  find 


^  'h±l  1  hi 


47  —  1  a  47  —  1  ’ 


a,. 


7 

47  —  1 


A  7 
«  47  —  1  ’ 


and,  expanding  I()(/i'^’)  and  Ii(/i’r)  in  powers  of  r,  and  dropping  all  the  terms  except 
the  first  (-which  is  really  eipii valent  to  a  second  approximation,  since  the  indices  go 
up  two  at  a  time),  we  find 


u 


:2(47  -  1) 


/(c)  +  S  ( )  COS  hz 


47  -  2 

a 


(-)  9^2 1  , 


-  2  f47^- 

using  the  Fourier  expansions  (38)  and  (39) 

('■'■)-«  -  i-y  -  Oi  f  X  '27Ta 


r  __  1 

47  —  1  2fi 


Noav  \{rz)dzX  2TTa  is  equal  to  the  total  longitudinal  pull  exerted  on  the  bar 

Jz  r=a 

by  all  the  fjrces  on  one  side  of  the  cross-section  considered.  It  represents,  in  other 
words,  the  total  tension  at  that  cross-section.  Denoting  it  Ijy  vaKf  where  Q  is  tlie 
mean  tension  at  that  cross-section, 


u 


X 


X  -f-  ‘2fi 

2iJb  (3X  4-  2fx) 


-Q.7 


X 


2/a  (.IX  -f- 


(«), 


which  shows  that  the  radial  displacement  is  exactly  the  same  as  if  the  only  forces  on 

a  thin  lamina  between  two  cross-sections  were  an  external  radial  tension  {rr)r^„ 
and  a  uniform  teiision  Q  across  the  plaixe  faces. 

*  For  the  aiuilytieal  restrictions  iiecessHiy  in  such  a  case,  see  §28. 
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In  like  manner  it  can  be  shown  that 


w  =  Wr.z  +  S  (  —  a. 


7  —  1  ^  27  ^  sin  I'z 


47  —  1  a  47  —  1  /  Jc 


27  —  1  p  {rr),^„  ,  7 


_  _  f 

47  -  1  J 


0  yU  47  —  I  j  0  At 


^  ck 


(«). 


^  (5  ^  li'=a  A  T  (/' 

3a  +  '2fx  fjL  3a  +  2fj,  fi 


=  s~dz 
Jo 


s.  l^eing  the  stretch  parallel  to  the  axis  in  a  cylinder  which  is  under  a  tension  Q 

across  its  plane  faces  and  a  radial  tension  {rr),.^a- 

Thus  the  longitudinal  and  radial  displacements  are,  to  a  first  approximation,  the 
same  as  if  the  cylinder  were  su23posed  made  up  of  any  number  of  thin  circular 
laminae,  piled  up  on  top  of  each  other,  the  longitudinal  tension  in  any  lamina  being 
unifoim  and  giving  a  total  tension  equal  to  the  total  pidl  of  all  the  external  forces 
acting  on  the  cylinder  on  one  side  of  the  section  considered. 

Further,  the  shearing  stress  rz  at  a  point  inside  is  found  to  the  same  approxima¬ 
tion  to  be  given  by 

=  2  (/i'?')  --  sm  kz  =  2o„  sin  kz  =  -  — ^ — 

fjb  01.  a  a  jjb 

so  that,  in  tlie  parts  of  the  cylinder  to  which  external  shearing  stress  is  applied,  and 
in  these  only,  there  is  shearing  stress  inside  the  cylinder,  Avhich  shearing  stress  is 
proportional  to  the  distance  from  the  axis. 

The  other  stresses,  rr,  0^,  zz,  are  found  to  the  same  approximation  to  be  all 
constants  for  any  given  value  of  'i. 

22  =  2g2  cos  kz  =  |V  (z)  dz  =  Q, 

rr  =  (j)(f,  =  iMf{z). 


It  follows  from  the  aboAm  that  the  action  of  any  radial  pressure  Avill  be  purely  local, 
and  also  that,  AvhateA’er  the  manner  in  Avhich  the  cylinder  is  “  gripped  ”  and  the  pull 
is  applied,  the  stress  in  the  portions  of  the  bar  betAveen  the  points  of  application  of 
the  pull  reduces  practically  to  a  uniform  tension. 

The  above  results  are  soineAAdiat  remarkable  as  tending  to  shoAv  hoAv  A'ery  restricted 
is  the  effect  of  local  stresses,  proAuded  they  leave  no  total  resultant,  and  hoAv,  Avhen 
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they  do  leave  a  total  resultant,  the  effect  of  this  resultant  is  practically  independent 
of  the  manner  in  which  it  is  applied.  This  is  the  celebrated  “  principle  of  the 
equivalence  of  statically  equipollent  loads,”  which  was  first  enunciated  liy  de  Saint- 
Venant  on  general  physical  principles,  and  has  been  considerably  confirmed  l>y 
Boussinesq’s  researches  on  the  effect  of  small  local  surface  actions. 

It  is  to  be  borne  in  mind,  of  course,  that  the  solution  obtained  in  §  5,  although 

making  zz  =  0  over  the  flat  ends,  does  not  at  the  same  time  ensure  7'z  =  0.  In  other 
words,  we  have  a  determinate  system  of  radial  shears  over  the  flat  ends,  but  from 
symmetry  this  system  must  be  self-equilibratiog.  The  disturbances  due  to  it  will 
therefore,  by  the  above  principle,  be  purely  local,  and,  jirovlded  we  remove  tlie  cuds 
sufficiently  far  from  the  parts  of  the  lieam  wliich  we  desire  to  stud}%  no  trouble  need 
arise  on  account  of  all  the  conditions  not  being  strictly  satisfied. 


§7.  Nwnerical  Problem.  Expressions  for  Stra.ins  anrl  Stresses. 

Let  us  now  return  to  the  exact  expressions  and  apply  them  to  the  case  of  a 
comparatively  short  cylinder. 

Suppose  that  rr  =  0  all  over  the  curved  surface  and  that  in  some  way,  as  descrUjed 

in  §1,  a  shear  rz,  which  we  shall  take  uniform  and  equal  to  S,  is  made  to  act 
along  two  rings  iqion  the  curved  surface,  so  that 

=  0  when  —  b  e  <  z  <.  h  ~  e 


We  have  then 


z  <  —b  —  e,  z>  b  e 
{rz),.^„  =  S  wlien  b  —  e  <C  z  <C  b  e 

(  =  —  S  when  —  b  —  c  <*:<“-/>  +  e. 


= 


a.,  = 


«'n  =  0, 

0, 


pb,, 


88  .  '2n  +  I've’  .  2)1  + 

sm - - sm - - 

(2?^  +  I)7r  2  c  2c 


The  expressions  for  the  constants,  stresses,  and  displacements  then  reduce  to 


A:  = 


48  .  2n  lire  .  2n  +  IttI)  va-I,  -t-  (1  —  7)  aU 

- sm  sm - - - - - ^ ^ 

{2)1  +  1)  ir/ji  2c  2c  -  (1  +  Id 


.  48  .  2n  +  lire  .  2n  4-  lirh  (1  +  7)aln  —  (^  +  7““)Ii 

\  —  — -  oiiq  _ Clio  _  -  _ - i - 1 — L 

-  (2n +l)7rri'  2c  2c  juHf  -  {1  + 

0  _  48  .  2n  +  ]7rc  .  2n  +  XttT)  7«To  —  7I1 

k  ~  {2n  +  Dtt/I  2c  ¥c^  -  (1  + 


VOL,  CXCVTII, — A. 


Y 


(47). 
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rr 

4,(f) 


^  -  :(1  +r)Ai+(i  -r)Aj<ioW  + 

COS  Jcz 


o  >4 


cos  h 


2A  i_^9C 

=  ^  -  p  ^i(p) — 


'H  —  V 


2C 


{(2y  +  1)  A.  -  (2y  -  1)  A^}  lo(/))  +  Y  pli{p) 


cos  /.” 


rz 


H' 


—  V 


20 


(Aj  +  Ao)  Ti  (p)  +  —  /dIo  (/)) 


■??  = 


sfAJ.W +  7  pT, 


(JS). 


sill  I'z 


0 


'll!  —  2  AJ||  (/j)  +  7  pTj  (p) 


0 

sin 

~T” 


III  the  above  a  is  the  argument  of  the  I-fiinctions,  unless  the  argument  is  written. 
'JA  simplify  the  expressions  we  shall  take  ttci  =  2c,  so  that  the  length  is  about  three 
times  the  radius.  This  makes  a  =  27?  +  1  (n  =  0,  1,  2,  .  .  .  ).  Further,  suppose 
c  =  c/6,  Ij  =  c/2,  so  that  the  c}dinder  is  divided  into  5  zones,  as  shown  in  fig.  2. 


Fig.  2. 


-  -€/-  ->j<-  C/  -  > 


a 


-2C 


S 


The  middle  one  from  —c/d  to  +  c/'^)  unstressed  ;  two  rings  from  c/3  to  +  2c/3 
and  — c/3  to  —2  c/3  over  which  a  uniform  shear  is  acting;  finally,  the  outer  rings 
2  c/3  to  c  and  —2  c/3  to  —  c,  which  are  unstressed.  Also,  in  order  to  simplify 
still  more,  we  shall  suppose  Poisson’s  ratio  to  have  the  value  1/4,  or  y  =  2/3. 

It  may  be  objected,  it  is  true,  that  in  many  actual  materials  Poisson’s  ratio  is 
not  1/4.  But.  this  is  not  really  an  objection,  because  the  object  of  this  investigation 
is  not  so  much  to  find  out  the  absolute  values  of  strains  and  stresses  in  any  given 
material,  as  to  calculate  the  alterations  in  these  values  as  deduced  from  the  hypothesis 
of  uniform  stress,  and  tin’s  we  can  best  do  by  taking  a  value  for  Poisson’s  ratio 
whicli  is,  on  the  wliole,  Avell  within  the  limits  indicated  by  practical  results,  and  which 
makes  the  arithmetic  somewhat  easier. 

If  we  do  this  and  calculafe  the  values  ot  the  constants,  we  find  that  for  the  first 
10  terms  tliey  come  to  the  following  values  : 
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Table  of  Constants. 


/c,i  Ai 

4S  ■ 

/UTtA, 

4S  ■ 

481-  ■ 

-  -272602 

+  -205790 

+  -159464 

-  -142172 

-  -0.359051 

+  -0.354223 

+  -0323529 

+  -0163035 

-  -00534980 

+  -00492450 

+  -00308747 

-  -000612345 

-  -000534505 

-  -000374718 

+  -0000532623 

-  -0000285886 

-  -0000214593 

+  -00000237642 

-  -00000413531 

-  -00000325082 

+  -000000294829 

-  -00000162159 

-  -00000131798 

+  -000000101204 

+  -000000315996 

+  -000000263390 

-  -0000000175353 

+  -0000000448505 

+  -0000000381292 

-  -00000000224045 

From  these  I  have  calculated  the  coefficients  of  the  Fourier’s  series  for  the 
stresses  and  strains  for  r  =  0,  r  =  •2a,  r  =  ’To,  and  r  =  'Ga,  For  higher  values  of  r 
the  convergence  becomes  slower  and  the  expressions  more  difficult  to  handle.  In  tlie 
case  of  the  stresses  and  strains  at  the  boundary  r  =  a,  special  methods  of  a})proxima- 
tion  have  to  be  resorted  to. 

The  expressions  for  the  strains  and  stresses  are  : 


u  — 


me 

ijiTT^ 


—  -00482  cos  +  -00380  cos  —  '00230  cos 

Ic  He  He 

—  '00U43  cos  ~  *0U00b  cos  ~  -|"  .  .  . 

He  He 


(r=  -Za), 


u  = 


8Sc 

ytiTT- 


tt: 


—  '01075  cos  '  +  •01412  cos  ^  —  '00541  cos 

*'/•  *C' 


ITT. 

>c 


'00130  cos  +  ‘00023  cos-^  +  '00002  cos  +.  .  . 

V/'  He 


(r  —  ‘4a) , 


2c 


u  = 


•0 


•T 

1897  cos  +  '02014  cos  ^ 
2c  2c 


-  '00330  cos 

2( 

.  ,  loTTZ  ,  „  ^  _  lOTT 

+  '00004  cos  -  +  'OOOOo  cos  -- 

2c  2c 

-  IOtt: 

—  '0000  I  cos  — r —  +  .  .  . 

2c 


OTTZ  ’'VrC 

- '0099  L  COS  -  „ 

2c  2c 

IItt: 


-^’+'00084  cos  -f  '000 II  cos 
2c  2c  2c 

iOTr'J  ^  ^  I  /TT.. 

— '00002  cos  - 

'Hj:  He 


=  'Ga) 


and  in  like  manner  for  tv  and  the  stresses. 

4’u  save  space,  the  coefficients  of  the  series  uiay  he  exhiljiied  in  talada.r  form  as 
follows  : — 


Y 


MK.  L.  X.  (4.  FILOX  OX  THE  ELASTIC  EQUILIBRIUM  OE 
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' '  ""  4S  ■ 

X 

rr 

4S‘ 

Coefficient  of 

/■  =  0. 

r^{-2)a. 

r  =  (■4)('.  ^  /-  =  (-6)«.  ’ 

/-  =  0. 

r  =  (-2)«. 

r  =  (-4)«. 

r  =  (-6)(/. 

cos  -;/2'-  .  . 

H-  -57104 

+  -58318 

i 

+  -62014  ■+ -68364 

+  -11314 

+ -10923 

+  -09721 

+ -07616 

cos  ?j-r.j-2c  . 

-  -03639 

-  -02640 

+  -01004  +  -09557 

+ -10675 

+  -10983 

+  -11683 

+ -11921 

cos  57r.;/2c'  . 

+  -02726 

+  -02846 

+  -02810  +  -00614 

-  -02700 

-  -03253 

-  -04981 

-  -07754 

cos7-r/2c  .. 

+  -00556 

+ -00732 

+  -01181  +  -01457 

-  -00431 

-  -00679 

-  -01547 

-  -03650 

cos  2nrzj2<‘ 

-  -00070 

-  -00113 

- -00298  -  -00692 

1-^  -00048 

+  -00099 

+  -00354 

+  -01242 

cos  il-;/2-'  . 

-  -  00004 

-  -00009 

- -00036  - -00136 

1+  -00003 

+  -00007 

+ -00040 

+  -00209 

cos  137r.;/2r  . 

-  -00001 

-  -00002 

- -00011  - -00068 

!  — 

+  -  00002 

+  -00013 

+  -00096 

cos  15-;/2r  . 

— 

-  -00001 

- -00010  - -00089 

i  — 

+  -00001 

+ -00011 

+  -00119 

cos  177r.;/2r  . 

— 

- - - 

+ -00004  +  -00058 

— 

- - 

i-  -00004 

-  -00074 

cos  19-:/2(;  . 

— 

+ -00001  +  -00027 

— 

— 

-  -00001 

1 

-  -00033 

Coefficient  of 

X 

7r/4S 

7-  =  0. 

r  =  (-2)  a. 

7-  =  (-4)rt. 

/•  =  (-6)rt. 

cos7r;/2f'  .... 
cos  oTTr.j'2r  .... 
cos  5-;72t-  .... 
cos77r;,'/2c  .... 
cos  Q~.:l2c  .... 
cosll--y2r.  .  .  . 

cosl3-Q2('.  .  .  . 

cosl5-.;/2c. 

cos  17-.;/2r.  .  . 

cosl9-:/2r.  .  .  . 

+  -11314 
+  - 10675 

-  -02700 

-  -00431 
+  -00048 
+  -00003 

+  -11291 
•f  -10998 

-  -02980 

-  -00528 
+  -00068 
+ -00004 
+  -00001 

+  -11218 
+  -11998 

-  -03927 

-  -00907 
+ -00159 
+  -00015 
+ -00004 
+  -00003 

-  -00001 

+  -11091 
+ -13760 

-  -05916 

-  -01922 
+  -00489 
+  -00065 
+ -00025 
+ -00026 

-  -00014 

-  -00006 

. 1 

i 

1 

ID  X  /XT 

-■-/8S(-. 

rz  X  77/4S. 

Coefficient  of 

/•  =  0. 

/•  =  (-2)«. 

7-  =  (-4)  a. 

7-  =  (-6)  a. 

7-  =  (-2)(/. 

7-  =  (-4)  a. 

/■  =  (-6)  a. 

sin  7rzj2c  . 

+ -20579 

+  -21106 

+  -22712 

+  -25475 

+  -05771 

+  -11909 

+ -18801 

sin  37r.:/2c  .  .■ 

sin  b-.zl2c  ■  . 
sin77r,r/2('  . 

-  -01197 

-  -01085 

-  -00655 

+  -00418 

-  -00944 

-  -00878 

+  -01915  i 

+  -00326 

+  -00352 

+  -00403 

+  -00323 

+ -01395 

+  -02861 

+ -03569  , 

+ -00044 

+  -00058 

+  -00103 

+  -00163 

+  -00444 

+ -01219 

+  -02464  1 

sin  2-.ij2c  . 

sill  ll7r,-./2r  . 

sill  137r:'/2(:‘  .  . 

-  -00004 

-  -00007 

-  -00019 

-  -00050 

-  -00082 

-  -00310 

-  -00955  • 

_ 

_ 

-  -  00002 

-  -00007 

-  -00007 

-  -00037 

-  -00171 

_ 

_ 

-  -00001 

-  -00003 

-  -00002 

-  -00012 

-  -00081 

sin  ISttU^c  .  . 

sinl77r,;/2r  . 
sin  197r,;/2f  . 

— 

— 

— 

-  -00003 
+  ■ 00002 
+  -00001 

-  -00001 

-  -00010 
+ -00004 
+  -00001 

-  -00104 
+ -00066 
+  -00030 
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Using  the  above  values  I  have  calculated  the  stresses  and  strains  for  tlie  points 
r  =  0,  a/5,  2a/5,  3«/5,  and  2:=  i  (0,  c/10,  2c/10,  &c.).  These  are  tabulated  on 
pp.  171-173. 


§  8.  Calculation  of  the  Stresses  on  the  Outer  Surface  of  the  Cylinder. 

Along  the  outer  surface  r  =  a,  p  =  a,  and  we  have  the  following  ex})ressions  for 

the  stresses  and  22,  and  the  displacements  a  and  tv  :  rz  and  rr  ol  course  are 
known. 

Consider  for  exami^le  the  stresses  (  22  ),•=„  and  ( (/x^  )f^a  • 

They  are 


and 


4S  ^  67«1q"  ~  Cy  +  ^)h)li  —  .  2ii  +  lire  .  2)i  +  lirb  ‘In  +  \ttx 


TT  0  —  U  +  7«%'K-^  +  1) 


Sin 


sin 


2c 


cos 


•  (-10), 


48  <5  27«ld  +4(1  —  7)  L,L  —  2(1  —  7)al|f  .  2/i  +  Ivrc  .  'In,  +  lirh  'In  +  Itt: 

=  y  — — - - - i -  sin  .til  1 1  -  now 


■V  0  (7^%“  —  (1  +  7A)  C")  {2n  +  1) 


sni 


» .  cos 
Ic  Ic 


(50). 


Now,  when  a  is  fairly  large  (say  >  10),  Iq  and  may  be  re^daced  by  their  semi- 
convergent  exiiansions  ; 


I  ^  1  , 

I  ^  Sa  ^  2  !  (8«y  ^  3  ;  (8«h  ^  ■ 


lu(«)  =  \/ 

^  .  /!“  /,  3  3.0  3.5.21 

1  (“)  —  V  ~  g  ,  ^g^^3  .  .  .  j 

(see  Gray  and  Mathews,  ‘  Bessel’s  Functions,’  p.  68).  From  which  Ave  find  that 


the  coefficients  of  cos  in  the  expansions  of  ^  {4*^  ),-.=«  Rnd  (22  );  =«a2jpr 


o: 


imate  to  the  values  (remembering  a  =  2n  +  1)  : 


47  —  2  1  ,  (2  —  27)  (87  —  1)  1  I  .  2;«.  +  Ittc  .  2/1  +  lirb 

d - - -  ..rrwo  r  sm - - X  sm 


7  2/1+1 


T 


{‘In  +  D- 


2c 


and 


\  2)1  +  1 


4  2(1  —  7)  1  1  .  2/1  +  Ittc  .  2/i  +  lirb 

d - . 1  sm - - - sin  - 


7  (2/1  +  1)- 


•>r 


1(5G 
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Now  let  us  write 

6yciTJ  —  (47  +  2)  LI,  —  27«I,^  1  .  '2n  +  Ittc  .  'An  +  IttJ 

— ! — I - - — — - =- - mil - sill  - 

7«H,/  -  (1  +  7«2)Ii2  {'An  +1)  26-  2c 


In  +  1 


+ 


2  (1  -  7) 


(27^  +  1)2 


.  ‘An  +  Ittc  .  ‘An  +  lirh  , 

Sin - — sill - - .  . 


(51), 


27al,2  +  4  (1  —  7)L)I,  —  2(1  —  7)«1(,2  ^  ,  2n  +  lire  .  ‘An  +  lir^' 

—i - ± - ^ - ! - i - - - gill  - -  (.'111  - 

7«2y  _  (1  +  7^2)  Q3  (2/i  +  1)  2c  2c 


47 


1 


7  2/;  +  1 


+ 


(2  -  27)  (07  —  1) 


7“ 


(271  +  1)2 


2/1  +  lire  .  An  +  lirb  ,  ,  /_  x 

Sill - ^ - .Sill - ^ - hiU  ■  (o'A), 


Jc 


2c 


so  that  j>,/,  qj  are  comparable  Avith  the  terms  of  tlie  series  X  —  +  fp’  AA'hich  coiiA'erge 
fairly  rapidly.  We  see  therefore  that  .'i.-;  and  are  made  up  of  tAAm  kinds  of  terms 

(«),  terms  of  the  form  —  %/jJ  cos  ~1'  Kgj  ,  AA'hich  are  abso- 

ir  Ac  ir 


ic 


liitely  and  uniformly  convergent  series,  and  (6)  series,  in  Avhich  the  coefficients  are 
the  ajjproximate  expressions  found  aboA^e.  Of  the  series  (6),  those  AAdiich  haA-e 
terms  containing  l/(2n  +  1)^  or  l/(2n  +  1)®  are  absolutely  and  uniformly  convergent. 
Th  is,  hoAvever,  is  not  the  case  Avith  the  series  formed  by  taking  the  leading  terms  in 
the  approximation,  auz.  : — 


48^  8  .  (2/1  +  l)7rc  .  (2/1  -t-  l)irh  {‘An  +  l)ir:~ 

^  Sill  - — -  Sill  - - -  COS - .  “  — 


and 


ir  0  ( 2/1  +  1) 
48*  47-2 


.  (2/1  +  I)  TTC  .  (2/1  l)irl)  {‘An  l)irz 


ir  0  ^{An  +  1) 

For  the  series 

i  1 


sill 


2c 


sill 


cos 


zc 


.  2/1  +  liri'  .  ‘An  +  lirh  ‘An  +  lir: 

Sin - ; - sin - - - cos  ■ 


0  (2/1  +  1)  2c  2c 

may  be  liroken  uji  into  the  sum  of  four  other  series,  thus  : 


1  ^  1  2/1  -f  Itt  ,  7  I  \  I  1  1 

*  -  (Smi  ^  2  r  (*-''  +  «)+  4  - 


0  (An  +  1) 


An  +  177^  ,  ^ 

COS - T - (s  +  0  —  e) 


_ i  V 

^  0  {An  +  1 ) 


An  lir  /  1  ;  I  \  1 

COS  -  -  --  (z+b  +  c)  -  i 


1 


0  (2  /1  -f-  1) 


2/1  +  Itt  , 
cos  -  -  (z 


-  h  -  e). 


Noav  it  is  easy  to  sIioav  that 

7(2/7+  I) 

A\here  1  x  1  is  the  numerical  value  of./ 


Y  cos  (2/1  -h  1 )  X  =  7  log  cot 
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The  series  on  the  left  is  divergent  and  log  (cot  j  =  oo  if  x  =  0.  We  see, 

therefore,  that,  at  the  points  2  =  ±  dt  wherever  the  shear  rz  changes  dis- 

continuonsly,  the  stresses  2:2  and  (f)(f>  become  infinite. 

The  meaning  of  this  in  practice  would  be  that,  as  the  transition  from  the  stressed 
to  the  unstressed  surface  becomes  more  abrupt,  the  tractions  in  the  neighbourhood 
become  dangerously  large.  And  if  the  shear  is  applied  by  means  of  a  projecting 
rim  or  collar  of  material,  on  which  the  pull  is  brought  to  bear,  as  in  tig.  1,  then 
this  rim  or  collar  must  not  project  out  of  the  material  at  a  sharp  angle,  or  in  any 
way  which  tends  to  introduce  a  discontinuous  tangential  stress  over  the  surftce 
of  the  cylinder.  This  is  already  recognised  in  practice  ;  test  pieces,  which  are 
thicker  at  the  ends  than  in  the  middle,  being  made  in  such  a  way  that  the  transi¬ 
tion  from  the  smaller  to  the  larger  diameter  is  gradual. 

The  series  containing  1 /(2n  -ft  1)"  can  also  be  evaluated  in  finite  terms  : 


V 


7  (2n  -F  If 


=  "  [ 
j 


C  CO 


.  2ii  -L  Irre  .  2>i  +  Irrb  2)i  -f  lirz 

sm  ■ - —  sm  - - - COS  - - 

2c  2c  2c 


.  2n  +  \izc  .  2n  +  lirh  .  2n  +  lirz 
sm - ; -  sm  - ; - sm 


{2n+l) 
-^\_{rz)r=adz 
0  from  2  =  —  c  to  —  />  —  c 


2c 


TT 

TGcS 


TT 


16c 


,  {2  -f-  5  d-e)  from  2  =  —  h  —  e  to  :  =  —  h  e 


tt'-c 

8c 


from  2  =  c  to  z  =  J)  —  e 


(h-fe  —  z)  from  z  —  h  —  e  to  z  =  h  -{■  e 
16c  ' 

0  from  z  =  h  e  to  z  =  c. 

Thus  we  have  only  to  calculate  -pj,  qj  and  to  sum  the  corresponding  series,  the 
rest  of  tlie  expressions  for  the  stresses  being  reducible  to  finite  terms. 

For  y  =  2  '3,  I  find  the  values  of  pj,  qj  to  be  given  by  : 


1G8 
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iC 

(hi 

0 

-  -  .3.51.30 

-  -01184 

1 

-  -04818 

-  -  05960 

2 

+  -00838 

+ -01431 

0 

+  -00217 

+  -00436 

4 

-  -00061 

-  -00135 

5 

-  -00011 

-  -00025 

G 

-  -00006 

-  -00015 

7 

-  -00010 

-  -00026 

S 

+  -00008 

+  -00024 

9 

+  -00006 

+  -00018 

from  wliich  the  values  of  22.',  (f)(f)  can  be  found  when  r  =  a.  They  are  taljulated, 
with  the  otlier  stresses,  upon  p.  171. 


§  9.  Calculation  of  the  Displacements  on  the  Outer  Surface  of  the  Cylinder. 
In  a  i^recisely  similar  manner  we  find  for  the  displacements 


{„)  =  _  V  1 1 _ — L 


'yx' 


.  2n  +  Ittc  ^ 

Sin -  .  2n  +  IttI)  2n  +  Itt,: 

2c  sin - r - cos 


(2n  +  If 


2c 


1 


8Sc  ”  1 - sin  2)1  +  l7rr  sin  2n  +  IttI)  cos  '2n  +  iTr.r 

2c  2c  fc 

^  {2n  +  If 


'SSc  ,  2n  +  Itt.: 
,  cos - 


/j,7r- 


2c 


where 


J. 


dn/h  -  1 


1  .2/1  +  Itt/  .  2n  +  lirl 

Sin - ; - Sin 


(53) 


^7  7a-hf/Tj'  —  I  —  yx~J  (2)1  +  1)'  2c  2c 

and  is  of  the  order  l/{2n  +1)® 

/  \  A  (1  +  7^«Io"  —  7ali“  —  2LU  .  2)1  +  Ittc  .  2n  +  lirh  .  2n  +  Ittc 

(«’)/•=«  =  7-0  S  ,_.or  2MO.,  I  i\2  - U; - .+  - 


fjL’jT^  7  ( 7«'hf  -  ( 1  +  (2«  + 1)~ 


2c 


SSc  ”1.  1  .  (2%  +  Dttc  .  2)1  +  lirh  .  2n  +  Itt.' 

=  - o  2  -  — - rvr  Sin  - - - Sin  ^  sm  - r - 

0  7(251  +  1)-  2c  2c  2c 

SSc  “  /I  —  yf  1  .  (2ii  +  IIttc  .  (251  +  Dtt/i  .  (2)1  —  Dtt.j 

+  — o  S  -  - — -^3  sm - - - sm  - - - sm - - - 

+71'"  0  \  y  /  (2)1  +  1)®  2c  2c  2c 


.  8Sc  ”  ,  .  2)1  +  Itt.:' 

+  ,  S  W,  sm - - 

/ZTT-  0  2C 


(54), 
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where 


w,,  = 


(l  +  7)«V-7«Ip-2IiIo  1  /l-TVn  1 


7 


a\  (2n  P  1)^ 


‘In  +  Ivre  .  2)1  +  Ivr?* 

Sin  — -  sm - - 

2c  2c 


-  (I  +  7-^) 
and  is  of  order  I/(2u  -j-  l)h 

It  so  happens  that  in  iv  the  term  of  order  1/(2  +  1)^  is  evaluable  in  finite  terms, 

and  I  have  included  it. 

It  is  easy  to  see  that 

A  1 


7  (2h.  +  1)® 


.  (2?t  +  IIttc  .  (2??.  +  l)7ii  .  2%  +  Itt.!' 

sm  - - — ^ - sm  - - Sill - 


2c 


TT" 


hh 


—  —  — ^  from  z  =  —  c  to  z  —  —  h 


=  -  2e?> 


1 

9 


(6  +  e  +  zY  I  from  z  =  —  h  ~  e  to  z=  —h-\-e 


TT^eZ 


—  from  2  =  ~l)-\-etoz  —  l>  —  e 


=  <j  2eh  —  ^  {b  e  —  zY  from  z=h  —  e  to  z  — h-\-e 


IT 


'^eh 


=  7777  from  2  =  />  4-  C  to  2  =  +  C  . 
luc- 

The  leading  series  in  iv  cannot,  however,  be  evaluated  so  easily.  It  is  seen  to 
depend  upon  the  evaluation  of  the  series 


0  (2'^i  +  1)" 

=  U  (cot  y)  + 


,C 


cosec  X  clx. 


As  series  of  this  kind  are  frequently  turning  up  in  investigations  like  the  present, 

1  siii2;i,  +  li'  „  , 

lor  values 


C-^  X  ®  Sll 

have  tabulated  below  the  values  of  d  —  dx  and  also  of  N  — 

JoSiiiic  0  (2/1  +  1)' 

f  X  ranging  from  0  to  7r/2  at  interva 
olitained  by  interpolation  when  re<piired. 


of  X  ranging  from  0  to  7r/2  at  intervals  of  tt/IO.  Intermediate  values  are  then 


Table  of  T  [  r—  dx  =  fix) . 

J  0  sin  X  J  \  / 


X. 

fif- 

X. 

f(f)- 

1 

X. 

X. 

f(f)’ 

o 

•039283 

677/40 

•238572 

1177/40 

•450873 

1677/40 

•690354 

2-/40 

•078648 

777/40 

•279605 

1277/40 

•496043 

1777/40 

•743248  [ 

.377/40 

•118174 

877/40 

•321246 

1377/40  ^ 

•542417 

1877/40 

•798291  ' 

iTTjiO 

•157947 

977/40 

•  363596 

1477/40 

•590147 

1977/40 

•855760 

577/40 

•198050 

IO77/4O 

•406766 

1577/40 

•639400 

2O77/40 

•915963 
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I  ABLE 


of 


^  sin  2n  +  lx 
7  (2n+iy-  ■ 


V 

5C. 

V 

X. 

V 

1  0:. 

1 

V 

-/40 

■16639 

Ott/TO 

■57475 

11 77/40 

■78536 

1 677/40 

■89109 

2-/40 

•27830 

777^0 

■62754 

1277/40 

•81379 

1777/40 

■90202 

3-/40 

■  36959 

877/40 

■67442 

1377/40 

■83839 

1877/40 

•90978 

47-/40 

■44740 

977/40 

■71602 

1477/40 

■85938 

1977/40 

■91442 

577/40 

■51513 

1077/40 

■75288 

1577/40 

•87690 

2O77/4O 

■91596 

We  have  thus  the  means  of  evaluating  all  those  joarts  of  the  expressions  vTiich 
give  rise  to  the  most  slowly  convergent  of  the  series  employed. 

1'aking  y  =  2/3,  the  values  found  for  u/,  w,/  are  talndated  below  : — 


n. 

Un 

U'n. 

0 

-  ■13933 

+  -03040 

1 

-  -01331 

-  -00634 

2 

+  -00192 

+  -00098 

3 

+  -00043 

+  -00022 

4 

-  -00011 

-  -00005 

5 

-  -00002 

-  -00001 

6 

-  -00001 

-  -00000 

7 

-  -00001 

-  -00001 

8 

+  -00001 

+  -00001 

9 

+  -00001 

+  -00000 

Using  these  and  the  expressions  given  above  for  the  finite  terms,  we  can  find  the 
values  of  .the  displacements  on  the  outer  surface  of  the  cylinder. 


§  10.  Numerical  Values  of  the  Stresses  and  Disiolacements. 

The  numerical  values  obtained  in  this  way  are  tabulated  below  ;  I  have  given  the 
stresses  in  tlie  form  of  ratio  (stress)  /Q,  where  Q  is  the  unifoim  tension  which  would 
produce  a  pull  equal  to  that  due  to  the  shear  S. 
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Table  of  Stresses. 


rr/Q. 


z. 

r  =  0 

r  =  (■2) a 

II 

r  =  (-6) « 

r  =  a 

0  ...  . 

•22990 

•21985 

•18587 

•11786 

•  00000 

c-TO  .  .  . 

•22600 

•21860 

•19244 

•13540 

•00000 

2r/l0  .  .  . 

•20818 

•20842 

•20227 

•18098 

•00000 

3c/10  .  .  . 

•17064 

•17487 

•18746 

•21264 

•00000 

4c/10  .  . 

•10688 

•10931 

•12179 

•15054 

•00000 

5c/10  .  .  . 

•02697 

-02239 

•01531 

•00700 

•00000 

6c/10  .  .  . 

-  -04561 

-  • 05754 

-  -08614 

-  -13427 

•00000 

7c/10  .  .  . 

-  -09035 

-  -10187 

-  -13595 

- -18782 

•00000 

8c/10  .  .  . 

-  -08893 

-  -09947 

-  -12221 

-  -14045 

•  00000 

9r;/10  .  .  . 

-  -05430 

-  -05936 

-  -06827 

-  -06636 

•00000 

c  ...  . 

•00000 

•00000 

•00000 

•00000 

•00000 

r  =  0 

r  =  (-2)  ff. 

?•  =  ( •  4)  « 

r  =  ( •  6)  ft 

r  =  a 

0  ...  . 

•22990 

•22924 

•22568 

•21396 

•12363 

c/10  .  .  . 

•22600 

•22631 

•22618 

•22146 

•  15364 

2c/10  .  .  . 

•20818 

•21209 

•21990 

•23357 

•22157 

3c/ 10  .  .  . 

•17064 

•17486 

•18827 

•21854 

•42904 

4c/10  .  .  . 

•10688 

•10865 

•11808 

•14158 

•25536 

5c'10  .  .  . 

•02697 

•02412 

•02049 

•01498 

•00162 

6c/10  .  .  . 

-  -04561 

-  -05310 

-  -07023 

-  -10563 

-  -24868 

7c/10  .  .  . 

-  -09035 

-  -09706 

-  -11924 

-  • 16352 

-  -41155 

8c/10  .  .  . 

-  -08893 

-  -09653 

-  -11404 

-  • 14443 

-  -18289 

9c/10  .  .  . 

-  -05430 

-  -05836 

-  -06709 

-  -07983 

-  -07880 

c  ...  . 

•00000 

•00000 

•  00000 

•00000 

•00000 

r  =  0. 

/•=(-2)ft. 

r  =  (-4)  ft. 

/■  =  (-6)  ft. 

;■  =  ft. 

0  .  .  .  . 

•68906 

•71895 

•81048 

•96162 

1-11724 

c/10  .  .  . 

•67272 

•70008 

•78586 

•93696 

1-16333 

2c/10  .  .  . 

•63120 

•65168 

•71983 

•85919 

1 • 34405 

3c/10  .  .  . 

•58195 

•59404 

•  63659 

•73710 

2-02246 

4c/10  .  .  . 

•53943 

•54503 

•56451 

•61686 

1 • 36800 

5c/10  .  .  . 

•50302 

•50502 

•50829 

•50813 

•47865 

6c/10  .  .  . 

•45713 

•45662 

•44745 

•  39955 

-  -40866 

7c/10  .  .  . 

•38411 

•  38062 

•35965 

•27810 

-  1 -05552 

Sc/10  .  .  . 

•27795 

•27204 

•24438 

•15199 

-  -35747 

9c/10  .  .  . 

•14532 

•14077 

•12060 

•06040 

-  -13448 

c  ...  . 

•00000 

•00000 

•00000 

•00000 

•00000 
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rzjq. 


2'. 

i 

r  =  0. 

?•  =  {-2)  a. 

/•  =  (-4)  a. 

r  {■Q)a. 

r  =  c.  1 

■ 

0  .  .  .  . 

•00000 

•00000 

•00000 

•00000 

•00000 

f/10  .  .  . 

•00000 

•02148 

•05127 

•08883 

•  00000 

2Q10  .  .  . 

•00000 

•03347 

•08205 

•15547 

•00000 

.3r/10  .  .  . 

•00000 

•03262 

•08123 

•16519 

•00000 

1  4c/10  .  .  . 

•00000 

•02.571 

•06262 

•13159 

•95493 

.5c/10  .  .  . 

•00000 

•02495 

•05701 

•11897 

•  95493 

6c/10  .  .  . 

•00000 

•03718 

•08085 

•14879 

•95493  ; 

7r/10  .  .  . 

•00000 

•05812 

•12259 

•  20528 

•00000 

8c/10  .  .  . 

•00000 

•07753 

•  15596 

•23109 

•00000 

9c/10  .  .  . 

•00000 

•08891 

•16969 

•21918 

•00000 

c  ...  . 

•00000 

•09231 

•17214 

•20992 

•00000 

Til  the  aliove  tables  it  is  to  he  remembered  that  rr,  zz,  (f)(f)  are  all  even  functions 
of  s ;  rz  is  an  odd  function  of  2'.  At  the  points  r  =  a,  z  =  ±  ^  2:2  and  </)(^  are 

l)otli  =  +  CO  ,  while  at  the  jioints  )•  =  a,  z  =  i  zz  and  (fxf)  are  both  =  —  co  . 

Tlie  displacements  u  and  iv  have  been  compared  with  the  corresponding  total 
elongation  and  lateral  contraction  u’,)  '’h  same  cylinder  under  a  uniform 

tension  Q  over  its  plane  ends. 


Table  of  Displacements. 


Z, 

r  =  0. 

r  =  ( •  4)  a. 

r  =  (•4)ff. 

r  =  ( •  6)  a. 

r  =  a 

0  ...  . 

•00000 

•00000 

•00000 

•00000 

•00000 

f/10  .  .  . 

•05693 

•06005 

•06988 

•08685 

•10972 

2c/10  .  .  . 

•11132 

•11693 

•13489 

•16752 

•22900 

3c/10  .  .  . 

•16235 

•16949 

•19259 

•23676 

•  38253 

4^10  .  .  . 

•21132 

•21915 

•24461 

•29489 

•592.38 

5c/10  .  .  . 

•26013 

•26829 

•29467 

•34706 

•67152 

6c/10  .  .  . 

•30896 

•31741 

•34425 

•39538 

•68809 

7c/10  .  .  . 

•35493 

•36360 

•39027 

•43724 

•57421 

Sc/lO  .  .  . 

•39299 

•40162 

•42700 

•46684 

•51756 

9r/10  .  .  . 

•41809 

•42646 

•45002 

•48254 

•49745 

c  ...  . 

•42684 

•  43506 

•45774 

•48725 

•49196 
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'iijUa. 


z. 

r  =  0. 

r  =  (•2)«. 

r  =  (•4)«. 

r  =  ( •  6)  a. 

r  =  a. 

0  .... 

•0000 

•0449 

•0375 

•1341 

•5789 

C/IO  .  .  . 

•0000 

•0388 

•0294 

•1120 

•5488 

2c/10  .  .  . 

•0000 

•0262 

•0170 

•0635 

•4578 

3r/10  .  .  . 

•0000 

•0202 

•0284 

•0454 

•1847 

4c/10  .  .  . 

•0000 

•0314 

•0856 

•1206 

•3709 

5c/10  .  .  . 

•0000 

•0575 

•1767 

•2731 

•4963 

6c/10  .  .  . 

•0000 

•0838 

•2569 

•4127 

•5861 

7c/l0  .  .  . 

•0000 

•0934 

•2803 

•4466 

•5907 

8c/10  .  .  . 

•0000 

•0790 

•2313 

•  3535 

•3741 

9c/10  .  .  . 

•0000 

•0446 

•1283 

•1880 

•1807 

c  ...  . 

•0000 

•0000 

•0000 

•0000 

•0000 

§  II.  Discussion  of  the  Results. 

The  numerical  results  tabulated  above  are  illustrated  by  the  curves  contained  in 
Diagrams  1-6.  Diagram  1  shows  the  radial  shift,  of  course  enormously  exaggerated, 
Uq  on  the  diagram  being  taken  as  numerically  eqTial  to  2/5  tbs  of  the  radius  of  the 
cylinder.  For  convenience  in  plotting,  the  horizontal  and  vertical  scales  are  not 
the  same,  thus  a/5  and  c/10  are  represented  by  tlie  same  length  on  the  diagram, 
although  their  actual  ratio  is  4/77.  The  same  arrangement  has  been  adhered  to  in 
Diagram  2. 


Diagram  1. — Distortion  of  a  Cylinder  extended  by  Shearing  Stress  applied  to  the  Curved  Surface 

(Radial  Shifts). 
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From  Diagram  I  we  see  at  once  that  a  discontinuons  cliange  in  the  slope  of  the 
deformed  outer  surface  of  the  cylinder  occurs  at  the  points  2  =  d:  c/3,  i  2c,  3, 
between  wliich  the  nniform  shearing  stress  is  applied.  Tleferring  to  equation  (53) 
we  see  that  at  those  points  dujdz  changes  abruptly  by  the  value  —  ^S/p,  where 
S  is  the  al)rn[)t  increase  in  tlie  shear.  This  residt  is  exhibited  in  the  curves  referred 
to,  and  we  notice  that  the  effect  of  shear,  applied  to  the  outer  surface  of  a  cjdinder. 

Diagram  2. — Distortion  of  the  Cross-sections  of  a  Cylinder  under  Shearing  Stress  applied  to  the 

Curved  Surface. 

(m'o  =  r/2  on  the  scale  of  the  diagram.) 


1,  2,  3,  4,  5,  6,  7,  8,  9,  10  undistorted  cross-sections. 

\a,  2a,  3a,  ia,  5a,  Ga,  7a,  8a,  da,,  lO'f  distorted  cross-sections. 


is  to  depress  that  part  of  the  surfirce  towards  which  tlie  shear  is  acting.  In  fact 
the  greatest  contraction  tliroughout  the  cylinder  occurs  near  the  points  2  =  d:  3 

and  ap})ears  due  to  this  effect. 

Near  the  ends  the  cylinder  ]:)roadens  out  again,  as  we  shonld  expect,  though  it  is 
to  he  noted  that  the  distorted  generators  meet  the  plane  ends  obliquely,  which 
should  not  be  the  case  if  the  condition  of  no  stress  over  the  plane  ends  were 
accurately  fidfilled.  This  we  know  is  not  so  :  there  is  a  system  of  finite  shear  over 

the  plane  ends,  as  is  easily  seen  on  referring  to  the  table  of  rz  on  p.  172.  This 
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system  of  shears  is,  however,  self-equilihrating.  The  shear  is  zero  at  the  centre  and 
at  the  circumference,  and  its  greatest  value  does  not  exceed  about  1/4  of  the  laterally 
applied  shear.  Its  effects,  at  some  distance  inside  the  cylinder,  will  therefore  he 
small  compared  witli  the  effects  of  the  large  and  unljalanced  lateral  distribution 
of  shear. 

We  notice  that,  for  so  short  a  bar,  the  lateral  contraction  is  very  much  less  than 
the  contraction  we  should  expect  according  to  the  “  uniform  tension  ”  theory.  In 
fact  it  never  amounts  to  GO  per  cent,  of  that  contraction.  For  points  deeper  in  the 
material,  the  contraction  is  much  smaller  than  tliis.  Thus,  for  /■  =  (’2)  o,  the  lateral 
contraction  is  22  per  cent,  and  for  r  =  (‘4)  a  it  is  9  per  cent,  of  what  it  should  be  on 
the  “  uniform  tension  ”  hypothesis.  This  seems  due  to  the  fact,  in  itself  extremely 
remarkaljle,  that  there  are  considerable  radial  and  cross-radial  tensions  inside  the 
material.  Indeed,  referring  to  Diagram  3,  we  see  that  the  radial  tension  amounts  to 


l)iagrani  3. — Showing  Stress  rr  for  the  Cylinder  under  a  Shearing  Pull. 


about  l/5th  of  the  mean  tension  Q  which  would  give  the  same  total  pull,  and  wJiich  has 
been  consistently  taken  as  the  unit  of  comparison.  These  tensions  are  changed  to 
pressures  after  passing  the  ring  of  shear,  whicli  is  in  accordance  with  the  general 
compressive  effect  mentioned  aljove. 

It  may  be  noticed  that  the  shape  of  the  successive  curves  on  Diagram  3  suggests 
that,  as  we  approach  the  outer  skin,  the  two  humps  on  either  side  of  2  =  '5c  would 
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lead  to  infinities,  or  at  all  events,  to  discontinuities  in  the  stress.  In  other  words, 
that,  though  we  have  chosen  our  constants  so  as  to  make  ( rr  formally  zero,  yet 
the  limit  of  ( rr )  as  given  by  the  series  is  not  zero  when  r  aj)proaches  a.  This 

would  suggest  that  the  series  for  o'v,  considered  as  a  series  of  I-functions,  behaves  at 
r  =  a  in  much  the  same  way  as  a  discontinuous  Fourier  series  whose  general  term 

is  sin  nz  behaves  at  z  —  tt.  In  fact,  if  we  differentiate  rr  in  the  usual  way  with 
regard  to  r  and  then  jjut  r  =  o,  we  get  a  divergent  series. 

It  is  easily  seen,  however,  that  no  discontinuity  really  occurs  except  at  the  points 

where  the  shear  is  applied  discontinuously.  The  general  term  in  rr  is  of  the  form 
(dropping  irrelevant  factors)  : 


cos  2n  +  lu  '  T  /  w  ^ 

1  (“)  -  rff (f)] 

- j 


I  'ya%^(a)  —  (1  +  ya“)Ip(a) 

TT 

where  v.  =  ~  rh  ^  i  ^)- 


Now,  looking  at  the  semi-convergent  expansions  for  Iq  and  I^  we  find,  puttin^ 


a  —  d  =  r  and  p  =  a  —  8  where  8  =  jg  small, 


_  -6  A  I  1  ^ 

T  /  \  ^  I  ^  r  2 

Jo(«)  \  « 


1  ^  +  terms  of  order  S/cd  and  higher  terms  in  8/a 


and  ^  , 

ll(«l 


-s 


1  +  A 


1  —  v;  +  higher  terms 


where  e  =  base  of  Napierian  system  of  logarithms. 

The  coefficient  of  cos  [2n  -fi  l)w  then  reduces  to  the  form 


1 


(2«  -f  1) 


S  /  8  8 

-h  I,, (a) In  (a) a  X  „  X  e“^(  1  -j-  terms  in  "  +  terms  in  —  fi-  &:c.  -}-  terms 

'2u-  \  a  u~ 

.  1  ,  \ 

y«i 

(  8  8  8  \ 

1  +  +  terms  in  and  —  +  higher  termsj 

(1  —  y)  Ii  (a)  Iq  (a)  [e“^8  (terms  of  order  \  ]  (a  finite  term)} 

—  -  yaff  ^(a)  |8e“^  ( terms  of  order  fi-  e“^  (a  finite  term) 

-A(ya2V(a)-(H-ya-^)Ip(a)). 


f] 
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Now,  if  we  remember  that  [ct)  —  (!-}-  ya})l^{a)  is  of  order  yal^{a),  we  see 

that  the  successive  terms  in  the  coefficient  of  cos  2n-\-lu  are  of  the  orders 


Se  * 


Se 


ge-' 


(2)i+lb’  (1%  +  !)’  (2M+ld’  (27i  +  l>'5’  (2;t+iy5’  (2;^  +  1)^  ’ 

respectively.  Also  in  considering  discontinuities,  we  need  only  consider  the  terms 
towards  infinity,  for  the  terms  at  the  beginning  can  introduce  no  discontinuity. 

But  clearlv  the  series 


,  cos  1  n, 
(2»  +  !)•’  ' 


Se 


are  of  the  order  d  multiplied  by  a  series,  which  is  finite  and  continuous  up  to  and 
including  the  value  d  =  0.  They  tend  therefore  to  the  limit  0  with  d,  and  can 
introduce  no  discontinuity  in  the  stress. 

Tlie  same  will  be  seen  to  hold  of  the  series 


-  cos  2w+l  u,  provided  if  0. 


{2n  +  Id 

If  however  u  ~  0,  we  have  to  deal  with  the  series 


ird  ^ 


1 


TT(l 

-  (-2'!  +  1)  -5; 


2c  (2»  +  I) 


The  series  under  the  sign  of  summation  is  divergent  if  d  =  0.  If,  however,  d  is 
small,  ljut  still  finite,  the  series  can  be  summed,  and  we  have  the  expression  equal  to 


7rd  /I  +  e 


This  tends  to  zero  when  d  is  small,  provided 


'n-d  ,  .  .  ird  ^rd 

-log(l  -  e  2,.)  ,  -loo- 


&  9 


ic 


tend  to  zer( 


which  is  known  to  be  the  case, 
continuity  in  the  stress. 

Now  consider  the  series 


Hence  this  series  again  can  never  introduce  a  dis- 


— cos  '2n  +  lu  =  Se~^cos  2n  +  Do 


2n  +  1 


sc 


This  is  not  of  the  same  form.  Tlie  series  under  tlie  S  is  sometimes  oscillatory,  and 
sometimes  divergent,  but  is  never  convergent,  if  d  is  put  equal  to  zero, 
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But  if  be  small  but  still  finite,  the  series 

■la  +  Ud  ^  ^  —  g  2c  )  COS  U 


Se~ 


cos  '2n  +  \u  = 


1  +  g^S)  _  2e2(i0cos2(6 


As  d  approaches  the  limit  0,  this  series  also  approaches  the  limit  0.  Hence, 
d  fortiori,  this  series  multiplied  by  d  approaches  the  limit  0,  and  the  stress  is  con¬ 
tinuous. 

^-d  2c 

Tliis  holds  provided  u  fi:  0.  But  if  u  —  0  the  series  in  question  =  -- — .  The 
when  c/  =  0  is  —  But  when  d  =  absolute  zero  In  the  series 


limit  of 


/■■nd  2c 


Ic  1 


oTid  it: 


d2e  ^  cos  2r< -|- l?t  the  series  =  0  identically. 

We  have  therefore  in  these  cases  a  finite  discontinuity  in  the  stress. 


This  takes 


|)lace  at  the  points  u  =  0,  i.e.,  :  =  fiz  ^  ±  c,  where  the  shear  r:  varies  discontinuou.sly. 

At  all  other  points  rr  apj^roaches  the  value  zero  continuously  as  we  move  up  to  the 
outer  surface  of  the  cylinder. 

Comino;  now  to  tlie  distortion  of  the  cross-sections,  this  is  exhibited  in  Diao-ram  2. 
The  displacements  are  exaggerated,  as  in  Diagram  1,  Wq  being  taken  =  4c.  The 
cross-sections  l.)ecome  hollowed  out  in  the  middle,  the  greatest  longitudinal  extension 
taking  place  at  the  sides.  Another  noticeable  feature  is  that  the  cross-sections  are 
slightly  curled  round  the  rim,  except  over  the  part  of  the  cylinder  v'hich  is  subjected 


to  sliear,  where  they  sloj^e  up  sharply. 


This  follows  from  the  fact  that 


iho  tlu 

df  (7r 


d  ' 


Thus,  where  rz  =  0  and  dujdz  >  0  from  Diagram  1,  it  follows  that  dwjdr  <  0  or, 
since  dir /dr  >  0  nearer  the  centre,  a  maximum  value  of  iv  occurs  at  a  comparatively 

small  distance  inside  the  “  outer  skin”  of  the  cvlinder.  When,  however,  rz  increases 
by  S,  we  liave  seen  that  dujdz  increases  by  —  S/g,  hence  dwjdr  increases  by  ^S/g, 
and  is  always  positive  at  tlie  outer  surface.  At  the  further  end,  where  S  ceases  to 
act,  the  reverse  takes  place. 

It  is  now  easy  to  understand  wliy  the  tension  is  infinite  at  the  inner  end  of  the 
shear  ring  and  the  pressure  infinite  at  the  outer.  For  if  we  take  two  2:)arallel  near 
cross-sections,  the  one  just  inside  the  shear  ring  and  the  other  just  outside,  the  dis¬ 
torted  cross-sections  remain  sensibly  parallel  until  we  approach  the  outer  surface, 
wlien  they  diverge  sharply,  if  near  the  insitle  boundary,  and  converge  sharply  if  at 
the  outside  boundary.  In  tlie  one  case  we  get  an  infinite  e-xtension,  in  the  other  an 

infinite  comjiression.  Hence  we  sliould  expect  the  stresses  tc  and  to  become 

infinite  at  these  points,  and  the  stress  rr  to  vary  infinitely  rapidly — and  this,  we 
have  seen,  is  what  does  actually  occur. 

Further,  we  see  tliat  if  we  measure  the  elongation  of  the  outer  skin  as  is  done 
with  an  extensometer,  we  shall  always  get  too  high  a  value  for  the  extension. 
Beferring  to  the  table  on  ]).  172,  we  liave  the  following  table  of  the  di.splacements 
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Diagram  4. — Showing  Stress  for  the  Cylinder  under  Shearing  Pull. 
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measured  by  the  exteiisometer,  as  comjmred  Avitli  tlie  disjdaceineiits  calculated  liom 
tlie  oi  diiiary  theory,  over  the  free  length  of  the  Imr  :  — 


l)i.splacements. 

.  =  (-1)0 

z={-2)c. 

,s  -  (-3)0 

.  =  (-4)0 

-  =  (•5)c. 

Actual . 

•10972 

•22900 

•382.53 

•59238 

•67152 

Calculated . 

•10000 

•20000 

•  30000 

•  40000 

•  50000 

Difference  . 

•00972 

•02900 

•082.53 

•192.38 

•17152 

Percentage  correction  . 

—  8  •  86 

-12-66 

-21-57 

-  32-48 

-25-54 

We  see,  therefore,  that  in  such  a  case  very  large  corrections  have  to  be  applied  to 
exteiisometer  readings. 


Diagram  5. — Showing  Stre!5s  zz  for  the  Cylinder  under  Shearing  Pull. 
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Diagrams  3-G  give  curves  showing  the  variations  of  the  stresses,  with  r,  for  the 
values  of  r  equal  to  0,  (’2)  a,  (‘4)  a,  ('6)  «,  a.  I  have  omitted  the  intermediate  value 
(•8)  a,  because  the  series  used  converge  in  this  case  inconveniently  slowly,  and  no 
methods  of  approximation,  such  as  were  employed  in  the  case  r  —  a,  are  here  avail¬ 
able.  Observation  of  the  curves  for  the  smaller  values  of  r  will,  however,  in  most 
cases  suggest  the  process  by  which  they  are  deformed  continuously  into  the  curve 


Diagram  6. — Showing  Stress  rz  for  the  Cylinder  under  Shearing  Pull. 


Len^bha  c3,Lon^  Axis  of  cyUnder. 


corresponding  to  r  =  a.  In  Diagram  3,  of  course,  this  is  not  obvious,  but  here,  as  has 
been  shown,  discontinuous  changes  occur.  In  Diagram  G  it  is  also  not  quite  clear 
how  the  curve  for  r—  (■G)a  becomes  transformed  into  the  rectangle  corresponding 
to  r  =  «.  The  curve  for  r  =  (’G)  <i  has,  however,  already  developed  a  double  humj>, 
and  its  righthandmost  ordinate’s  rate  of  increase  is  fast  diminishing.  This  suggests 
that  the  two  humps  will  rise  and  aj)proach  each  otlier,  ultimately  covering  the 
rectangle,  wliilst  the  two  “  tails”  will  dwindle  doAvn  to  zero. 

Hemarks  of  a  similar  character  ujjply  to  Diagram  5. 
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§  12.  The  Second  Prohlem:  Case  of  ci  Cylinder  under  Pressure  udiose  Pads  arc 
not  allowed  to  expand.  {First  Method  of  Constraint.) 


Consider  a  cylinder  (dg.  3)  subjected  to  the  following  system  of  load  : — 

(l.)  There  is  no  shear  r:  along  the  curved  surface  r  —  a.  Over  two  rings  of 
iaeadth  e  at  tlie  ends  a  radial  pressure  P  is  made  to  act,  this  pressure  being  so 
adjusted  that  there  is  ]io  radial  shift  at  the  points  A,  B,  C’,  D  ;  the  breadth  e  being- 
in  the  limit  t(j  be  made  indetinitely  small. 


Fig.  3 


(2.)  The  plane  ends  AB,  CD,  are  constrained  to  remain  plane,  and  are  subject  to  a 
total  normal  pressure  TreUt^. 

I'he  above  would  tit  the  case  of  a  cylinder  compressed  between  two  rigid  planes, 
into  whicii  shallow  circular  de})ressions  had  been  cut,  to  fit  the  ends  of  the  compressed 
cylinder  and  prevent  them  from  expanding. 

If  we  return  to  tlie  expressions  for  the  stresses  in  the  general  case,  (24),  (25),  (2G), 
and  also  to  those  for  the  di.splacements,  we  find  that  if  w  is  to  be  constant  for  z  =  c 


he  =  riTT . 

=  c,  =  c 

K,  =  E,  =  E  =  u 

( iV  I  —  A.i)  yh  -|-  2C  =  0 . .  .  .  .  (5t)). 

Also  this  gives  r:  =  0  o\er  the  plane  ends,  so  that  we  may  suj)pose  our  rigid  con¬ 
straining  plane  to  be  idso  sinootli. 
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The  condition  that  there  is  to  he  no  shear  over  the  curved  surface  no^v  gives 


(Y  +  A,)  +  f?^  =  o 


(s"). 


(writing  a  =  ha,  p  =  hr  as  l^efore). 
From  (56)  and  (57) 


A  -  -  4-  i 


A„ 


(J  /«!„  1 


7 


.  (58). 


In  what  follows,  the  argument  of  tlie  I-fnnctions,  when  not  written,  will  always  l)e 
assumed  to  ])e  a. 

We  find 

f  +f')i„(p) 


rr  —  2  (X  +  /x)  ?«|j  -j-  X?c,,4  S 


Putting  in  this  p  =  a 


2pC 

h- 


\ 


«I()  _l_  1  \  Ii(» 


F  1 J  p 


+niO)} 


cos  /•''  .  (59). 


r>/\i  \  |\  1^  2yU.C  7^^  L'~  —  (I  +  7«")  Tj"  J 

{'i'r)r^o=  2  (X  +  /x)  +  \%0q  4-S  y  - = - -  cos  hz 

/.■  7«ii 

Now  expand  the  given  pressure  in  the  form 

{rr),^a  ='P  a,-,  +  S  cy,  cos 


nirz 


Where  «n,  « 


0; 


.  are  determined,  P  remains  a  free  constant. 


We  have  at  once,  comparing  coefficieiits. 


(61). 


2/xC 

/. 


yalj 


~P4.  .  .  . 

1 

■  •  •  ■  (r,2) 

Po,  .... 

.  .  .  .  (G3). 

Next  we  have  =  0  when  r  —  a,  :  =  c 


where 


Wo«  =  —  P^ 
«Ip(-  Ip 


CO  f( 


^  -n,/' 


1  2/xC  7«M,~  —  (1  +  7«-)  I," 


(fi4), 

((■,5). 
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Tliis  condition  gives  in  terms  of  P,  and  hence  by  (63) 


\2Vq  =  P  (  {(q  +  2  (X  +  H-) 


a 


(66). 


We  have  now  to  find  such  a  value  for  P  tliat  the  mean  pressure  on  the  plane 


ends  is  Q. 


TTCi 


'0 


[i^cdr 

J  r» 


=  770'  +  (^  +  2/a)  U\) 


+  277X  COS 


nir'i 


1 


c 


(X  -|-  2ix]A,2  ~  XA,  —  x'^  rl^^dr  fi-  2p,c| 


whence,  apjfiying  the  well-known  theorem, 


rJ.l 


{x) )  =  x%_,{x), 


we  liave 


ttO'Q  =  770^  (2X?/.,-,  +  (X  -f  2/x)  v\,) 


+  277^  COS 


7i7rr: 


2C' 


(X  -f-  2ja)  A.t  —  XA^  —  ^  7 


f  +  2A'  f 


Usinn  tire  relation 


I2  +  7I1-I0 


0 


and  putting  in  for  A^,  A^  their  values  in  terms  of  C,  we  find  that  the  terms  under 
the  S  vanish  identically.  Hence 


Q  —  —  (2Xi/o  +  (X  -f  2/x)  'U'q) 


(fiS). 


Now  su])pose  the  distribution  of  stress  is  such  that  rr  =  0  from  :  =  —  (c  —  e)  to 

z  =  -]-  (c  —  e)  and  rr  =  —  P  from  7;  =  —  c  to  i  7=  —  (c  —  e),  and  fi’om  z  =  c  —  e 
to  =  c,  we  find 


,  2  (  —  1)'*  .  nire 

=  —  c/c  a„  =  —  -  -  sm  -- 

llTT  C 


whence 


—  _  s' 


.  7X11  (' 

Sin 

c  r 


Hr 


1  n.  n-TT-  7«H|f  —  (1  -f  7«hlf 

Wlien  a  is  at  all  large,  the  terms  of  ^  are  comparable  with  those  of  the  series 


.  (66). 


.  7177(1 
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which  is  equal  to 


•  (70). 


(70)  will  give  the  approximate  value  of  C  whenever  vra/c  is  at  all  large.  If  a  =  2c, 
this  method  of  approximation  will  already  be  quite  fair. 

We  see  therefore  that  if  e  tends  to  zero,  ^  also  tends  to  zero,  hut  ^je  tends  to 
become  logarithmically  infinite. 

Now  from  (68) 


PUr 


XQcq 


(X  +  2^)  ftp  +  (3X  +  2/a) 


(X  +  2/a) 


-  XQ 


Hence,  since  —  ^/e  tends  to  co  when  e  tends  to  zero,  Prtjj  tends  to  zero  when  e 
tends  to  zero. 

And  similarly,  for  any  finite  value  of  n,  Pc/.^  tends  to  zero  when  e  tends  to  zero. 

But  if  we  write  down  the  expressions  for  the  stresses,  they  are  : 


-  ^  _  O  I  V  («) 

(1  +  7-)IyU 


rr  =  Poo  +  S 


Pa„7al^ 


_  P Cifj  -j-  S  2T  2 


7““V  -  (1  +  7«^)Ii“ 

P«„7«Ti 


pi, (p)  +  lo (p) ( 2 

«T 


h  /J 


nirz 


COS 


LV  P 


+  l)I,(p)-I,(p)  y^  +  f-  +  p 


«Io  .  1 


/ill  yp 


cos 


nirz 


7«^Io^  -  (1  +  7«P  Id  L\  Ii  7/  P 


h,  ,  1\P(6)  /I 


+  - 


-  -  i;r(p) 


llTTZ 


cos 


7’Z  —  2 


P«„7all _ 

7«'Io“  -  (1  +  7«P  Id  . 


d„ 


p^Ap)-y^Ap) 

-^1 


nirz 


Sin 


(71). 


Now  the  above  series  are  absolutely  convergent  for  all  values  of  r  except  ?■  =  o, 
where  indeed  they  are  discontinuous.  Leaving  the  neighbourhood  of  r  =  a  out  of 
account,  we  see  that  for  points  inside  the  material,  when  the  space  over  which  the 
constraining  pressure  acts  is  indefinitely  reduced,  LPa...  =  0  and 


=  -Q 

rz  =  rr  =  (fxf)  =  0  ; 

therefore  outside  the  rim,  where  plastic  deformation  may  be  expected  to  occur,  the 
stresses  are  exactly  the  same  as  on  the  ordinary  hypothesis. 

We  come  then  to  the  conclusion  that  this  method  of  preventing  the  ends  from 
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exj^aiiding  is  not  adequate,  and  that  to  obtain  any  real  effect,  we  require  to  make 
the  constraining  rim  of  a  certain  definite  thickness. 

In  so  doing,  we  are  reaUy  introducing  an  additional  condition,  besides  the  non- 
exj^ansion  of  the  ends,  the  cylinder  being  now,  as  it  were,  built-in.  The  jDrohlem  as 
it  stands  did  not  appear  of  sufficient  interest  to  warrant  the  expenditure  of  arith¬ 
metical  labour  upon  it,  so  I  have  contented  myself  with  stating  the  algebraical 
results. 


§  13.  The  Second  Problem :  Constraint  effected  hy  Shear  over  the  Terminal 
Cross-sections,  Determination  of  the  Constants. 

Supjjose  now  that  we  consider  our  cylinder  subject  to  the  following  conditions  : — 
(i.)  A  total  pressure  ircd  over  the  plane  ends,  the  distribution  of  this  pressure 
being  unknown. 

(ii.)  The  ends  constrained  to  remain  plane,  so  that  iv  —  const,  when  2;  =  c. 
(hi.)  The  ends  not  to  expand  alojig  the  jjerimeter 

u  =  0  when  7-  =  a,  z  =  ff:  c. 

This  condition  is  satisfied  by  allowing  a  shear  rz  over  the  plane  ends,  its 
distribution  being,  however,  unknown. 

(iv.)  No  stress  across  the  curved  surface,  i.e., 

rr  =.  0  when  r  =  a, 
rz  =  0  when  r  =  a. 

These  conditions  will  represent  the  state  of  things  which  we  may  expect  to  hold  it 
the  cylinder  be  compressed  between  two  rigid  })lanes  which  are  sufficiently  rough  to 
prevent  the  expansion  of  the  ends. 

Now,  in  such  a  case  as  this,  it  is  obvious  that  the  exj^ressions  for  the  stresses  and 
strains  as  purely  periodic  series  in  z  break  down,  for  if  we  take  the  expressions  (24) 

and  (26)  for  11'  and  rz  the  condition  that  iv  =  const,  when  z  =  ^  c  will  give  us,  as 
before,  E  =  0,  and  the  vanishing  of  the  stresses  at  the  curved  surface  will  give  two 
homogeneous  equations  of  condition  between  A^,  Ao,  and  C.  These,  taken  in  con- 
iunction  with  equation  (35),  give  three  linear  homogeneous  equations  in  A^,  A^^,  and 
C,  which  are  in)  general  inconsistent  unless  Aj  =  0,  Ao  =  0,  C  =  0,  which  would 
destroy  the  periodic  solution  altogether. 

We  have  therefore  to  assume  that  u  and  tv  are  made  up  ol  two  parts.  The 
first  part,  which  I  shall  denote  hy  U,  W,  consists  of  the  periodic  solution  hitherto 
obtained.  The  second  part  is  a  finite  power  series  in  r  and  z.  The  resulting  expres¬ 
sion  is  a  combination  of  the  two  ty})es  of  solution,  which  are  discussed  separately  hy 
Mr.  Chree  (‘  Camh.  Phil.  Soc.  Trans.,’  vol.  14).  Either  of  these  two  types,  taken  by 
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itself,  is  of  comparatively  restricted  application,  but  by  combining  the  two  we  are 
enabled  to  deal  with  far  more  general  problems. 

Assume  therefore 


•  “l'  I 

u  =  VqV  +  -  -  + 


Drz^  Er%”  F^’U 

T  +  ^2  +  A  +T"  + 


,  'lo.z^  J)'r^ 

W  =  IVqZ  +  -Y  +  '5“  +  ^ 


Yrh 

+  ^”+  4-  +W 


(72) , 

(73) . 


The  above  power  series  are  the  most  general  expressions  of  the  fifth  degree  con¬ 
sistent  with  the  conditions  that  u  must  be  odd  in  r  and  even  in  2,  and  w  must  be  odd 
in  2  and  even  in  r. 

In  the  above  we  have,  as  before. 


Consider  first  of  all  the  condition  that  w  is  to  be  constant  when 
fixes  k  : 

k  =  njTjc . 

Further  we  have 


F'  =  0 


±  c. 


iD'c  +  =  0 . 

Now  remember  that  u  and  w  have  to  satisfy  the  differential  equations 


(^+v),C.,s(™)+CS+(^+f‘)x” 


drdz 


0, 


This 

(76) . 

(77) . 

(78) . 


.  1  du  .  Id/  div\  ,  \  d~w 

nx  ;  ,7;  <■  7,:  +  ()^  +  2^^)  753  =  0- 


r  dr  dz  '  ^rdr\'  dr  J  '  dz 

The  parts  U  and  W  we  have  seen  already  v^ill  satisfy  these  equations,  provided 


Aj  —  A2  ~h  2C/y/i-' . —  0 . (79)- 

Consider  therefore  only  the  algebraic  terms.  Of  these  and  always 
satisfy  the  above  equations. 

The  third  order  terms  require 


3  '^h  (^  +  2p)  p,T>  +  (A  +  p.)  I)'  —  0 . (80), 

2  (  X  “b  P-)  T)  “h  2pl)^  -j-  (X  “b  2p)  =  0 . (81)' 
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The  fifth  order  terms  give 


which  imply  tlie  four  relations 


(X  +  2p)  -  pE  —  0  . 

O 


2  (X  -j-  jU,)  F  -j-  SpE'^  -f-  (X  -j“  2jU,)  4'?^^  —  0 
4E  (X  +  2/x)  +  SjxY  +  3E'  (X  +  p)  =  0 
4E  (X  +  /x)  +  3E'  (X  +  2/x)  =  0  .  . 


(83), 

(M). 

(85). 


There  is,  however,  a  further  relation  to  he  satisfied  among  these  constants,  and 
that  is  obtained  as  follows.  If  we  proceed  to  write  down  the  expressions  for  rr 
and  rz  and  to  put  in  them  o'  =  a,  we  sliall  obtain  expressions  of  the  form 


rr  =  algebraic  polynomial  in  2  +  series  of  cosines  of  mTz[c, 
rz  =  algebraic  polynomial  in  ,2  +  series  of  sines  of  mrzlc, 


where  the  coefficients  of  cos  mrzjc,  sin  mrzjc,  contain  the  two  undetermined  con¬ 
stants  and  An. 

We  may  now  proceed  to  expand  the  two  polynomials  in  series  of  cosines  or  sines 
of  mrzfc.  Equating  then  the  coefficient  of  each  cosine  and  sine  to  zero,  we  can 

make  rr  and  rz  zero  over  the  whole  of  the  curved  surface,  and  at  the  same  time  we 
obtain  two  equations  for  A^  and  Ao. 

But  it  is  clear  that,  if  the  Fourier  expressions  in  the  second  case  are  to  be  con¬ 
tinuous,  then  the  algebraic  polynomial  part  of  rz  must  reduce  to  zero  when  2  =  rb  c, 
otlierwise  its  expansion  in  sines  of  mrzlc  is  discontinuous,  and  at  the  perimeter 
of  the  flat  ends  the  shear  is  discontinuous.  Tins  introduces  infinite  stresses  at  this 
point  which  render  the  solution  inconvenient. 

Now  we  have  at  our  disposal  nine  constants ;  these  have  already  been  made  to 
satisfy  the  seven  homogeneous  equations  (78),  (80)-(85),  and  therefore  we  are  free 
to  make  them  satisfy  an  eighth  homogeneous  equation. 

Choose  then  the  constants  so  as  to  make  (polynomial  part  of  [(/a/cA  -fi  dayV/?’]  when 
r  —  a,z  —  ±  c)  zero,  and  we  have 


Dac  -f  Ym?c  +  Fac®  +  DAc  +  E'ac^  =  0 


(86). 


If  now  we  express  all  the  other  constants  in  terms  of  the  constant  E,  we  find  : 
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■w.^  =  fyE,  u.2=  —  -/j(l  -y)E, 

+  'T®’ 

F--|(l+y)E,  E'=-|yE 

and  these  satisfy  the  equations  and  the  condition  (86). 

It  is  noticeable  that  a  solution  can  be  obtained,  in  the  form 

»  =  v  +  f +  5f^+r, 

w  =  vv  +  ?^  +  W, 

which  can  be  made  to  satisfy  all  the  conditions  except  (86).  If,  however,  one 
works  out  this  solution,  it  is  found,  as  we  should  expect,  to  give  infinite  values  for 
the  stresses,  all  round  the  perimeter  of  the  plane  ends.  Thus,  though  simpler  in 
form,  this  solution  is  not  really  simpler  to  work  with.  I  have  given  on  pp.  217-219 
the  expressions  for  the  stresses  and  displacements  ol^tained  from  such  a  solution. 


— 


8^2 

o 

O 


§  14.  Determination  of  the  Coefficients  so  as  to  Satisfy  the  Conditions  at  the 

Curved  Surface. 

If  we  write  down  the  expressions  for  the  stresses,  we  find 


— )  =  (D  +  D')  +  Eah  +  (F/  +  F)  _p  ^  dW 

\  U  jr^a 


dz  ^  d  r  ' 


We  have  therefore  to  make 

-  (D  +  D')  az  -  Ea^^  _  (E'  +  F) 


Now  we  find  easily 


20 


—  S  (A^  +  Ag)  Ij  (a)  fi-  —  af  (a)  sin 


niTZ 

c 


Hence  if  we  expand  —  (D  fi-  D') 
sin 

1  c 


CO 

(-  1)"- 

,  2c  . 

HTTZ 

s 

^  -  sm 

) 

1 

'HIT 

c 

CO 

,  I2d 

12c-^\  .  nir: 

S 

(~  i)“ 

1  ( - 

■  -  sm  - 

1 

\niT 

"/rTT'*/  c 

1 

"T 

D')  az 

-  Eah 

-  (F/  +  F)  ( 

a,,  =  [—  (D  +  D')  ac  —  Ea^c  —  (E'  +  F)  ac^~]  ( —  1)"  ^  X 


nir 
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The  first  term  is  zero  in  virtue  of  equation  (86),  and  using  the  relations  (87) 
we  find 

XEx(2y+l), 


n-^TT' 


whence,  comparing  coefficients 


A  ■  A  2C  «Ia  ,  _ ,  16«(r^  ,  . 

A.  +  V  +  ^^  =  (-l)«-,-,^,(2y+l)E 


(88). 


This  gives  us  rz  consistently  zero  right  up  to  the  plane  end. 
Next  we  have 

(  rr  =  2  (X  +  p,)  Wq  +  X^(q 


+  0 


D' 


I  (2^  +  S/a)  ^ 


-I-  z~  D(X  -|-  p)  D  -j-  XiC]] 


.O  0 

a-z- 


+  "7  [(IX  +  C,.)  E  +  3XE']  +  a* 


+  £*  ’X±eF  +  X?(’, 


fi-  (X  +  2p) 


j r  =  n 


^  r  =  « 


Hence  we  have  to  make 


i^[(i  +  y)^i  +  (1  ~  y)-^2]lo  +  2p 


A  T  ■ 


nirz 


COS 


=  —  2(X  +  p)7/o  —  Xa’o 


a~ 


1(2^  +  3p)  ?q  + 


■■  |(^  “k  1^^)^  +  X??;^  +  —  [(4X+  6p)E  A  3XE  ] 


A 


A.  -1-  p 


F  +  \iu„ 


(89). 


Now  we  have 


—  o  + 


4C"(—  1)"  llTTZ 


S' 

^  0  o 

]  n-iT- 


cos 


..4  _ 


^  1  /  X  /  1  6  \  niTZ 

y  +  t^c\—  1  ”  Hr  o  —  TAH^® 

5  1  \77'7r“  n^TT^I  c 


Hence  if  the  right-hand  side  of  equation  (89)  he  expanded  in  the  form 


S  l>„  cos 


niTZ 
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we 


find 


hQ  —  —  2(\  +  i^)u^  —  \Wq 


a- 


D' 


|(2X  +  3/x)'Mj  +  —  X. 


/6  a,  +  10/i,  \ 

“1-6-  I"- 


+  /a)  D  +  XiVi  + 


a-^ 


(4  A  +  6)ot)E  +  3XE' 


A  +  /A 


F  + 


/>„  —  —  ^  "jjU  I "t"  H”  ,5  [  +  6^)E  +  3XE  ] 


8<X(  1).  1  +  , 


•T  0 

li'Tr" 


n*Tr^ 


whence  using  equations  (87)  we  find  after  long  but  otherwise  straightforward 
reductions 

6o  =  -  2  (X  +  /r)  Uq  -  \iVq 


0  O  -I 


+  /xE|-lfcV-^(2y+l)  +  ~-^| 


4Ur/3 

-  (-  l)U^,/xE(2y+  1)  -  l)*Ex.y. 


'/rTT' 


Hence,  equating  coefficients  on  both  sides  of  equation  (89)  we  obtain  the  relations 


2  (X  +  /r)  Wy  +  XlCy  —  /xE  j  —  T5  “  1 (%  +  1)  + 


»'>  o  o 


•  (90), 


—[(1  +  y)  ^1  +  (1  —  y)  A-2]  Iq  +  2 


«  -  /7 


=  -(-l)-Exf?U2y+H-^A)  .  . 

n~7r  \  a“)i~TT"j 


■  (ai). 


and  it  in  (91)  we  substitute  for  A^,  A3  their  values  in  terms  of  C//;  deduced  from  (79) 
and  (88),  we  have 


2gC  Aylp^  -  h^(l  ^  Ay) 
k  a-zE 


/  \  T-^  '^c~'c0^ 

-  (-  I  >E  X  „ 

ifir- 


2/  +  !+  222(^7'^^) 


a-^n-TT" 


4(;h,(27  +  1)' 

(067rE 
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or 


X 


=  -(-1) 


/'3 


(27  +  1)  «  +  -(87  +  1) 
a 


Ii-4I„(27  +  1) 


7a2V-(l  F7a"MX 


•  (92). 


A I  and  A.,  being  known  in  terms  of  C,  all  the  constants  are  now  determined, 
except  v^^,  and  E. 


§  15.  Determination  of  the  Constants  iVq,  E. 

Let  us  now  apply  the  condition  that  ; 

[  (19  {  rzzdr  =  — vra'Q. 

-0  Jo 

II  we  write  down  the  expression  for  22,  using  the  expressions  for  Aj  and  A.,  in 
terms  of  C,  we  find  : 

zz  2A.'?^q  “h  (X  -h  2jU.)wQ 


+ 


-f  (X  A  2fi)  2 


'A  +  [\D  +  (X  +  2/r)^,>2_p 


2EX  +  "^(X  +  2p,) 


,.2,.3 
/  ^ 


+  K  +  1  0  +  (^  +  2^-)  "^3 


AS 


2/.C 


7  h 


dll  (d)  -  I 


u 


L 


—  n 


nirz 


cos 


+  (2y  +  l)  C-f  (  -1)"X^ 

1  J-1 


16flc®  iriiz 
COS  — 


C 


—  2X'?<(j  A  (X  A  2fji 


a- 


+  nEj  .-ii“  +  (-7-l)"7  >'"-  +  [0®-|t=(2y+l)]2=-'2)-2O 


i 


7n2y-l)n  +  -|(2y+l)2^ 


+ 


”  2/xO 
1  h 


fii  ip)  - 1,  (p)  \  2 


COS 


nirz 


+  (2y+l)yEsi^h-l)-x  X 


niTZ 

COS 
?r"7r’^  c 
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Hence 


[  d6  [  zzrdr  =  7r«^(2\i^Q+  (X  +  2ix)iVq) 

'  0  JO 


+  (JlE  X  27T 


f  cd 


(27—1)  , 


^  /  -7  I  O  o 


.*)  0 


i(27  +  1) 


+  iGa(2y+  ])S(-  I)" 


f  P^oip)dp 


TL'TTZ 


COS 


II  («) 


J 


+  2  A  [  [r  I,  (^)  -  p\  (p)  {  -  2  }  ]  dp  cos 


TITTZ 

e 


But 


P'Ti  ip)  ~  pTo  (p) 


2^L 


0  _  o 


L  n 


1  (dp  =  a~Io  (a)  —  al|  (a)  |  T^'  —  =  0  by  (67), 

J  '  I  b  J 


and 


f  P^oip)^^P  =  «Ti  («). 


so  tliat  we  liave  to  make 


2\iip^  +  (X  +  2/x)  1(\ 


*^ry  - 

“  /  ■*-  .■)  I  O  O 

-  9  «  ■  + 


y*  27  —  1  ^  (^7  +  1) 
G  4 


..1 


®  —  1  Y*  'jITTZ 

+  16  (2y  +  1)  S  -  -  cos  — 
^  ^  n^TT^  c 


J 


Q. 


Now  it  is  easy  to  show  that 


^  (—  1)"  nriTZ 

N - ,  cos  — 

1  n*  c 


Z^TT* 


ITT* 


48c't  24("  720  ’ 


whence  finally 

2Xwq  +  (X  +  2/x)  Wq  +  2^E  I  ^  +  \cdc^  —  -4-5-  (2y  +  l)  +|  =  —  Q  .  .  (93). 

(90)  and  (93)  thus  give  us  already  two  equations  for  Uq^  ?(-q,  and  E.  We  require  a 
third  equation. 

This  is  obtained  from  the  condition  that 


—  A. 


2  C 
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This  gives 


,  J)ac-  Ea^c^  Yctc^ 

u,a  +  ^  +  -5  +  -Y-  +  -^  +  -X 


+  S^-^I.-  Si„U-i)-  =  o 


a’ 


ac~ 


+  I  [(1  -  r)  -  fc^]  E  -  (I  -  y)  E  +  T [t  (1  +  y)  “  «^]  E 


24 


+  ^  -  Hi  +  y)  E«c^  -  (2y  +  1)  s  E  +  N  E  i  (_  I)n  =  0. 


N  ow 

whei’e 


CO  pT  yy.i 


C=  s 

n  =  l  « 


24 


(2y  +!)«  +  -  (87  +1) 


1,2  -  (87 +  4)  Eh 


(94)- 


7.=r,r  -I,M1  +  7=<‘) 


so  that  {  is  a  known  constant. 


1  ., 


We  then  find,  putting  in  for  N  — :  its  value  71^90, 


=  -  E 


Tf  now  we  write 


7  -  ? 


12 


a 


‘  -  1  a°-c=  +  i  (1  +  y  -  A  {2y  +  ] }) 


(95). 


/=(3y-l)  +ic%=-U(2y+  l)c' 


?=A(i-r-0«*-i«=n5  +  Ui+y-A)%  +  O)c4  .  ,  (oe), 

L  O  -7 

A=-Be*y-  ,p2y+l)  +  -h  ' 


SO  that  /,  g,  h  are  known  constants,  then  ecpiations  (90),  (93),  (9.5)  may  be  re-written 
as  follows  : — 

+  (k  +  2g)  w^^  -f-  g  /E  =  —  Q  ] 


'>-'■0 


+  ;7E  =  o 

2  (X  -h  /i)  '>!()  +  X?f’„  -j-  p/(E  =  0 


(97). 


Solving,  we  have  : 


gE  = 


7(0  = 


—  (27  —  1) 


(A +  (27-1)/+ 2^(47-!))  ’ 

_ Qy  (27  —  1) _ 

/A  (/t  +  (27  —  1 )/  -f  27  (47  —  1)  I 


. (98), 

. (99). 
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Q 


U'q  =  -  - 


h{l  —  7)  +  2g'y 


f,  /,  +  (27-1)/ +2^  (47-1) . 

All  the  constants  •  are  therefore  absolutely  determinate  and  the  solution  is 
complete. 

§  16.  Expressions  for  the  Stresses. 

The  reduced  expressions  for  the  four  stresses  are  given  below  : 


rr  =  ixE 


-{ffr-  |aV  +  |#yc‘}  +r=|(l  +y)^-(4y+  1)| 


+  2^  X  2y  [2c®  —  a®]  —  r^ 


12 


+  rh^  (4y  +  1)  -  2y2 


16ac^ 


+  =^Ay  +  1)  !  //  ( - 1,_ 

1  n%{a.)  \  p 


COS 


nirz 


(101). 


4c-a-7  *(-!)" 

■>  ^  o 

77"  1 


+  l)«  +  -(8y+l)  Ii-(8y+4)I, 


ya-  (V  -  Ir)  -  Ir 

f"  +  1)  Up)- (f  +  -  pli  (p)l<=os '/ 

L\  -*^1  /  \  -*^1  7  /  P  J 


-  -  Q 

+  /rE  '  _  j 27^1  _XA<^2y+iy\  +E- 


2  ^3 


-  2»-(|(2y  +  -  ««)-  r*^.f  -  2,-V  +  |(2y  +  l)-4 

,  J_  T  \  V  1-1)"  Io(p)  nTT- 

+  +  1)  s  —  COS 


1  #  Il(«) 


(102). 


4 


4t“«®7  *  (  —  !)'■*  _ 

O  o 

TT''  1  n" 


(2y  4-  1)«  +  -(8y  +  1)  Ii  -  (8y  +  4)1 


7«4V-lF)-If 


«I 


b 


-  2 


niTZ 


COS 


12 


«4  4  +^2  _  j  ) 


—  (4y  —  1)31  +  2y22(2m  —  ce^] 


->■*(-//") +  r¥(4y-l)-2y:‘ 


-  4®‘'"’(2y  +  i)s 

TT’  ^  1  Jl-’  pll(«)  C 


4iC~a?y  *  (  —  1 )" 

O  ^  0 

TT*'  1 


4 


2y  +  i)a  +  -(8y  +  l)  Ii-(8y  +  4)Io 


7^41/  -  I/)  -  1/ 


1 


.  P  \  b  7 
2  c  2 


+  r.  -  io(p)  L,  “  1 


1 


7 


a7r2 


COS 


C  y* 


(103). 
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rz-=  /xE 


■  [l(-y  +  +  rh  -  |(2y  +  l)i 

+  (2r  +  i)-^s-^,  i;w™  7 


■ic-a-y  ^  -  1 )" 

77-  7  n- 


2r+  l)a+  ;;(8y-f  1)  r,-(8y  +  4)I, 


^  •  (104), 


7a^(Io—  If)-  Ir 

L  . 


Sill 


mrz 


where,  putting  in  for  f.  r/,  h  in  (98)  their  values, 


(105). 


.  §  17.  Numerical  Example. 

Let  us  now  consider  a  concrete  example.  Take  a  cylinder  whose  diameter  is 
nearly  equal  to  its  length.  This  corresponds  about  to  the  dimensions  used  in  practice 
for  test  pieces  under  pressure.  We  will  take  ira/c  =  3  in  order  to  simplify  the 
calculation  of  the  I-functions. 

Further,  we  shall  assume  uniconstant  isotropy,  so  that  y  =  2/3. 

We  then  find  : 


liy  7^  -  ^^(-10695) , 

ih  =  - 

u^  = 

=  - (’070057),  1 

aq  =  —  -  (*090552) , 

ib\  —  —  -x(l'd6046), 

fxa- 

u 

h  =  ^.(l’01193),  , 

E=  ^,(1*13842), 

/xer  ' 

E'  =  -  -^(1*01193), 

/xfr  '  ' 

F  = 

-  -,(2*52982),  ; 

L)  7=  (1*63584)  , 

/xc- 

D'  = 

'‘,(ri0970), 

fj,a~  ' 

^  =  2*036847, 

j 

/’=  —  rU  (*451889), 

r/  =  (*093947)  , 

h  =  ■ 

-(d(*455329)  ! 

(106), 
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and  the  stresses  become  : 


n 


/xE 


^  =  -  •455329a^—  -923650^+  U59099422a2 


(-If 

1  ?i-" 


cos 


8ft**  (-1)"  nirz 

—  —  A  — —e,,  cos  — 
2i  I  n-  c 


niTZ 


I  +  Q. 

yftE 


=  •4ol889cd  +  •8977487%2  _  2-41I71622rt2 

-  f‘  -  2.-V-  +  =os  “f" 


8a*  *  ( —  1)" 


s' 

27  T 


OlTTZ 


TT-guGOS 


^,=  -  •455329a^  -  •359235'A'a’  +  l-590994Y-a2  - 

fit,  y 


O  0 

01'~Z~ 


+  -TT-  -  - 


—  -  -^a  - ;; —  h,,  COS  —  S - ; —  U  cos 


81  -  -  ^^3 


c 


2  7  7 


niTZ 

c 


=  2'411716a~rz  +  rh  —  \-rz^  +  ^  p,,,  sin 

yU  Hj  1  ^  ^  ^ 


K  ,  *  ( —  1 )"  .  mrz 

—  -o\  N  —  —  sin  — 

1  n-  ^  c 


whei'e 


h  (P) 


-  I, 


76 


Ii(-) 


)  ii(«)  -  io(«) 


/i<In 


+  1  h(p)  “ 


h  +  hO^-'-i  (p)l 

h  7/  P 


Qn^  (V  -  1^0  -Ir 


i/«  = 


Iq  (p)  /  li  («) 

76  \  ^ 
+  9,1  '  *■ 


2J1I 

3  -^0 


phlp)  -  Io(p)  1''/“  - 


6/d(I7-Ij2)-I^2 


^lip)/  pli  ('^) 


76 


h  = 

P»-  =  li  {p)/h  (“) 


7U^/«In  ,  1 
L  p  7 


-  -  1  Mp) 

7 


6a2  (17  _  17)  -  17 


% 


2  8  T 


plo  (p)  --  ^°Ji(p) 
*1 


67d(i7-i7)-i7 


(106a), 


.  (1066) 
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§  18.  Tables  of  the  Constants  for  the  special  case  taken. 

The  values  of  these  coiistauts  I  have  calculated  for  the  values  1  to  6  of  n  and  the 
values  p  =  0,  a  3,  2a/3,  a,  i.e.,  remembering  that  in  our  case  a  =  3»,  for  p  =  0, 
n,  2n,  3n.  These  values  are  given  in  the  following  tables  : — 


Table  of  Constants. 


Cji. 


n. 

r  =  0. 

1 

II 

pj 

r  =  2«  3. 

r  =  a. 

1 

-  -126474 

-  -177294 

-  -375444 

-  -901257 

0 

w 

-•815103  X  10-- 

-  -241966  X  10-1 

-  -144470 

-  -929393 

o 

O 

-•485003  X  10-3 

-•345613  X  10-2 

-•553007  X  10-1 

-  -949670 

4 

-•275613  X  10-^ 

-  -488500  X  10-3 

-•208129  X  10-1 

-  -961180 

5 

-•152381  X  10-3 

-•681835  X  10-1 

-•776521  X  10-2 

-  -968455 

6 

-•825385  X  10-' 

-•943397  X  10-3 

-  -288544  X  10-2 

-  -973449 

e 


n- 


n. 

r  =  0. 

r  =  11  3. 

II 

r  =  a. 

1 

•971897 

1-132478 

1 • 57  3394 

1-960798 

2 

•120292 

•260646 

•914018 

1-998081 

3 

•117631  X  10-1 

■586808  X  10-1 

•534190 

2-319025 

4 

•945472  X  10-3 

•115601  X  10-1 

■273635 

2-545291 

5 

•678980  X  10-1 

•208131  X  10-2 

•129351 

2-702777 

6 

•454266  X  10-3 

•353345  X  10-3 

•582489  X  10-1 

2-816948 

n. 

/•  =  0. 

/•  =  tt/3. 

/■  =  2ti/3. 

r  =  a. 

1 

•252949 

•320250 

•576618 

1-234590 

0 

•163021  X  10-1 

•371619  X  10-1 

•184245 

1-096059 

3 

•970005  X  10-3 

•473439  X  10-2 

•652177  X  10-1 

1-060779 

4 

•551226  X  10-1 

■622991  X  10-3 

•235682  X  10-1 

1-044513 

5 

•304762  X  10-3 

•830167  X  10-1 

■857923  X  10-2 

1-035120 

6 

•165477  X  10-3 

•111258  X  10-1 

•313561  X  10-2 

1-029005 
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(In. 


n. 

r  =  0. 

r  =  a/ 3. 

li 

r  =  a. 

1 

-  -787811 

-  -736099 

-  -324884 

1-638888 

2 

-  -155588 

-  -246518 

-  -431227 

2-052233 

3 

-  -176721  X  10-1 

-  -584824  X  10-1 

-  -326343 

2-400197 

4 

-  -152827  X  10-2 

-  -116088  X  10-1 

-  -189318 

2-623837 

5 

-  -114613  X  10-3 

-  -209107  X  10-2 

-  -963285  X  10-1 

2-774995 

6 

-  -789128  X  10-5 

-  -  .354776  X  10-3 

-  -455547  X  10-1 

2-882627 

n. 

'/■  =  0. 

r  =  ^^3. 

r  =  2ff/3. 

r  =  a. 

1 

-126474 

•142956 

•201175 

•333333 

2 

•815103  X  10-2 

•129653  X  10-1 

•397748  X  10-1 

•166667 

3 

•485003  X  10-3 

•127826  X  10-2 

•991703  X  10-2 

•111111 

4 

•275613  X  10-1 

•134492  X  10-3 

•275530  X  10-2. 

•853333  X  10-1 

5 

•152381  X  10-5 

•148331  X  10-1 

•814018  X  10-3 

•666667  X  10-1 

6 

•827385  X  10-7 

•169178  X  10-5 

•2.50165  X  10-3 

•555556  X  10-1 

11. 

7-  =  0. 

7-  =  77/3. 

7-  =  2f7/3. 

7'  =  a. 

1 

•971897 

1-067168 

1-386651 

2-042427 

2 

•120292 

•179629 

•477822 

1-664308 

3 

•117631  X  10-1 

•283739  X  10-1 

•185745 

1-682707 

4 

•945472  X  10-3 

•414783  X  10-2 

•707563  X  10-1 

1-703514 

5 

•678980  X  10-1 

•586774  X  10-3 

•266082  X  10-1 

1-716955 

6 

•454266  X  10-5 

•817120  X  10-1 

•993188  X  10-2 

1-725546 

11. 

7-  =  0, 

7-  =  «,/3. 

?■  =  2ft/3. 

r  =  a. 

1 

•  000000 

•142956 

•402350 

1 • 000000 

2 

•000000 

•259307  X  10-1 

-159100 

1-000000 

i  3 

•  000000 

•383479  X  10-2 

•595020  X  10-1 

1 • 000000 

4 

•000000 

•537967  X  10-3 

•220423  X  10-1 

1-000000 

5^ 

•000000 

•741658  X  10-1 

•814019  X  10-2 

1 -000000 

6 

•000000 

•101507  X  10-1 

-.300198  X  10-2 

1 • 000000 
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n. 

r  =  0. 

■/•  =  9/3. 

-  r  =— 29-/3.  - 

■ 

r  = 

1 

•000000 

-  -  .382470 

- -615993 

-000000 

2 

•000000 

-  -200638 

-  -645084 

•000000 

3 

•  000000 

-  -540924  X  lO-i 

-  -426702 

•000000 

4 

•  000000 

-  -111882  X  10  ' 

-  -230912 

•000000 

5 

•000000 

-  -204756  X  10-- 

-  -112874 

•000000 

6 

1 

•000000 

-  -349986  X  10-3 

-  -518839  X  10-1 

•000000 

The  above,  when  siilxstituted  in  the  formulae,  give  quite  fi^irly  rapid  convergence 
when  r<o,  the  convergency  ratio  l)eing’  in  this  case  less  than  unity  by  a  finite 
amount.  But  when  r  =:  a,  the  series  liecomes  comparable  with  the  series 

s'  cos““u  where  i  is  a  positive  integer,  and,  as  in  the  first  problem,  a  special 

procedure  has  to  lie  adopted. 


19.  Methods  of  Evaluation  at  the  Curved  Boundary. 


When  r  —  a,  rr  and  rz  are  of  course  zero ;  hut  tlie  stresses  and  (fxif)  require 
separate  evalution. 

Now,  if  we  use  the  series  for  I,,  and  I,  in  descending  powers  of  the  argument,  the 
first  few  terms  of  these  give  a  very  good  representation  of  the  function  when  a  is  at 
all  large,  and  will  lie  quite  sufficient  for  a  >18,  at  whicli  point  the  tables  of  the 
last  paragraph  stop. 

Tieplacing  I,„  I|  by  tliese  series,  we  find 


h  (a) 

>  ('^)  = 
fB  («)  -- 


^  +  9  “i'  o  ■->  T  o>  + 


o 


_  7  _  ^  ^ 

^  ~r  • 


.  _  14  31  2^  _  , 

^  a  or  4> 

.  49  157  503 

2  I  n  «  ■■  --’o  s  ”1  ■  •  ' 

oa  ol'x 


■  .  (107), 


li  lyf  —  ,  "Pji  {yf  . —  1  ,  —  0, 


and 
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Now  write 

I,!  {a)  =  — 

g,!  (a)  =  —  (a)  +  g,  (a), 

//(“)-  +/.H, 

where  denotes  the  first  four  terms  of  the  above  series  for  /«(«),  with  a  similar 

meaning  for  (a)  and_^/'^^  (a). 

Then  if  we  substitute  in  the  equations  for  2.5;  Q,  we  find  ; 

(^zz  _  1-266804  a'  -  4-411716  1  i  r^r 

ftE 

,4  s.  .  8_.  r  _  V  TTf  _  1141  V  1 


-f  X 


1 


L 


—  cos  ■ —  —  ^  , 

1  /r  c  1  ?r 

,  r.  Y  (  —  1V‘  nirz 
t  6  S  ^  — -c”'  cos  — 


COS 


C  I 


1  ir 


1)"  COS 


nirz  1  ] 

^  7d  f 


Now  remembering  that 


(- 1)" 

uirz 

0  n 

TT"  C'' 

4 

]r 

COS 

c 

~  4  (;2  ““ 

12 

(-  IT 

httz 

cos 

6' 

2^  TT'^ 

^  2-  TT'^  7  TT'^ 

c'i  48 

'  6-2  24  720 

(-  1)" 

7171.3 

1 

1 

k 

,  C5 

z’^  TT®  32  771® 

3177® 

71® 

COS 

c 

c«  1440 

Y  288  6-2  1440  “ 

30240 

we  find,  using  ira/c  =  3, 

(  2.3  + 


fiEa^ 


2-493930 

22  ^4  ,G 

-  8-201525  — 4-  2-251614”  +  -00972222  — 


a- 


a” 


!_  V  /  1  Vi  I  112  /« _ 8_  1  7  0  _L  3  3  5 


"  vt"! 


(108). 


And,  in  a  similar  mannei' 

{(j)ip)r=a 


yLt.Eft'^ 


=  -  -3842415  4  1-6416832  -  -  ri284672 


a- 


q-i)”cos'YtAF  +  fF  ^ 


n- 
2  D 


.  COS). 
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§  20.  Calculation  of  the  Series  in  the  preceding  Seetion. 

If  we  work  out  the  values  of fj,  gf  IJ  we  find  they  are  as  tabulated  below  : 


/«'• 

yC 

c. 

1 

+ -012367 

-  -540511 

-  -112667 

2 

+ -000573 

-  -024011 

+ -006901 

3 

+  -000078 

-  -002538 

+  -  002580 

4 

+  -000025 

-  -001259 

+  -000896 

5 

+  -000009 

-  -000217 

+  -000381 

6 

+  -000005 

-  -000083 

+  -000195 

Hence  the  parts  of  the  N  which  depend  upon  I,! fd,  fj /n^,  g„'/n~  converge  quite 
rapidly  enough  to  allow  us  to  stop  after  the  sixth  term.  It  therefore  merely  remains 
to  evaluate  the  series 


( —  1)"  nirz 

— ^  cos  - 

c 


and 


A  (  —  1 )”  nrrz 
A  .  COS  — 
1  c 


These  cannot  be  expressed  in  finite  terms,  and  although  we  may  apj^ly  the  Euler- 
Maclaurin  sum-foi'inula  to  these  series  directly,  though  in  a  slightly  modified  form, 
this  sum-formula  is  not  really  of  very  great  advantage,  as  its  rapidity  of  convergence 
depends  on  s,  and  is  such,  for  certain  values  of  this  variable,  as  to  render  the  formula 
useless  as  an  approximation  to  the  remainder.  As  a  matter  of  fact,  however,  the 
series  were  to  Ije  calculated  only  for  values  of  s  =  z’c/G,  i  being  any  integer  from 
0  to  6.  But  foi'  such  values  of  z,  the  cosine  terms  repeat  themselves  after  n  =  6. 


Thus, 


“(-IV'-i  rnirt 
cos 


,„3 


=  cos  V/T/  6  (  A 


V  _ 


1 


ii=o  (1  +  127);  k 


= 

Z  V  - 


r‘ 

cos  2«7r/6  (  X 


1 


Vm=o  (2  -1- 


=0  (I  F  i27?iy 
1 


=0  (8  +  12»2f 


+ 


—  cos  'ITT 


rii-=  CO 
S'  - 


i=o  (G  +  12'rt()'* 

A  precisely  similar  formula  holds  for 


+(-i) 


1)1=00 


•w=o  (12  +  12??i)^/ 


COS 


}i7ri\ 
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Thus  we  see  we  need  only  work  out  the  series 


where  .s  has  integral  values  ranging  from  1  to  12. 

These  series  are  easily  calculated,  and,  to  them,  the  sum-fornnda  is  quite 
applicable. 

By  this  means  it  was  found  that 


(1-000,0027  +  (-1)' -000,0598) 


cos  — 


6 


-  cos2iV/6  (-031,2519  +  (-1)'  -000,0308) 
-f  cos3i7r/6  (-004,1165  -f  (-1)^'  -000,0171) 

-  cos477r/6  (-000,9776  +  (-1)'  -000,0102) 
+  cos  5t7r/6  (-000,3207  +  (-1)^’  -000,0064) 

-  coszV  (-000,1291  +  (-1)*  -000,0041) 


and 


=  cos iV/O  (1-000,5611  +  (-  1)‘ -003,1246) 

-  cos  2i7r/6  (-125,4607  d-  (- 1)* -002,1368) 
+  cos3i7r/6  (-037,4212  +  (-1)'-  -001,5343) 

-  cos4i7r/6  (-015,9496  +  (-1)'  -001,1448) 
-h  cos  5t7r/6  (-008,2777  -f  (-1)'  -000,8811) 

-  costTT  (-004,8694  +  (-1)'  -000,6956), 


and  the  calculation  of  the  stresses  on  the  boundary  then  became  a  simple  matter. 
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§21.  Numerical  Values  of  the  Stresses. 


The  values  of  the  stresses,  referred  to  the  mean  pressure  as  unit,  are  tabulated 
below  : 


Table  of  Stresses. 


zzjQ.. 


r. 

z  =  0. 

•j'  =  c/6- 

=  2-- '6. 

=  3c;'6. 

.s  =  4c/6. 

z  = 

=  5c/6. 

z  =  c. 

0 

1-13.382 

-  1-13436 

-  1-13322 

-1-12145 

-  1-08000 

-1 

-03372 

1 

-  -68576 

ajS 

-  1-09971 

-1-100.53 

-1-10017 

-  1-08998 

-1-05441 

- 

-96416 

-  -74952  ' 

2al3 

-  1-00724 

-  1-00896 

-1-01314 

-  1-01553 

-  1 -00557 

— 

-97136 

-  -92845 

5aiQ 

-  -94841 

-  -94843 

-  -  95056 

-  -96037 

-  -98465 

-1 

-01726 

-  1-08211 

a 

-  -89430 

-  -88809 

-  -87216 

-  -85845 

-  -88177 

-1 

-04077 

-  1  -  68635 

rr/Q. 


r. 

z  =  Q. 

ZO 

II 

=  2c/6. 

=  .3c/6. 

=  4c '6. 

^  =  5c/6. 

z  =  c. 

0 

«/3 

2al3 

a 

-  -00274 

-  -00181 
-  -00110 

-00000 

-  -01414 

-  -01118 
-  -00459 

-00000 

-  -05134 

-  -04201 

-  -01759 
-00000 

-  -12416 

-  -10220 
-  -04481 

-00000 

-  -25325 

-  -20471 

-  -09244 
-00000 

-  -48151 

-  -37182 

-  -14271 
-00000 

-  -89668 

-  -65935 

-  -09977 
-00000 

r. 

II 

^  =  c/6. 

=  2r/6. 

s  =  Sc/a. 

~  =  4c/6. 

1  ~  =  5c  6. 

i 

=  c. 

0 

al3 

2a  1 3 
a 

-  -00274 
-00299 
-01744 
-03265 

-  -01414 

-  -00737 
-01017 
-03013 

-  -05134 

-  -04126 

-  -01461 
-02030 

-  -12416 

-  -10748 

-  -06480 

-  -00516 

-  -25325 

-  -22288 

-  -15199 

-  -06344 

'  -  -48151 

-  -42120 
:  -  -28607 

-  -18728 

-  -89668 

-  -77728 

-  -48160 

-  -43801 

r.?/Q. 


r. 

z  =  0. 

11 

^  =  2c/6. 

=  3c/6. 

=  4c;  6. 

r  =  5c/6. 

, 

1 

z  ^  c. 

0 

-00000 

-00000 

-00000 

-00000 

-00000 

-00000 

-00000 

ajS 

-00000 

-00705 

-  -00388 

-  -02020 

-  -05902 

-  -14798 

-  • 35357 

2a/3 

-00000 

-00425 

-  -00171 

-  -02712 

-  -  08645 

-  -19750 

-  -44154 

a 

-00000 

-00000 

-00000 

-00000 

-00000 

-00000 

-00000 
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In  the  above  the  values  of  22  for  an  additional  value  of  r  (viz.,  r  =  5a/())  have  been 
computed  in  order  to  exhibit  more  clearly  the  variation  in  the  pressure  along  the 
radius. 

The  numerical  results  here  given  are  shown  graphically  in  Diagrams  7-10.  YVe 

see  at  once  that,  save  near  the  ends,  the  stresses  ri\  (jxj),  and  rz  do  not  differ  very 
much  from  zero,  which  is  the  value  they  should  have  on  the  uniform  pressure 
hypothesis.  On  the  other  hand,  the  axial  pressure  deviates  throughout  from 
uniformity  over  the  cross-section,  the  total  variation  in  any  section  remaining 
tolerably  constant  over  nearly  two-thirds  of  the  length  of  the  cylinder,  and  equal  to 
about  25  per  cent,  of  the  mean  pressure. 

Diagram  7. — Shoving  Stress  zz  for  Cylinder  com-  Diagram  8. — Showing  Stress  rr  for  Cylinder  com¬ 
pressed  between  Rough  Planes  (second  example).  pressed  between  Rough  Planes  (second  example). 


We  notice  also,  that,  near  the  centre  of  the  cylinder,  the  greatest  pressures  occur 
at  the  centre  of  the  cross-section ;  whereas  the  reverse  takes  place  at  the  ends,  the 
pressure  at  the  perimeter  of  the  ends  amounting  to  about  If  times  the  mean 
pressure. 

If  we  hear  in  mind  the  suggestion  of  the  first  problem  of  the  present  paper,  that 
surface  shear  depresses  those  parts  of  the  material  towards  which  it  acts,  it  is  easy  to 
see,  physically,  why  such  a  distribution  of  pressure  should  be  expected  in  practice. 
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The  system  of  frictional  shears  required  to  prevent  the  ends  expanding  will  be 
towards  the  centre  ;  tlie  parts  of  the  material  round  the  centre  will  therefore  be 
de})ressed,  and  the  compressing  |)lanes  (supposed  rigid)  will  have  to  compress 
the  outei'  portions  more  than  the  inner,  if  the  cross-section  is  to  retain  its  original 
plane  form,  i.e.,  remain  in  contact  with  the  compressing  planes  throughout.  It  is 
thus  not  surprising  that  the  greatest  pressure  should  be  at  the  perimeter,  being  in 
fact  nearly  2d  times  the  pressure  at  the  centre. 


Diagram  9. — Showing  Stress  for  Cylinder  com¬ 
pressed  between  Rough  Planes  (second  example). 


Lengths  aLon^  Axis  of  cyLinder. 


Diagram  10. — Shomng  Stress  rz  for  Cylinder  com¬ 
pressed  l)etween  Rough  Planes  (second  example). 


We  see  also  that,  near  the  mid-sections,  the  cross-radial  traction  changes  from  a 
pressure  to  a  tension  as  we  go  towards  the  circumference,  so  that  the  outer  parts  of 
the  material  are  subject  to  two  pressures,  parallel  to  the  axis  and  the  radius  respec¬ 
tively  and  to  a  tension,  at  right  angles  to  these.  It  should  be  noticed  here  that,  in 
the  diagrams,  the  ordinates  representing  the  stresses  increase  negatively  upwards. 
This  has  been  found  convenient  in  this  case,  where,  OAving  to  the  general  pre¬ 
dominance  of  ju'essures,  the  greater  paid  of  the  stresses  haAm  the  negatiA-e  sign. 
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§  22.  Principal  Stresses  at  each  Point.  Lines  of  Principal  Stress. 

Now,  when  we  have  a  distribution  of  stress 

rr,  zz,  rz, 

which  is  symmetrical  aliout  an  axis,  then  the  principal  stresses  are 

Ell,  c^,  ZZ; 

where  is  the  same  as  before,  and  EE,  ZZ  are  two  tractions  in  the  meridian  plane, 
EPt  making  an  angle  6  with  rr,  where 


tan  26  = 


izr 


rr  —  zz 


and  the  values  of  EPt  and  ZZ  are  given  by 


.  (110), 


RR  =  +  i-  ' 


rr  — 


+  4  {zrf 


2Z  =  -  4  V -  zzf  +  4  [zr)~ 


111). 


Whence,  using  the  tables  in  §  21,  we  find  the  following  values  for  EE  and  ZZ, 
compared  with  the  mean  pressure  over  the  ends. 


Table  of  Princijjal  Stresses. 


RR/Q. 


r. 

z  = 

2;  =  cf. 

0 

II 

2  =  3t-/6. 

0 

• 

II 

2  =  5c/6. 

r. 

0 

-  -00274 

-  -01414 

-  -05134 

-  -12416 

-  -25325 

-  -48151 

-  -89668 

ajZ 

-  -00181 

-  -01113 

-  -04199 

-  -10178 

-  -20063 

-  -33690 

-  -34800 

2ap 

-  -00110 

-  -00457 

-  -01758 

-  -04405 

-  -08433 

-  -09804 

-09139 

a 

-00000 

-00000 

-00000 

-  00000 

-00000 

-00000 

-00000 

ZZ/Q. 


r. 

z  =  0. 

0 

II 

M 

1 

^  =  2c/Q. 

^  =  3c/Q. 

z  =  4c/6. 

z  =  5c/6. 

=  c. 

0 

-  1-13382 

-  1-13436 

-  1-13322 

-  1-12146 

-  1-08000 

-  1-03372 

-  0  -  68576 

a/3 

-  1-09971 

-  1-10057 

-  1-10018 

-  1-09039 

-  1-05849 

-0-99907 

-  1-06087 

2a/3 

-1-00724 

-  1-00898 

-  1-01314 

-  1-01628 

-  1-01467 

-  1-01602 

-  1-11961 

a 

-0-89430 

-0-88809 

-0-87216 

-0-85845 

-0-88177 

-  1-04077 

-  1-68635 
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The  values  of  tan  6  for  the  same  points  are  given  in  the  following  table  : — 


Table  of  Slope  of  Lines  of  Principal  Stress  (tan  6). 


,r  =  0. 

Z  =  ry'G. 

=  2,2'/6. 

=  3c/6. 

~  =  4c/C.  1 

1 

'  =  5c  6. 

j 

-  .  j 

0 

0 

0 

1 

0 

0 

0  ; 

0 

0 

«/3 

0 

•0064 

i  -  -00.38 

-  -0204 

-  -0690  ! 

- -2358 

-  -8806 

2al3 

0 

•0044 

'  -  -0017 

-  -0279 

-  -09.36  , 

-  -2.303 

-  -43.31 

a 

\ 

0 

0 

:  0 

0 

0  I 

0 

0 

By  the  aid  of  the  above,  we  may  draw  the  lines  of  principal  stress,  which  is  done 
in  Diagram  11,  the  slope  being  exaggerated  in  the  ratio  10:1.  In  order  to  do  so, 
we  suppose  the  line  of  principal  stress  to  remain  always  in  the  neighbourhood  of  the 
same  generator,  so  that,  in  the  above  table,  the  values  in  any  row  apply  to  the  same 

Diagram  11. — Lines  of  principal  Stress  for  Cylinder  compressed  between  Eough  Planes  (second  example) 


line  of  principal  stress.  This  of  course  is  not  correct  near  the  ends,  but  it  is  sufficient 
for  our  purpose,  the  diagram  being  merely  intended  to  show  the  general  course  of  the 
lines  of  stress.  These  are  sensibly  parallel  to  the  generators  throughout  the  middle 
part  of  the  cylinder,  but  slope  outwards  near  the  ends. 

Diagram  12"''  shows  the  distribution  of  the  lines  of  equal  principal  stress  ZZ 

*  In  Diagram  12,  as  in  several  others,  a  is  represented  as  having  the  same  value  as  c,  so  that  the  horizontal 
and  vertical  scales  are  not  strictl}'^  the  same,  but  differ  in  the  ratio  -n-jo.  This  has  been  done  for  con¬ 
venience  in  plotting. 
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inside  the  cylinder.  I  have  chosen  the  stress  ZZ  in  preference  to  the  others,  as, 
except  in  the  neighbourhood  of  the  centres  of  the  plane  ends,  it  is  everywhere  the 

Diagram  12. — Distribution  of  Principal  Stress  ZZ  inside  the  Cylinder  (case  of  compression  between 

Rough  Rigid  Planes). 


\90'65m570 


The  lines  are  drawn  at  intervals  of  "05  Q,  of  the  stress.  The  critical  line  corresponds  to  ZZ  UOl  Q  nearly 

greatest  of  the  three  principal  stresses,  and  therefore  ZZ  will  be  the  iinporta)it 
quantity  when  we  come  to  discuss  the  maximum  stress. 

The  diagram  has  been  constructed  by  carefid  interpolation  from  the  values 
tabulated  above,  and  from  it  we  see  that  the  surfaces  of  equal  principal  stress  in  the 
VOL.  CXCVIII. — A.  2  E 
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cylinder  are  in  general  made  up  of  three  sheets,  and  they  fall  into  two  classes  : 
(o)  those  for  which  ZZ  has  a  value  less  than  a  certain  critical  value,  which,  as  nearly 

as  I  can  find  out  from  graphical  methods,  is  about  I'Ol  Q,  and  (6)  those  for  which  ZZ 
has  a  value  greater  than  UOl  Q. 

The  surfaces  (a)  consist  of  two  solid  caps  or  buttons,  round  the  centres  of  the  end 
sections,  together  witli  a  hollow  cylindrical  shell  surrounding  the  middle  of  the 
cylinder.  For  values  sensibly  <  ‘9  Q  the  latter  sheet  disappears,  and  only  the  caps 

remain,  tlieir  volume  gradually  dwindling  down  to  zero  as  ZZ  falls  to  ‘686  Q. 

The  surfaces  (h)  consist  of  an  elongated  core,  resembling  a  cylinder  closed  by 
curved  ends,  surrounding  tlie  centre  of  the  compressed  block,  together  with  two 
annuli  at  the  ends,  as  shown  in  the  figure  i-eferred  to. 

The  critical  surface  ZZ  I'OlQ  consists  of  two  nearly  plane  sheets,  roughly  co¬ 
inciding  with  the  cross-sections  Z  =  i  5  c/6,  and  one  cylindrical  sheet,  which  bends 
inwards  towards  the  end,  though  without  completely  closing  in,  and  which  roughly 
coincides  with  the  cylinder  r  =  2o  '3  over  the  greater  part  of  its  surface. 


§  23.  Aj^pUeativn  to  Ixvpture,  Distribution  of  Maximum  Stress,  Strain,  and 

Stress  Difference. 

In  consideiing  >vhat  ha])pens  A\dien  a  material  breaks,  Ave  haA’e  to  ask,  first  of  all, 
Avhether  it  be  brittle  or  ductile.  In  the  first  case,  the  laAv  of  stress  to  strain  will  be 
approximately  linear  uja  to  the  point  Avhere  rupture  takes  place  ;  in  the  second  case, 
the  stress-strain  relation  remains  approximately  linear  until  a  point  is  reached  (called 
the  yield-])oint)  at  Avhich  a  large  and  sudden  change  occurs  in  the  stress-strain  curve, 
after  which  the  material  l)ecomes  sensil)ly  ])lastic,  so  that  rupture  finally  takes  place 
after  a  large  permanent  deformation. 

In  a])})lying  an  elastic  tlieory  to  practiee,  Ave  can,  in  strictness,  treat  of  rupture 
only  in  the  case  of  a  Inlttle  solid.  Even  then  it  lias  t(A  be  borne  in  mind  that  the 
mathematical  theory  of  strains — upon  Avhich  the  equations  of  elasticity  depend — 
re(:[uires  the  strains  to  be  so  small  that  their  squares  are  negligible.  It  is  possible 
that,  eA’en  in  the  case  of  the  most  lirittle  solids  knoAAn,  this  condition  may  cease  to 
hold  before  rupture  occurs,  although  the  stress-strain  relation  may  continue  to  be 
linear.  NeA'ertheless,  the  calculated  A'alues  of  eA-en  the  lireaking  strains  in  a  material 
like  cast  iron,  for  instance,  are  so  small  as  to  render  this  unlikely. 

For  a  ductile  metal,  such  as  mild  steel,  the  elastic  results  only  tell  you  Avhere  the 
material  Avill  begin  to  take  permanent  set. 

In  the  case  of  stone  or  cement,  hoAveA^er,  to  AA'hich  the  present  results  AA'ould  be 
applied,  there  seems  to  le  no  definite  yield-point  or  elastic  limit,  the  material  being, 
in  fact,  only  imperfectly  elastic  throughout.  Still,  aac  may  consider  that  the  results 
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of  elastic  theory  give  in  such  a  case  an  indication  of  the  state  of  stress  when  the 
specimen  Ijreaks. 

There  are  three  distinct  theories,  both  of  rupture  and  of  failure  of  elasticity. 
According-  to  Lame  and  Navtee,  failure  occurs  when  the  greatest  stress  at  any  point 
exceeds  a  certain  limiting  value.  This  is  also  often  taken  as  the  criterion  of  absolute 
rupture.  According  to  Saint-Venant,  the  maximum  strain,  and  not  the  maximum 
stress,  is  that  which  determines  failure.  Finally,  a  theory  has  lately  been  put  forward 
by  various  elasticians  to  the  effect  that  failure  occurs  when  the  greatest  sliear  at  ajiy 
point,  that  is,  the  greatest  principal  stress-difference,  exceeds  a  definite  amount. 

Professor  Perry  has  proposed  another  criterion,  suggested  l)y  the  angle  at  which 
compressed  cylinders  shear  (see  ‘  Applied  Mechanics,’  pp.  344-345),  namely,  that 
rupture  takes  place  when  s  —  ixp  exceeds  a  certain  value,  where  s  is  the  shear  across 
any  element  of  area  at  a  point,  p  is  the  normal  pressure  on  tins  element  of  area,  and 
/i  is  a  constant  depending  on  the  material.  This  theory,  however,  need  not  concern 
us  so  much,  as  it  appears  more  specially  applicable  to  tbe  final  breakdown  of  ductile 
materials  long  after  they  have  become  plastic.  On  tlie  other  hand,  it  has  been 
shown  hy  Mr.  J.  J.  Guest  (‘  Phil.  Mag.,’  July,  I9U0)  that  the  beginning  of  plasticity 
was  very  probably  determined  l)y  the  maximum  stress-difierence. 

Let  us  now  proceed  to  apply  tliese  three  criteria,  namely,  those  of  the  maximum 
stress,  maximum  strain,  aud  maximum  stress-difference  to  the  cylinder  in  the  present 
example,  and  see  what  results  they  give  us,  on  the  hypothesis  that  for  materials  like 
stone  and  cement,  plastic  yielding  and  rupture  are  simultaneous. 

Consider  fir.st  the  greatest  stress  theory.  This  would  make  failure  of  elasticity 
first  begin  to  occur  round  the  perimeter  of  the  plane  ends,  and  that  as  soon  as 
]  '68035  Q  >  a  certain  limiting  value  Sq.  If  the  j)ressure  l)e  uniformly  apj)lled,  and 
the  ends  expand,  we  get  failure  of  elasticity  when 

Q  >  So. 


Hence  the  apparent  strength  of  a  cylinder  tested  in  this  way  would  be  about  '593 
of  the  streugtli  of  a  cylinder  tested  under  a  distribution  such  as  is  usually  assumed. 

Further,  if  we  consider  the  regions  where  the  stress  is  greater  than  a  given  value  S, 
we  find  that  they  consist  of  separate  spaces,  which  join  on  to  each  other  as  S 
diminishes,  the  critical  value  for  which  this  occurs  being  given  by  8  =  I'Ol  Q.  The 
regions  of  greatest  stress  consist  therefore  of  a  central  core,  which  spreads  out  into  a 
sort  of  hollow  cone  near  the  ends.  If  then  we  suppose  fracture  to  occur  over  regi(.)ns 
of  greatest  stress,  we  see  why  it  is  that  the  material  breaks  oft*  in  conical  pieces  at 
the  ends. 

Consider  now  the  greatest  strain  theory.  Let  Tj,  To,  Tb  be  the  tiiree  principal 
stresses,  and  .Sj,  So,  So  the  corresponding  stretches. 


=  glT  - . 


A 

3X  “I"  2^ 
2  E  2 


(T,+T,  +  T3) 


Then 
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so  that  the  greatest  s  will  correspond  to  the  greatest  T,  if  Tn  Tg  have  the  same 
sign.  This  is  our  case  everywhere,  except  in  cases  where  (f)(f)  >  0,  and  then  ^<j6  is  so 

small  that  it  still  leaves  the  strain  corresponding  to  ZZ  numerically  the  greatest. 

We  have  then,  remembering  we  have  assumed  X  =  p,,  to  investigate  the  values  of 

ZZ  —  (  ZZ  lITv  T"  ^4* )  ~  2p.s'. . 

This  will  he  proportional  to  the  greatest  strain,  except  near  5:  =  ±  =  0,  where 

ini  —  1  ( ZZ  -|“  lilt  -j-  4^4*)  ~ 

should  he  taken.  It  is  found,  however,  that  at  this  point  the  strain  is  comparatively 
small,  and  the  maximum  strain  there  is  a  matter  of  inditference. 


'Fable  of  s~/s,  where  s  =  maximum  stretch  under  the  same  uniform  pressure. 


=  0. 

,r  =  c/Q. 

~  =  2c/6. 

=  3c/6. 

.?  =  4c/6. 

.r  =  5f/6. 

r  =  c. 

0 

1-13245 

1-12729 

1-10755 

1-05938 

■95338 

•77296 

■23743 

rt/3 

1-10000 

1-09589 

1-07935 

1-03756 

•94751 

•76590 

•  39034 

■2^13 

1-01133 

1 -01035 

1-00509 

•98813 

•94446 

•86416 

•78311 

a 

-9024G 

•89563 

•87724 

•85716 

•86591 

•99395 

1-57685 

It  we  take  therefore  the  “  greatest  stretch 
at  the  perimeter  of  the  ends,  hut  this  time  only  when  the  stress  is 


tlieory,  failure  of  elasticity  still  occurs 

1 


1-577 


(limiting- 


stress  in  the  case  of  uniformly  compressed  cylinder),  so  that  although  the  apparent 
strength  is  less  than  in  tlie  uniform  case,  it  is  greater  than  if  we  adopt  the  “  greatest 
stress  ”  theory. 

'Fhe  lines  of  ecpial  })rincipal  stretch  s./s  ai-e  shown  in  Diagram  13.  They  are 
drawn  for  only  one  quarter  of  the  meridian  plane,  the  rest  being  symmetrical.  They 

present  the  same  general  characteristics  as  the  curves  of  equal  stress  ZZ,  with  this 
difference,  that  the  critical  line  corresponds  to  S;  =  -915  s.  Again,  the  caps  or  buttons 
at  the  ends  are  far  larger ;  so  that  if  pieces  are  cut  out,  they  will  be  considerably 
larger  than  on  the  “greatest  stress”  theory.  Also,  looking  at  the  inclination  of  the 
lines  joining  the  corners  to  the  critical  points,  i.e.,  the  points  where  the  two  branches 
of  the  critical  line  intersect,  ^ve  see  that  the  fragments,  if  approximately  conical  near 
their  base,  will  probably  l)e  cut  otf  at  a  mucli  higher  angle  than  in  the  previous  case. 
Let  us  now  jiroceed  to  consider  what  happens  if  we  adopt  the  third  or  “  greatest 

stress-difference  ”  theory  of  rupture.  It  is  easy  to  see  from  the  tables  of  RE,  ZZ, 

and  4>4^  that  the  greatest  stress-difference  Is  either  ER-ZZ  or  4^4^ -ZZ.  In  the 
sixteen  cases  tabulated,  for  which  a.  >  c/3,  the  first  of  these  is  the  greatest  .stress- 
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difference,  and  in  the  twelve  remaining  cases  the  second  is  the  greatest,  although, 
as  a  matter  of  fact,  the  two  stress-differences,  for  these  twelve  cases,  do  not*  diverge 
very  much. 

Diagram  13. — Distribution  of  Principal  Stretch,  inside  the  Cylinder  (case  of  Compression  between 

Rough  Rigid  Planes). 


The  number  corresponding  to  each  line  =  the  value  of  .s%/.s  for  that  line. 
- ^  critical  line.  s\/s  =  '9 1.5. 

The  actual  greatest  stress-difference  is  given  in  the  following  table  : — 


Table  of  (Maximum  Stress-difference) /Q. 


r. 

z  =  0. 

II  1 

i 

z  =  2c/0. 

z  =  3e/6. 

=  4c/6. 

=  5c/6. 

=  c. 

0 

1-13108 

1-12022 

1-081 88 

•99730 

•82675 

•55221 

-  -21092 

«/3 

1-10270 

1-09320 

1-05892 

•98861 

•85786 

•66217 

•71287 

2«/3 

1-02486 

1 -01915 

-99853 

•97223 

•  93034 

•91798 

1-21101 

a 

-92695 

-91821 

-89246 

•  85845 

•88177 

1-04077 

1  •  686.35 

Here  again  jjlastic  deformation  will  first  occur  round  the  perimeter  of  the  ends 

when  Q  =  of  the  value  it  should  have,  on  the  same  theory  of  ripdure,  in 

order  to  produce  failure  of  elasticity  in  a  uniformly  compressed  cylinder. 

So  far,  then,  this  theory  leads  to  the  same  results  as  the  maximum  stress  theory. 
Diagram  14  shows  the  distribution  of  maximum  stress-difference.  The  lines  of 
ecjual  maximum  stress -difference  present  very  similar  characteristics  to  those  of  ecpial 
maximum  stretch.  The  critical  line  corresponds  to  a  maximum  stress-difference  = 
•933  Q. 

Kemarks  similar  to  those  used  in  the  last  case  apply  in  this. 
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Diagram  14. — Distribution  of  Principal  Stress-difference  inside  the  Cylinder  (case  of  Compression  between 

Rough  Rigid  Planes). 


The  number  corresponding  to  each  line  denotes  the  value  of  the  ratio  (maximum  stress-difference  :  Q) 

for  that  line. 

_ _ ,  critical  line.  Stress-difference  =  '933  Q. 


§  24.  Distorted  Shape  of  the  Curved  Surface. 

If  we  work  out  tlie  values  of  a  wlieu  r  =  a,  we  kud,  after'soiue  reductions, 


nirr: 


=  Ea=  li  -  C  ...C  -  S';';!- 


12  ® 


(112), 


where 


('ly  +  1)  «  -b  -  (87  +  1 )  I  k"  —  4101^(27  +  1 ) 


.  .  (113). 


-  (1  +  7«-)lr 

Now  in  tlie  i)artic\dar  case  we  are  dealing  witli,  if  a  be  large,  r„  («)  approximates  to 


Write  tlien 


r„ 


7  49  ^  an 

2  —  4«  1G«2  +  4«'’  ■ 


w  =  i  -  s  + ’*« . (n4). 


^1  1  1  4.1  • 

and  substitute  in  (112).  We  find,  putting  in  for  _  ^^j,cos  ^  and  -  cos  ^  their 
known  values. 
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u,^a  =  Ea-" 


_ 11  , 

12  378  729 


49  TT*  /s;-  —  c"\2  r  65 


180  81 


a- 


00 


96  2880  V«3  )  [ 


3f3\  1  1 


j  7c®  ®  (—  1)"  HTTZ  335  c®“  (  —  1)"  ;i7r~' 

- :,--COS - —  —T  —  A - ^COS - 

77-  1  6‘  StT’  1  77-'’  C 


—  -IN  ( —  1 ) '  —  cos  - 


nitZ 

c 


(115). 


where,  putting  in  now  ira  ■=■  3c,  we  have  the  following  values  for  r,'.  : — 


//. 

'n  (iTl). 

I 

.  .  --42430 

.) 

.  .  --01807 

3 

.  .  - -00223 

4 

.  .  - -00063 

5 

.  .  - -00024 

6  . 

.  .  — -00010 

Whence,  using  the  methods  of  §  20,  we  find  the  following  values  for  uju^,  Avhere 
Uq  =  lateral  expansion  of  a  cylinder  of  the  same  dimensions  under  the  same  total 
pressure  uniformly  distributed  :  — 


7f/«0- 

0  .  . 

.  .  .  -97861 

c/6  . 

.  .  .  -96325 

2c/6  . 

.  .  .  -91118 

3c/6  . 

.  .  .  -80402 

4  c/6  . 

.  .  .  -61209 

5c/6  . 

.  .  .  -30863 

c 

.  .  .  -00000 

These  results  are  exhibited  in  Diagram  15.  We  see  that  the  cylinder  lias  a  single 
bulge  in  the  centre,  and  indeed  it  is  easy  to  verify  that  (dh(/c/2'-),j  <0  liy  difTerentiating 
ecpiation  (115)  and  putting  in  the  numerical  values. 


I>iagr;im  15. — Showing  Distortion  of  Curved  Surface  (second  example). 
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This  agrees  with  the  figures  shown  by  Bach  in  his  ‘  Elasticitat  und  Festigkeit  ’ 
(figs.  2  and  3,  Par.  11)  of  the  distorted  sliapes  of  such  cylinders.  There  are, 
however,  in  the  possession  of  Professor  Karl  Pearson,  at  University  College, 
London,  specimens  of  iron  which  have  been  strongly  compressed,  so  that  the  strain 
has  been  large  and  permanent  and  the  meridian  section  of  the  distorted  curved 
surface  is  an  obviously  wavy  curve,  with  tivo  maxima,  one  on  either  side  of  the  mid¬ 
section.  With  regard  to  the  apparent  disagreement  here  between  theo]yand  practice, 
I  would  observe  tliat  these  specimens  have  been  subjected  to  enormous  stresses,  for 
which  the  equations  of  elasticity  certainly  do  not  apply,  and  probably  are  not  even 
an  approximation ;  in  the  second  place,  the  specimens  I  have  seen  are  longer, 
compared  with  their  diameter,  than  the  cylinder  of  the  present  numerical  example, 
so  that  it  is  easy  to  see  why  the  conclusions  above  need  not  apply  to  these  specimens. 


§  25.  Apparent  Young's  Modulus  and  Poissons  Ratio. 
AVe  find  that  the  total  shortening  of  the  bar 


(IIG) 


where 


,  [(%  +  1) »  +  +  1)1  -  t’  (2r  +  1) 

L_ J  M 


Hence  the  apparent  Young’s  modulus  Ey'  =  Qc/( 


Now  if  a  be  small,  i.e.,  if  the  bar  l)e  very  long 


and 


retaining  only  terms  of  4th  order, 


where  v  is  the  greatest  integral  value  for  which  a  =  vnajC  makes  the  above  approxi¬ 
mation  sufficient. 
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Hence  if  ajc  is  very  small,  v  may  be  large,  and  tlius  although  the  tirst  term  in 
rU^/6  cancels  4-5-  yet  the  terms  in  curled  brackets  will  become  indefinitely  large 
compared  with  the  other  terms.  Thus,  for  a  very  long  cylinder. 


Avhere  Ey  is  the  true  Young’s  modulus. 

On  the  other  hand,  for  a  very  short  cylinder,  cja  is  very  small,  and  ^  feeing  of  the 

order  ^  —  X  — - S  ..  ,  the  two  leadino’  terms  in  the  numerator  and  denominator 

77^  Of  7  1  ^ 

of  the  right-hand  side  of  (117)  are  negligible  and 


y  ' _ —  _ 1 _  y 

This  is  identical  with  the  modulus  of  compression  for  a  cylinder  which  is  prevented 
from  expanding  laterally  by  a  constant  pressure  applied  to  the  sides.  So  that  we  see 
that  for  a  very  flat  disc  the  eflect  on  the  modulus  of  compression  is  tlie  same,  whetlier 
the  lateral  expansion  be  prevented  by  means  of  shearing-stress  over  the  flat  ends,  or 
by  hydrostatic  pressure  over  the  curved  surface. 

The  apparent  Young’s  modulus  for  intermediate  cases  will  Ije  between  those  two 
values  (these,  for  uniconstant  isotropy,  being  Ey  and  G/'oEy).  Thus,  in  the  given 
example,  where  y  =  2/3, 

Ey'=  l-04U8Ey. 

Poisson’s  ratio  comes  out  to  be  apparently  ‘2690  instead  of  '2500. 

Thus  the  errors  in  the  values  of  Young’s  modulus  and  Poisson’s  ratio,  as  deduced 
from  an  exjieriment  with  cylinders  under  the  given  conditions,  Avill  lie  5  per  cent, 
and  7 ‘6  per  cent,  respectively. 


§  2G.  Solution  involving  Discontinuities  at  the  Ferirneter  oj  the  Plane  Ends. 

In  §  13  it  was  stated  that  a  solution,  obtained  by  methods  strictly  analogous  to 
those  used  in  that  section,  but  which  neglected  tlie  condition  that  the  shear  rz  should 
be  continuous  at  the  jierimeter  of  the  plane  ends,  could  be  found. 

It  seems  of  interest  to  give,  for  purposes  of  comparison,  the  expressions  for  the 
displacements  and  stresses,  deduced  from  this  solution.  They  are  : 


u  —  -j-  ug'^/o  -p  d"  ^  (^'^’)  —  (At)  cos  Iz 


k 


IV  =  wy  -p  icpA/S  +  -  {7'  bj  (/‘■'O  +  y  ^’li  (A-r)  \  sin  k: 


k 

2  I' 


^  (118) 
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_  1(1  _y)I)  I 

> . 

—  —  yl)  J 

A,  -  A,  =  20/^1 

A.2  +  Aj  = 


where 

Also 

and 


-i:'  I  (  _  I  Y 


(119), 


(120), 


1) 


C=-  (  -  1) 


Wo  =  D 


/,. 

1(1  -  y)a-  - 

1-7 


k  =  mrjc. 

,  (^7  +  1)  —  7^'do  («) 

7A  (1,3  («)  -  ly  («)  )  -  lU  («) 

ur 


(d-1). 


where 


and 


)  )  =  -  ‘^ 


3  (1  -  7) 
27  —  1 


U+y-i) 


(122). 


''  4*-  .1  ‘-[?(n-i)  +  07-i)] 

-I  O 


/  _  „  ' '  ^  J_  1  Jc(-l7  +  1)  -  ^-hih 

^  7r3  T  vd  ly 


The  method  by  Avhich  the  constants  are  obtained  is  precisely  die  same  as  that 
used  in  §§  14,  1  5. 

The  ex^ji-essions  for  the  stresses  are  given  below  : 


rr 


= I) 


i(i  +  y)(«"--0  +  2yU-T)  + 


2rtc «  (  -  I  p 


di  ip)  i(,(pV 


7r  7 


COS 


mr: 


+ 


2C 


7  A' 


u\ 


l  +  ^jIo(F) 


^h)  1 

u  ^"7 


h  (p) 


-  P  Ii  {P) 


utt: 


COS 


.  (123), 


(pcf) 

p- 


L) 


T  (1  +  y)  +  2y  ( 2'-  -  TV )  -  i  (3y  -  1)  P'  -  S  ^  cos 


«  2C 

+  ?tl 


Ml  /  1  J_  _L 


P  J 


2pc  “  (  —  1)'^  1]  ip)  ^  nirr. 
TT  7  w  pTi  («) 

?i7r:i 


COS 


(124), 


J'.S  + 

P 


=  T) 


gw  27  -  In 
3  4 


2  „  27  —  1  ,,  ,  2(7c  *  (-  1)"  I„(p)  niTX 

~  —  Z- - -  y-  +  —  X  - -y-  cos - 

2  TT  I  n  iU*)  ^ 


00  on 

I  <  “2 

i- 


2-“['^)Io(p)+Ai  (P) 


lllTZ 


COS 


(125), 


-  =  D 


2«c  “  (  —  ly  Ii(p)  .  n-Kz 

rz  -\ - X -  sin 

a  1  n  111®!)  r 


+ 


®  2C  /  ,  ,  .  \  «lri\  • 


(126). 
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It  is  now  easy  to  see,  if  we  bear  in  mind  that  when  n  and  therefore  a  is  large,  CI^ 
remains  finite,  as  appears  on  examination  of  (121),  how  it  is  that  the  stresses  at  the 
boundary  become  infinite. 

For  in  both  zz  Q  and  we  have,  when  r  =  a,  terms  of  order  1/n,  when  n  is 
large.  These  are  of  alternate  sign,  C  containing  ( —  1 )”.  But  if  z  =  c  they 
become  all  of  the  same  sign,  and  the  series  become  logarithmically  Infinite. 

§  27.  Summary  of  Results. 

Looking  back  upon  the  results  obtained,  we  notice  : 

[a.)  That  the  three  solutions  we  have  ])een  considering  successively  are  only  the 
simplest  of  an  infinite  series  of  solutions,  which  are  continually  growing  more  com¬ 
plicated  ;  for  we  need  not  necessarily  stop,  as  lias  lieen  done,  at  terms  of  the  fifth 
degree,  but  might  go  on  to  terms  of  any  degree  in  r  and  2'  and  thus  construct,  as  it 
were,  solutions  of  successive  orders.  We  should  then  have  an  infinite  number  of 
free  constants,  which  might  be  determined  by  introducing  further  limitations  at  the 
plane  ends,  such  as,  for  instance,  restricting  n  to  be  zero  at  every  point  and  not 
merely  along  the  perimeter. 

The  analytical  complexity  of  such  a  complete  solution  would,  however,  be  very 
great,  and  would  render  it  cpiite  beyond  the  reach  of  arithmetical  expression,  and 
consecpiently  valueless  for  the  purposes  of  the  engineer  and  the  physicist.  No 
attempt  has  therefore  been  made  to  develop  this  solution,  althougii,  as  an  analytical 
possibility,  it  appears  interesting. 

(6.)  That  the  different  solutions  all  agree  in  giving  the  perimeter  of  the  plane 
ends  as  the  locus  of  the  points  where  the  elastic  limit  Avill  first  be  joassed,  one  of 
these  solutions  actually  making  the  stress  infinite  at  this  perimeter. 

In  the  more  important  solution,  however,  where  continuity  and  finiteness  are  pre¬ 
served,  the  conclusion  still  holds,  and,  furtlier,  is  independent  of  whatever  theory  of 
tendency  to  rupture  we  adopt,  whetlier  we  suppose  it  due  to  maximum  stress,  to 
maximum  stretcli  or  squeeze,  or  to  maximum  .shear  or  stress-difference. 

(c.)  That  in  tlie  numerical  example  considered,  plastic  deformation  begins  to  occur 
round  the  perimeter  for  a  stress  between  2/3  and  1/2  of  that  which  is  re(pTired  to 
cause  a  cylinder  under  uniform  pressure  to  pass  the  elastic  limit. 

This  is  apparently  in  contradiction  witli  the  results  of  engineering  experience,  botli 
Uxwix  and  Perry  stating  that  Idocks  of  stone  or  cement,  pressed  between  millboard, 
whicii  hinders  the  expansion  of  the  ends,  show  greater  strength  than  the  same  blocks 
when  the  ends  are  allowed  to  expand. 

The  key  to  this  appears  to  be  found  in  a  remark  of  Uxwix,  which  Professor  Ewixg 
confirms,  that  the  lead  sheets  do  not  merely  allow  the  expansion  of  the  block,  they 
force  it,  i.e.,  lead  in  its  plastic  state  will  expand  more  than  the  stone  or  cement  would 
do  laterally  under  a  uniform  axial  pressure. 

2  F  2 
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But  the  solution,  when  the  ends  are  compelled  to  expand  by  a  given  quantity  a,-,, 
is  easily  dedncible  from  that  given  for  non-expanding  ends.  Thus,  let  Wi,  i(\  be  the 
values  of  n  and  iv  in  the  case  worked  out,  when  Q  =  1,  and  let  us  widte 


w  =  P 


2/a(3X  +  '2fi) 


IV  =  P 


\  yLt  (3X  +  2/x)j 


+  • 


Then  this  will  satisfy  all  the  conditions,  provided 


and 

Tlierefoi'e 


X 


^  6X  +  4yU  ^ 

P  +  P  Q. 


n  X 


(6\  -p  4g) 


2  (X  +  g)  “'OP'px  ,  ,  X  \ 


X 


giving  the  solution  under  a  given  mean  pressure  Q,  which  produces  a  flow  a,^  of  a 
lead  plate,  and  thereby  constrains  the  ends  of  the  test  piece  to  expand  by  that 
amount. 

'flie  principal  stress  at  the  perimeter  of  the  section  is  now 

P  +  (I -680)  n  =  1-G8f)  Q  -  -080  P, 

and  if  P,  be.,  l)e  made  large  enough,  this  can  be  made  much  smaller  than  Q.  It 
))egins  to  be  smaller  than  Q  as  soon  as  the  expansion  induced  by  the  flow  of  the  lead 
is  greater  than  the  natural  expansion  of  the  stone  under  uniform  pressure. 

On  tlie  other  hand,  the  principal  stress  at  the  centre  of  the  plane  ends  is 

P  +  -080  Pt  =  -686  Q  +  -314  P, 


and  this  again  may  be  made  great  by  making  large. 

The  principal  stress-dlfl'erences  are  : 

at  the  perimeter  t’G86  Q  —  •G8G  P 

at  tlie  centre  P  —  •211  P  =  —  •211  Q  -b  1^2 11  P. 

Hence  we  see  that  wliatever  theory  of  failure  we  adopt,  if  the  ends  are  forced  to 
expand,  so  that  P  >  Q,  the  material  first  becomes  plastic  (or  else  breaks)  at  the  centre 
of  the  cross-section,  the  strength  of  the  test-piece  diminishing  as  P  Increases,  b\it 
liavlng  no  definite  value.  Tliat  some  such  thing  as  this  does  really  occur  in  practice 
is  very  well  shown  bv  the  results  published  by  Unwin  (‘  The  Testing  of  ISlaterials  of 
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Construction’),  wliere  blocks  show  less  strength  wlien  three  sheets  of  lead  are 
Introduced  between  the  compressing  planes  and  the  test  piece  than  when  one  sheet 
only  is  introduced,  the  lateral  flow  being  greater  in  the  first  case  owing  to  the  larger' 
amount  of  lead. 

It  would  seem,  therefore,  as  if  the  true  strength  of  a  cylinder  were  really  greater 
than  its  strength  as  tested  either  between  millboards  or  between  lead  sheets,  and 
not,  as  Professor  Perry  states  in  his  ‘  Applied  Mechanics,’  equal  to  the  strength 
shown  in  the  lead  test — this  test,  as  we  see,  leading  to  results  that  are  not  definite, 
hut  vary  with  the  expansion  of  the  lead.  The  millboard  test,  liowever,  wdrich  is 
advocated  by  Uxwix,  shordd  give  a  constant  value,  although  it  is  not  tire  value  whicli 
would  hold  for  a  cylinder  under  uniform  pressure. 

(tZ.)  Diagrams  12-14  suggest  an  explanation  of  the  fret  that,  when  short  cylinders 
are  strongly  compressed  between  very  hard  surfaces,  pieces  are  sometimes  cut  out  at 
the  ends  of  an  approximately  conical  shape.  The  same  occurs  when  spherical  pieces 
of  metal,  such  as  hall-hearings,  are  compressed  between  parallel  plates,  ’flris  is  usually 
explained  by  saying  that  the  material  Irreaks  along  the  planes  of  principal  shear.  On 
the  other  hand,  it  may  be  argued  simply  that  rupture  should  take  place  over  the 
regions  of  greatest  stress.  These  are  near  the  perimeter  at  the  ends,  and  gradually 
close  ill  upon  the  centre,  forming  hollow  caps. 

Further,  in  the  case  of  the  lead  tests,  where  P  >  Q,  tliis  state  of  things  is 
reversed,  and  the  material  should  give  way  from  tlie  inside,  so  that  we  should  expect 
it  to  split  axially,  and  possibly  along  meridian  planes  as  well.  That  this  is  wliat 
really  occurs  can  he  verified  by  referring  to  the  figures  in  the  chapter  on  testing  of 
stone  in  Unwin’s  ‘  Testing  of  Materials  of  Construction.’ 

(e.)  The  results  both  of  this  and  of  tlie  first  jirohlem  show  us  liow  unrelialfie  any 
experiments  on  short  cylinders  must  he,  which  have  in  view  tlie  determination,  by 
tensile  strain,  of  either  Young’s  modulus  or  Poisson’s  ratio.  Thus  any  I’esults 
obtained  in  such  a  case  without  the  dimensions  and  tlie  mode  of  application  of  the 
stress  being  exactly  specified,  would  not  justify  us  in  general  in  drawing  any 
conclusions  as  to  whether  a  given  material  possesses  or  not  uniconstant  Isotrojiy. 

§  28.  The  Third  Problem.  Case  of  Torsion.  Expressions  for  the 

Displacement  and  Stresses. 

T  now  proceed  to  consider  a  case  where  u  and  ir  are  zero,  that  is,  where  we  have 
to  deal  with  the  solution  in  v,  which  we  have  seen  is  independent  of  the  others. 

AVe  have  in  the  notation  of  §  :I 

(y:  rU)  r  =  <». 

Hence,  excluding  K-functions,  since  the  solution  must  he  finite  and  continuous  at 
tlie  origin,  we  have 

V  =  S  (A;,  sin  +  U;  cos  Jez)  {h?') . 
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Now,  if  the  torsion  be  symmetrical  on  either  side  of  the  mid-section,  we  have 
■V  —  0,  when  e-  =  0,  therefore 

=  0 . 


But  also 


Therefore 

Also 


dv 


(hz  —  iJL  T  =  0  at  the  ends. 

^  '  dz 

COS  Icc  =  0  or  Jcc  —  2n-j-l7r/2 . 


-  dfv\  ^  .  7  f/ 

=  l^r  (  7 )  =  sin  ]:z .  7’  -  -y- 


dr 


=  S/xA„  sin  Icz  .  /l'Tj  {h') . 

By  the  well-known  property  of  the  l-functlons 

iL  _  ^“+1 

d.r  I  ,v»  /  “ 

Now  suppose  that  the  cylinder  is  subjected  to  a  certain  system  of  transverse 
surface  shears,  so  that  nf)  can  be  expanded  in  a  Fourier’s  series  in  the  form 


/  ^  “  .  2)1+  \7r.: 

{r^)a=  t  c„  sm - jy — 


'hen 


T)!’ 


fxk  k„  lo  (oi)  =  7 


4  _  Al -A 
'  "  B  («)  ■ 


1  Fence 


®  .  2/1 -1-  Itt: 

7’  =  X  -  T  ysin  .... 

.  .  .  .  (127), 

7  l.Hp)  •  2»  +  Itt- 

.  .  .  .  (1-^8). 

0  h(a)  1(‘ 

.  .  .  .  (129), 

where  p  a  have  the  same  meanings  as  before,  viz.,  hr,  ha. 

Tn  the  case  where  n/c  is  very  small,  or  tlie  cylinder  is  very  long  relatively  to  its 
diameter,  we  may  obtain  a  first  approximation  by  retaining  only  the  first  terms  in  the 
expression  for  the  I’s,  Proceeding  as  in  §  6,  we  find 
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Tr  -  . 

V  =  “  -  2  77  Sill  kz 
fxd"  0  k- 1 

^  cc 

r<i  =  —  Y  sill  k^ 

fp  0 

4-7’  00  U 

cf>z  =^„t~  COS  kz 
a-  0  a; 


Now  if 
we  see  that 


(  )„  =  xjj  (z)  , 

r(f)  =  r'xjj  (z)  /tr, 
cf>z  =  (4r/a}\xfj{z)dz, 

<■= —fffefVc)*- 

/a-CJo  JU  '  ' 

Now  if  M  be  the  total  torsion  moiiieiit  up  to  any  cross-section, 

M  =  27roy-j  i/i  [z)  clz  , 

#  -  M  , 

7r(k 

v/r  =  angle  turned  through  by  a  radius  =  0  say. 


Therefore 


0  =  , 
TTLLCr  J  /. 


Therefore 

Therefore 


irfue 

torsion  at  the  point  =  t. 
2M 

irfM^ 

M  =  /X  X  .p  X  T  and  (f)Z  =■  jxrr . 


dd 


(130). 


But  these  are  the  actual  formula!  connecting  the  torsion  Avith  the  applied  couple 
and  with  the  shear  across  the  section  for  a  circular  cylinder. 

We  see,  then,  that  the  usual  formulm  continue  to  hold,  to  the  first  approximation, 
when  the  forces  applied  to  the  surface  of  the  cylinder  vary  Avith  2,  provided  aa'o  define 
our  torsion-couple  at  any  section  (much  as  the  bending  moment  at  any  section  of  a 
beam  is  defined),  as  the  couple  of  all  the  external  applied  forces  to  one  side  of  that 
cross-section. 

It  is  interesting  to  note  also  that,  to  this  approximation,  there  is  no  distortion  of 
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the  croitis-sections,  v;//‘  heiiig  constant  for  the  section.  Straiglit  radii  therefore  remain 
straig’ht  radii. 

Further,  r(f)  =  [r-ja-)  (its  value  at  the  boundaiy). 

In  other  words,  the  transverse  shearing-stress  across  cylinders  coaxial  with  the 
given  one  is  zero  for  sections  where  there  is  no  such  external  ajjplied  stress,  and 
foi'  other  sections  diminishes  rajjidly  along  the  radius  as  we  go  inwards,  so  that  near 

the  centre  it  is  always  small  compai-ed  with 

There  is  one  very  important  point  to  be  noted  with  regard  to  this  method  t)f 
approximation  :  p  and  a  increase  with  a,  and  tlieretore,  however  small  ay  may  be,  so 
long  as  it  remains  finite,  we  still  reach  a  value  of  a,  for  which  it  is  not  justifiable  f<-> 
take  for  and  the  hrst  terms  of  their  expansions  in  positive  integral  powers  of  the 
argument.  If,  however,  we  stop  at  the  rth  term,  where  v  is  finite,  then  if  I!^  is  the 
remainder  after  v  terms  of  the  series 


cos 


2/j  -f  Ittz 


for  example. 


and  if,  on  tlie  other  hand,  the  numerical  value  of  the  difference 


•f^'  __  h  (p) 
ko?  I.  i'x) 


<  e  for  all 


values  of  n  not  greafer  than  v,  whei'e  e  is  a  quantity  which  depends  upon  c/o,  and 
wliich  can  be  made  as  small  as  we  please  by  making  cia  small  enough,  then  the 
difierence 


^  h(p)  'In  l-nz 
^  Q„.  V— 7“  COS  - 


2c 


V  ( «  4r 
0  /,;  «- 


COS 


2/1  -f  lirz 


2r 


must  be  numeiically  less  than 


1-h  I  +  1 11/ 1  + 


re 


where  j  x  \  deiujtes  the  numerical  value  oi'  modulus  of  x,  and  11/ 
r  terms  of  tlie  series 


c„  4/' 


V  Jl 


cos 


2/t  -I-  1  77^ 


a~ 


is  the  remainder  alter 


iSow  if  both  the  (/liginal  series  and  the  approximate  series  are  uniformly 
convergent,  then  by  giving  r  a  certain  value,  jll,,  j  and  lll/i  can  both  be  made  less 
tlian  a  certain  small  quantity  77/0  which  tends  to  zero  when  v  tends  to  infinity,  and 
that  for  all  values  of  r. 

Now  make  c/o  so  small  that  e  <  r^/Sr,  whicli  we  can  always  do  so  long  as  r  is  finite. 
I'hen  the  difierence  between  the  two  series  is  numerically  <"  t),  and  the  approximation 
holds. 


If,  however,  for  any  value  of  it  becomes  impossible  to  assign  an  upper  limit  to 
li„  or  Iv/,  i.c,,  if  either  series  cease  to  be  uniformly  convergent,  then  we  should  luive 
to  increa.se  v  indefinitely  in  order  to  make  Hi,,  j  <  t;/3,  and  therefore  to  modify  e,  so 
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that  no  limiting  value  of  c/rt  (which  should,  of  course,  be  independent  of  z)  could  be 
found,  and  the  approximation  need  not  necessarily  hold.  As  a  matter  of  fact,  it  is 
shown  in  §  29  to  fail  for  particular  cases.  This  is  true  d  fortiori,  if  either  series  cease 
to  be  convergent  at  all. 

The  same  remarks  apply  in  their  entirety  to  the  process  of  approximation  given  in 
§  6,  and  further,  to  the  approximate  expressions  given  by  Professor  Pochhammer  in 
his  investigation  on  the  bending  of  beams  Crelle,’  vol.  81). 


§  29.  Special  Case  of  Two  Discontinuous  Rings  of  Shear. 

Suppose  that  we  have  the  following  system  of  values  for  (jiZ  : — 

(f)Z  =  T  if  c  —  e  <c  <c, 

(f)Z  =  0  it  —  c  e  <2  <  c  —  <?, 

(f)Z  =  —  T  if  —  c  <2  <  —  c  +  c. 


so  that  we  have  a  cylinder  twisted  by  two  equal  and  opposite  rings  of  transverse 
shear  extending  over  lengths  e  of  the  cylinder,  near  the  ends.  Then  we  find 
easily 


c„  = 


4T 


{2)1  +  1)  TT 


(  —  1 )"  sin 


{2)1  +  1)  Tre 


with  the  following  values  of  the  displacements  and  stresses  : 


—  y 


8Tc 


V  = 


r(f)  = 


/.(2«.  +  lp7r- 

7  {2n  +  1)  TT 


/  -I  •  291  +  1  TTC  .  2)1  +  1  TTS 

(—  1)”—  Sin - - - sm - — — 

12(a)  2c  2c 


/  \„  \ip)  •  +  1 TTC  .  2 


)i  lirz 


(f>z  = 'Ey:- 


4T 


0  {2n  +  1)  TT 


lAp)  .  2;i  +  i  Tre  2)i  1  ttz 

"  ,  r  sm  - T - COS - - - 

Ijla)  2c  2c 


.  (131). 


Now  it  is  easy  to  see  that  in  this  case  the  conditions  for  uniform  convergency  are 

satisfied,  except  at  the  boundary,  and  except  with  regard  to  the  stress  rf),  whose 
approximate  expression  is  not  uniformly  convergent,  being  in  fact  discontinuous  for 
z=  ±{c  —  e). 

At  the  boundary,  {^)l\  (“)  tends  to  unity  with  n,  its  approximate  expression, 
when  a  is  large,  being 


=z:  1  +  ^-  +  —  +  —  + 

12(a)  ^  2u  ^  8a2  ^  8a«  ^ 


(132). 


Hence  V  is  always  uniformly  convergent  and  its  approximate  expression  likewise,  so 
for  it  the  approximation,  for  sufficiently  small  values  of  cja,  holds  throughout. 
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For  r(f)  the  series  is  non-iiniformly  convergent  for  r  =  a  in  the  neighbourhood  of  the 

sections  ^  ^  {c  —  e)  owing  to  the  series  having  a  finite  discontinuity.  For  j>z  the 

approximation  certainly  fails,  for  r  —  a,  in  the  neighbourhood  oi'  z  —  —  e)  for 

00 

part  of  the  expression  for  (f)Z  is  the  series  1  1/(2  u  +  1),  which  is  divergent. 

0 

Hence,  it  we  are  in  such  a  case  to  use  our  approximations  for  the  stresses,  we  must 
exclude  the  sections  where  the  applied  stress  is  discontinuous  and  their  immediate 
neighbourhood  from  consideration. 

It  will  be  found  that  similar  remarks  apply  to  the  example  of  pull  given  in  §  7, 
and  also  to  tlie  example  given  by  Professor  Pochhammee  in  his  paper  on  bending  (loc. 
cit.),  in  which  he  also  deals  with  discontinuous  systems  of  stress,  so  that  his  ap^Droxi- 
mate  expressions  leave  us  in  the  dark  as  to  what  does  really  happen  at  points  of 
support,  the  cross-sections  in  the  neighbourhood  of  such  points  being,  for  reasons 
analogous  to  those  developed  above,  excluded  from  the  regions  where  his  approxima¬ 
tions  hold. 

Before  proceeding  to  an  actual  numerical  concrete  case,  we  may  notice  that  (pz 
becomes  infinite  at  the  points  s  =  d:  (c  —  e)  for  the  causes  stated  above.  Hence  any 
discontinuity  in  a  system  of  transverse  shears  applied  to  the  surface  of  a  cylinder,  or 
any  such  shear  transmitted  by  a  grip  applied  to  a  portion  of  the  material  projecting 
at  a  sharjj  angle,  will  produce  in  the  neighbourhood  a  very  great  stress  across  the 
section.  It  would  seem,  therefore,  that  a  cylinder  treated  in  this  way  would  be  likely 
to  experience  plastic  flow,  or  to  rupture,  not  in  the  middle,  but  near  the  points  where 
it  is  seized. 


§  30.  A2')proximations  on  the  Boundary  when  the  Cylinder  is  short. 

When  the  cylinder  is  short,  so  that  a  becomes  rapidly  large,  we  may  use  the 
method  employed  in  §§  8,  9,  and  19,  availing  ourselves  of  the  approximation  (132). 
We  then  find  ; — 


m 

/iTT" 


TT 

T 


1  — 


Ttt 

HC 


ez  (from  z  =  0  to  z  =  c  —  e) 
and 

ez  —  ^  (z  —  c  A-  (from  2;  = 
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Tr  ^  /I 

+  15— 2S(-1) 

fJ.IT  0 


+ 


1 


{2n  +  1)^  '  (271  +  If 


.  2ii  +  Ivre  .  2n  +  Ittz 
Sin - :: -  Sin 


(-!)■  [I,(») 


yu,7r“  7  (2/1  +  1)^  I  loC^) 


15  15 


8«2 


sin 


2c  2c 

2?i  +  l7rc  .  27i  +  l7r:4 


Sin 


Je 


zc 


.  (133), 


T 

-  -  log, 

IT 


TT  11  Z 


tan  -  —  , 

4  4  c 

TT  TTZ  +  e 

tan  (  -  —  -  — 

4  4  c 


+ 


ttT 


e  (from  2  =  0  to  2  =  c  —  f’) 
and 

c  —  z  (from  z  =  c  —  e  to  z  =  c) 


T  X  /  I 

+  i5iv(_in/ 

“  TT  0  '  '  ■ 


1  \  .  (2/1  -f  l)7rc  271  +  Ittz 

(2n  +  If  ^  i2n  +  1+)  2c  2c 


+  ■-2 


(-1)“  . 

Itfci) 

(2n  +  1) ' 

Vkl*) 

A  _  A' 

~  ^  ~  -  “  8«2  ~  8«‘5 


2« 


2i‘)i  -|-  lir^  2/1  +  1 

sm  - - cos - -  (134), 


2c 


Or 


where  in  the  last  2  in  both  equations  only  a  comparatively  small  number  of  terms 

need  be  taken. 

* 


31.  Numerical  Example. 


Values  of  the  Coefficients  and  of  the  Displacement 
and  Stresses. 


Take  a  cylinder  such  that  7ra/2c  =  1,  and  let  e  =  cl'2,  so  that  the  distribution  ot 
stress  is  as  shown  in  fig.  4.  Then  a  —  2n  +  1,  and  we  find  : 

J.  /9T'/» 

V  =  -  ■  [vq  sin  TTzj^c  —  i\  sin  ^Trzj^c  —  iq  sin  bTrzj^c  +  sin  7ttzI2c  +  rq  sin  ^ttz/2c 

jJblT 

—  iqsin  llTTzj^c  —  .  .  .) 


2+2T 


TT 


(^0 


sin  TTZ ! '2c 


h  sin  Snzj’Zc 


.) 


2  /2T 

(f)Z  —■  "" — ^  [sq  cos  7r2/2c  —  5^  cos  3TTzj2c  —  .  .  .) 


the  law  of  the  signs  being  obvious,  and  the  v’s,  t’s,  and  s’s  being  given  below  : 


2  a 
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Table  of  Q,  and  5;,. 


■«. 

Sn- 

r  =  -2(1. 

r  =  •4a. 

'/•  =  •  6«. 

r  =  a. 

r  =  •2a. 

r  =  •  4a. 

r  =  -Oa. 

r  =  a. 

0 

•036956 

•  149306 

•341554 

1-000000 

•740348 

1-502982 

2-310929 

4-16.3295 

1 

•006884 

‘030078 

•078098 

•333333 

•046574 

•106104 

•  195552 

•586933 

2 

•001551 

•007871 

•025651 

•200000 

•006457 

•018173 

•045167 

•278032 
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•000331 
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•009064 

•142857 

•001021 

•003803 

•013485 

•179752 

4 

•000068 

•000547 

•  003339 

•mill 

•000169 

•000813 

•004522 

•132502 

5 

•000013 

•000145 

•001266 
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6 

•000003 

•000039 

•000492 

•076923 

•  000005 

•000053 

•000604 

•086720 
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•000001 

•000011 

•000195 

•066667 

•000001 

•000014 

•000232 

•073927 

8 

•000000 

•000003 

•000078 

•058824 

•000000 

•000004 

•000091 

•064419 

9 

•000000 

■000001 

•000032 

•052632 

•000000 

•000001 

•000036 

•057075 

Fig.  4. 
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r  =  •4a. 

r  =  -Qa. 

•740348 

1-502982 

2-310929 

4-163295 

•015525 

•035368 

•065184 

•  195644 

•001291 

•003635 

•009033 

•055606 

•000146 

•000543 

•001926 

•025679 

•000019 

•000097 

•000502 

•014722 

•000003 

•000019 

•000147 

•009532 

•000000 

•000004 

•000046 

•006671 

•000000 

•000001 

•000015 

•004928 

•000000 

•000000 

•000005 

•003789 

•000000 

•000000 

•000002 

•003004 

From  these,  using  the  formulae  of  approximation  given  in  the  last  section,  when 
r  =  a,  we  obtain  the  values  of  v  and  the  two  stresses.  I  have  tabulated  them  in  the 
form  vj i>Q  and  (stress)  /T^  where  i’q,  Tq  are  the  greatest  values  of  the  displacement  and 
of  the  shear  respectively  in  a  cylinder  of  the  same  length,  subject  to  a  uniform 
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torsion  over  its  whole  length,  the  total  couple  applied  being  the  same  as  in  the 
present  case.  We  find  Tq  =  [xra  =  ttT  and  Vq  =  rca  =  ircTjix  for  the  given  example. 

Tables  are  given  on  page  229. 

Looking  at  these  tables  we  see  that,  over  the  length  free  from  external  apj^lied 
shear,  the  strains  and  stresses  inside  the  C}dinder  are  sensibly  the  same  as  what  they 
would  be  on  the  hypothesis  of  a  uniform  torsion.  (Outside  zlc  =  '5  the  torsion  couple 
diminishes,  and  the  stresses  diminish  in  consequence. 

It  is  interesting  to  compare  these  results  with  those  that  we  should  have  obtained 
if  we  had  supposed  the  approximate  results  given  on  p.  223  to  hold  good  in  this 

case.  Denoting  Ijy  v',  r<j)',  (f)z'  the  values  of  the  displacement  and  stresses  calculated 
on  tins  hypothesis,  we  have — 
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•  2. 
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•4. 
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1. 

0 

0 
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0 

0 

0 

0 

0 

0 

0 

*  2 

0 

•020 

•040 

•080 

•080 

•100 

•118 
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•148 

•150 

•4 
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•040 

•080 
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•160 

•200 
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•264 
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•296 
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•16 
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•48 

•36 

•24 
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1-00 

1-00 
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§  32.  Discussion  of  the  Results. 

From  the  above  tables  we  see  that  the  radii  in  each  cross-section  do  not  remain 
straight  lines,  but  assume  distorted  shapes,  which  are  shown,  on  a  very  exaggerated 
scale,  on  Diagram  16,  where,  for  each  of  the  ten  cross-sections,  the  curve  ot 
(y  —  v)/vq,  which  indicates  the  deviation  from  the  straight  line  in  the  distorted 
form  of  the  radii,  has  been  plotted.  The  variation  from  the  straight  line  increases 
rapidly  as  we  approach  the  region  where  the  stress  is  applied,  as  can  be  seen  from 
curves  (l)-(4)  on  Diagram  16.  On  the  other  hand,  towards  the  ends,  the  distortion 
remains  fairly  constant.  The  distorted  radii  meet  the  bounding  circles  at  right 

angles  when  r(f)  =  0  at  the  surface,  but  they  meet  it  at  a  finite  angle  where 
r(f)  =  T. 

From  the  values  of  (f)Z  and  i  f  we  see  that  as  soon  as  we  get  at  all  away  from  the 

ends  the  conditions  that  7'(f)  =  0,  (f)Z  =  jxTZ,  v  —  tvz,  which  hold  for  uniform  torsion, 
are  very  closely  satisfied,  and  that,  more  generally,  except  where  the  abrupt  change 
takes  place  in  the  shearing  stress  at  the  surface,  the  approximate  expressions  given 

in  §  28  do  not  differ  widely  from  the  true  exjDressions,  the  law  that  if  varies  as 
the  square  of  the  radius  being,  near  the  ends,  tolerably  well  verified.  It  is  to  be 

noted  also  that,  where  the  approximations  would  give  a  discontinuity  in  r<^  inside  the 
material  (viz.  at  2  =  ’be),  the  true  values  are  almost  exactly  the  mean  of  the  two 
discontinuous  values  obtained  from  the  approximate  formulse  assumed  correct. 

In  like  manner  (jiz  is  nearly  the  same  as  (f)z',  except  near  z  =  'Sc,  where,  as  we  have 
seen,  an  infinite  stress  really  occurs,  of  which  the  approximations  give  no  hint. 

We  note,  however,  that  (f)Z  does  not  strictly  vary  as  r  all  over  the  section,  Ijeing 
smaller  than  should  be  expected  inside  and  larger  at  the  boundary. 

The  theoretical  result,  that  the  stress  is  infinite  where  the  transverse  applied  shear 
is  discontinuous,  throws  much  light  on  the  case  of  a  cylinder  whose  cross-section 
abruptly  changes,  as  in  fig.  1,  with  the  difference  that  now  the  stress  applied  to  the 
collar  is  transverse.  We  see  that  in  such  a  case  we  should  expect  the  material  to 
give  way  at  the  points  of  sudden  change.  This  conclusion  is  in  accordance  with 
practical  experience,  the  tail  ends  of  propeller  shafts,  for  instance,  breaking  almost 
invariably  in  this  manner. 


§  33.  General  Conclusion. 

This  example  concludes  the  series  of  three  which  it  was  proposed  to  treat  of.  The 
object  has  been  to  obtain  a  clear  idea  of  the  effects  of  certain  surface  distributions  of 
stress  which  come  much  nearer  to  the  cases  arising  in  practice  than  does  the  uniform 
distribution  ordinarily  taken. 
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Diagram  16. — Showing  Distortion  of  a  Radius  originally  Straight  in  the  case  of  Torsion  produced  by 

applying  Shearing  Stress  to  the  Curved  Sui-face. 


The  curve  corresponding  to  the  section  zjc  =  n/\0  is  numbered  n.  The  first  four  curves  have  had  the 
ordinates  exaggerated  in  the  I'atio  of  10  :  1.  They  are  shown  by  the  dotted  lines,  and  to  them  refer  the 
numbers  in  brackets. 
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No  doubt  the  cases  treated  involve  somewhat  arl^itrary  conditions,  not  strictly- 
obtained  in  practice,  hut  it  appeared  useful  to  ascertain  how  far  they  gave  results 
diverging  from  those  which  would  be  found  on  the  ordinary  hypothesis  of  uniform 
extension  or  torsion. 

This  furnishes  us  with  a  test  of  how  far  we  may  accept  de  Saint-Venant’s 
principle  of  “  equipollent  ”  systems  of  load  for  a  bar  whose  length  is  gradually  made 
smaller  compared  Avith  its  diameter.  The  results  Ave  have  here  obtained  indicate 
that,  as  we  go  aAAmy  from  the  points  of  application  of  the  stress,  a  “  uniform  ”  solution 
is  reached  much  sooner  in  the  case  of  torsion  than  in  that  of  either  tension  or 
pressure. 

With  regard  to  the  arithmetic  of  the  paper,  the  results  have  l)een  as  far  as  possible 
checked.  It  is  believed  that  they  are  correct  to  the  number  of  figures  given,  but 
owing  to  the  sIoav  convergence  of  certain  of  the  series,  accunudated  errors  may  in 
some  cases  affect  the  last  and  even  the  second  last  figure.  Ea^oii  this,  hoAvever,  Avould 
not  sensibly  disturb  the  coiiclusions. 

For  the  I-functions  the  tables  in  Gray  and  Matheaa^’s  “  Bessel’s  Functions”  were 
used,  but  the  range  of  the  tables  is  so  limited  that  a  large  number  of  these  functions 
had  to  be  independently  calculated.  The  semi-coiiAmrgent  expansions  were  employed, 
the  argument  being  large  in  each  case. 

My  very  best  thanks  are  due  to  Professor  Ewing  for  his  unfailing  kindness  in 
coming  to  my  aid  Avith  suggestions  and  advice. 
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Introductory. 

1.  The  following  investigation  has  been  iii  progress  for  some  years  and  led  to  a 
})aper,  communicated  to  the  Society  on  December  29,  1896."^  I  therein  pointed  out 
that  personal  judgments  were  frequently  correlated.  This  correlation  may  1)e  of  the 
kind  which  in  that  paper  I  termed  “  spurious,”  or  it  may  be  genuine.  By  “  spurious  ” 
correlation  1  understand  the  quantitative  measure  of  a  resemblance  in  judgments, 
which  resemblance  is  due  solely  to  the  particidar  manipulation  of  the  observations. 
Very  customary  treatment  of  observations  will  lead  to  the  existence  of  a  spurious 
correlation,  which  may  be  and  generally  is  entirely  overlooked  by  the  observers. 
For  example:  if  the  quantity  to  be  determined  by  judgment  were  the  time  taken 
by  a  bright  point,  say  a  star,  in  travelling  from  a  position  C  intermediate  between 
spider  lines  A  and  B  to  the  line  B,  and  the  result  were  to  be  expressed  by  the  ratio  of 
this  time  to  the  known  time  from  A  to  B,  then  there  would  Ise  correlation  in  the  results 
obtained  by  two  observers  for  a  number  of  stars,  even  if  their  absolute  judgments  on  the 

*  ‘  Eoy.  Soc.  Proe.,’  vol.  60,  p.  489. 
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time  from  C  to  B  were  quite  independent.  Again,  if  the  judgments  of  two  observers 
be  in  Ijotli  cases  referred  to  a  standard  observer,  then  such  relative  judgments  will  be 
found  to  be  correlated ;  and  this  is  true,  although  if  we  could  find  the  ahsolute  errors 
of  the  two  observers,  we  might  discover  that  these  errors  were  quite  uncorrelated. 
We  shall  see  illustrations  below  of  the  manner  in  which  this  spurious  correlation  almost 
imperceptibly  creeps  into  any  ordinary  method  of  manipulating  observations,  and  how 
very  little  attention  has  hitherto  been  paid  to  it. 

But  apart  from  this  spurious  correlation  the  experiments  described  in  this  memoir 
seem  to  show  that  there  exists  almost  invariably  a  genuine  correlation  between  the 
judgments  of  independent  observers.  This  may  be  due  to  two  sources  :  (i.)  Likeness 
of  the  environment  in  the  case  of  each  individual  observation,  which  leads  to  likeness 
of  judgment  in  the  individual  observers.  One  experiment  may  appear  to  be  made 
under  precisely  the  same  conditions  as  a  second,  hut  really  it  has  a  certain  atmosj^here 
of  its  own  which  influences  the  olDservers  in  a  like  manner,  (ii.)  Likeness  in  the 
physical  or  intellectual  characters  of  the  oljservers  leading  to  a  likeness  in  their 
judgments  of  what  took  place. 

It  is  usual  to  suppose  that  the  error  made  l)y  an  individual  observer  depends  upon 
a  great  variety  of  smaU  causes  largely  peculiar  to  that  individual ;  or,  if  peculiar  to 
the  individual  experiment,  that  they  will  affect  different  observers  in  different  ways. 
Our  ex|)eriments  show  such  considerable  correlation  l^etween  the  judgments  of 
individual  observers,  that  I  have  been  compelled  to  discard  this  view ;  I  consider  that 
very  slight  variations  of  the  environment  (foi‘  exanqjle,  similar  observations  on  stars  of 
different  N.P.D.)  will  be  quite  sufficient  to  produce  correlated  judgments ;  on  the 
other  hand,  some  slight  similarity  of  eye-sight,  of  ear,  of  temperament,  may  be 
suflicient  to  associate  the  judgments  of  two  observers.  Whatever  variety  of  small 
causes  influence  the  judgment,  it  is  clear  that  in  actual  practice  they  do  not  suffice 
to  dominate  some  particular  source  of  mental  or  physical  likeness  which  leads  to  this 
correlation  in  judgments. 

Our  first  series  of  experiments  show  that  the  actual  instantaneous  environment  is 
not  necessarily  the  source  of  likeness  in  judgment.  The  same  lines  were  not  dealt 
with  by  the  three  observers  at  one  and  the  same  instant.  Thus  it  is  on  some  quite 
definite,  but  probably  quite  undiscoverable,  likeness  of  temperament  that  we  mnst 
largely  rely  to  account  for  this  correlation  of  judgment. 

To  the  naturalist,  who  has  to  observe,  whether  he  Ije  physicist,  astronomer,  or 
biologist,  tins  genuine  correlation  of  judgments  is  of  equal  significance  v'ith  the 
“spurious”  correlation,  and,  like  the  latter,  almost  invariably  disregarded.  A  and  B 
are  two  independent  observers,  making  an  experiment  of  the  same  character,  or 
observing  the  same  phenomena.  As  a  rule  theii'  judgments,  however,  will  not  be 
independent.  The  importance  of  this  conclusion  in  modifying  the  weight  which  must 
be  given  to  a  series  of  observations  of  the  same  phenomena  made  by  two  “indepen¬ 
dent  ”  observers  will  be  manifest.  Once  we  admit  that  the  judgments  of  independent 
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observers  are  correlated,  then  the  determination  of  the  amount  of  correlation  becomes 
of  vital  importance. 

It  has  only  been  after  further  experiment,  and  after  much  seeking  for  possible 
sources  of  spurious  correlation,  that  I  have  at  last  convinced  myself  of  the  reality  of 
this  genuine  correlation  in  the  judgments  of  independent  observers.  I  cannot  expect 
my  readers  to  do  so  at  once,  but  I  believe  that  a  careful  examination  of  our  experi¬ 
mental  results  will  at  least  convince  them  that  it  is  a  factor  of  great  importance  in 
some,  if  not,  as  I  believe,  in  all  types  of  observation.  As  to  the  spurious  correlation, 
it  jdays  such  a  large  part  in  relative  personal  judgments,  and  is  so  ol)vious  from  the 
theoretical  standpoint,  that  one  can  only  wonder  it  has  not  hitherto  l:)een  regarded. 

The  course  Vhich  I  propose  to  follow  in  this  memoir  may  be  tlius  summed  up  : — 

(a.)  I  shall  introduce  a  more  complete  terminology  than  appears  at  present  to 
exist  for  the  theory  of  errors  of  judgment. 

(b.)  I  shall  develop  to  some  extent  the  current  the(ny  of  ei'rors,  and  its  application 
to  personal  equation. 

(c.)  I  shall  next  consider  what  modifications  must  ije  made  in  this  theory  to  allow 
for  the  correlation  of  the  judgments  of  independent  oljservers. 

(d.)  I  shall  then  discuss  certain  experimental  investigations  on  personal  equation, 
which  demonstrate  that  (c.)  and  not  (/>.)  is  the  category  imder  which  we  must  class 
errors  of  judgment. 

(e.)  Lastly,  I  shall  sum  up  the  bearing  of  this  discussion  on  our  treatment  of  errors 
of  observation,  whether  physical  or  astronomical. 

(2.)  Terminology. 

If  ^  be  the  actual  value  of  some  physical  (piantity,  whether  it  can  be  really 
determined  or  not,  and  Xj,  be  the  values  of  it  according  to  the  judgments  of  two 
independent  observers,  whether  formed  by  measurement,  estimate,  chronograjDhic 
record,  or  any  other  way,  we  shall  speak  of  x^  —  Xo  —  ^  as  the  absolute  errors  of 
judgment  of  the  two  observers,  —  which  in  many  cases  is  all  we  can  detei'inine, 
will  be  termed  the  relative  error  of  judgment  of  the  two  observers. 

If  a  sufficiently  large  series  of  judgments  be  taken,  then  the  mean  values  of  Xj  —  ^ 
and  Xj  —  ^  will  be  termed  the  absolute  personal  equations  of  the  observers,  and  the 
mean  value  of  x,,  —  x^  the  relative  personal  equation  of  the  two  observers.  We  shall 
use  the  notation  Ibr  the  absolute,  for  the  relative  personal  equations  of 

the  two  observers. 

Clearly  ^>2,  =  ~  ip... 

If  we  form  the  standard  deviations  of  the  absolute  judgments  and  o-q^,  and  of 
the  relative  judgments  a-.2i  =  0-12,  these  will  be  measures  respectively  of  the 
variability  in  judgment  of  either  obsQrver  absolutely,  and  of  the  variability  of 
their  relative  judgment. 
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AVe  have,  if  be  the  miniber  of  judgments  in  the  series  ; — 

<^01^  =  .7  -  {X,  -  1)}^ 

'll 

o'uL  =  ~  ~  f)}“-  > . (’•)• 

o-u'  =  “  ^{Vhi  -  (>L  -  ^'i)V 

) 

^\•here  S  denotes  a  summation  for  every  judgment  of  the  series. 

Oljviously  the  goodness  of  an  observer  is  measui'ed  l)y  two  characters  : 

(i.)  The  smallness  of  his  personal  equation, 

(ii.)  The  smallness  of  the  variability  of  his  judgment,  ctq^. 

The  first  determines  the  average  error  of  his  judgment,  tlie  second  the  constancy 
or  stability  of  his  judgment. 

The  latter  is  often  quite  as  important  a  featuin  of  the  mental  worth  of  an 
observer  as  the  former. 

Tills  steadiness  or  reliability  of  judgment,  isdiich  I  shall  term  stability  of  judgment, 
will  lie  defined  as  follows  : — The  relative  stability  of  two  observers  for  a  given  class 
of  observations  is  measured  by  the  inverse  ratio  of  their  standard  deviations.  Or, 
if  we  are  speaking  of  the  same  class  of  observation  the  absolute  stability  of  judgment 

s,  will  measure  the  steadiness  in  relative 

‘^21 

appreciation  of  two  observers  ;  it  serves  as  a  measure  of  their  degree  of  approxima¬ 
tion  to  like  estimates,  and  may  be  called  their  relative  stability.  It  by  no  means 
follows,  however,  that  two  observers  with  a  large  degree  of  relative  stability  have 
necessarily  large  individual  absolute  stabilities  in  judgment,  nor  that  their  absolute 
personal  equations  are  small.  This  remark  is  of  considerable  importance,  for  we  are 
apt  to  think  that  if  two  out  of  three  observers  have  a  small  relative  personal 
equation  and  a  large  relative  stability,  then  their  conclusions  are  worth  more  than 
those  of  a  third  oljserver  with  whom  they  liave  large  relative  ]3ersonal  equations  and 
smaller  inlative  stabilities. 

No  conclusion  of  this  kind  can  l)e  admitted,  if  we  find  that  the  absolute 
judgments  of  independent  observers  are  correlated;  for,  as  will  be  shown  later,  the 
higher  this  correlation,  i.e.,  the  less  independence  in  judgment,  the  greater  becomes 
the  relative  stability  of  the  two  observers.  The  more  marked  this  association  in 
judgment,  the  less  are  we  able  to  set  the  judgment  of  two  observers  against  a  third. 

The  correlation  in  absolute  judgments  ])etween  two  observei's^  is  given  by 

_  blOy,  -  (.- j  -  ?) )  (2y,  -  B  )} . (ii.). 

'  li  — 

VfCTojCToo 

*  ‘  Roy.  Soc.  Piuc.,’  vol.  60,  p.  480  et  seq. 
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The  coiTelation  in  the  relative  judgments  of  two  observers,  1  and  2,  both  referred 
to  a  standard  observer  3,  is  given  by 


P.S’  13  — 


b  {(Pai  (^.3  )  ilhi  (‘^’s  '^'2) )} 


.  (iii-)- 


So  far  as  1  can  make  out  it  is  usually  assumed  that  is  zero,  and  the  existence, 
if  ?'io,  &c.,  be  zero,  of  very  sensible  values  in  the  case  of  yOg,  j.j  has  always  been 
disregarded. 

The  probable  errors"^  of  personal  equations,  variability  in  judgments,  and 
correlations  in  judgments,  as  determined  by  the  forrnulre  (i.)  (ii.)  (iii.)  above,  are  : — 


Per  cent,  o 

•>)  55 

?5  55 

5’  55 

5  5  5  5 

5  ’  *5 

5  5  5  5 

5  5  5  5 


fpol  =  ’67449  (T^J^n 
Pm  =  ’67449  a-Q^I^/n 
p^\  6/ *449  ^ \^j 

Oq!  =  ’67449  o-Qi/y/2n 
o-Qo  =  '67449  <T|;,2/\/2n 
cToi  =  ’67449  cToi/y/’in 

=  -67449  (1  ->*,/)/ v")! 
As)  13  ~  ’67449  (I  pg,  ip)l \/n 


\ 


\ 


/ 


,  (iv.). 


If  any  investigation  of  personal  equation  is  to  have  validity  these  probable  errors 
must  be  small  relatively  to  the  quantity  measured.  Accordingly,  no  determination 
of  personal  equation  is  of  the  slightest  value  which  does  not  give  cr  as  well  as  for 
without  this  we  do  not  know  the  weight  to  be  attributed  to  the  determination  of  p. 
My  own  experience  would  seem  to  show  that  ten  to  thirty  olrservations,  on  which 
number  some  estimates  of  personal  equation  have  lieen  formed,  are  very  insufficient. 
Further,  astronomers  rarely  publish  the  data  on  which  the  personal  equation  has  been 
determined  so  as  to  enable  one  to  judge  of  its  degree  of  stability,  or  of  the  degree 
of  independence  in  the  judgments  of  different  observers. 

We  shall  have  to  investigate  whether  there  are  methods  of  finding  ct-q^  and  (T^^„ 
when  only  the  relative  personal  equations  and  relative  varial^ilities  are  given,  and  we 
shall  have  to  see  how  the  correlation  of  absolute  and  relative  judgments  may  be 
determined. 

Personally  it  appears  to  me  that  without  a  knowledge  of  all  these  quantities  we 
cannot  profitably  combine  the  observations  of  difterent  observers  or  determine  their 
individual  independence  and  stability  of  judgment. 


*  ‘  Phil.  Trans.,’  A,  vol.  191,  pp.  239-245, 
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(3.)  Current  Theorii  of  Errors  of  Ohservation. 

The  assumption  usually  made  is  that  the  error  of  an  observation  is  due  to  the 
result  of  the  combined  action  of  a  great  number  of  independent  sources  of  error  ; 
each  source  follows  a  j^ermanent  law  and  attributes  equal  probability  of  occurrence  to 
numerically  equal  errors.  From  this  statement,  or  some  modified  form  of  it,*  is 
deduced  the  well-known  normal  curve  of  error  frequency  : — 


y  =  . (v.). 

An  Important  point  to  be  considered  is,  therefore,  whether  actual  errors  of 
observation  in  any  case  are  such  that  they  may  be  su23posed  to  be  a  random 

sampling  of  errors  obeying  this  law.  I  have  in  a  recent  j^aj^erf  obtained  a  criterion 

» 

for  the  probability  of  any*  system  being  the  result  of  a  random  sampling  from  a 
series  following  any  law  of  frequency,  and  I  have  shown  that  it  is  most  highly 
improbable  that  the  series  cited  by  Airy  and  Merriman  as  evidence  of  the 
suitability  of  the  normal  curve  can  really  have  been  random  samples  from  material 
actually  obeying  such  a  distribution. 

Assuming  the  applicability  of  the  normal  curve,  or,  indeed,  the  indej^endence  of 
judgments  of  independent  observers,^  we  have  at  once 


3  2  1  S 

—  ^U1  +  ^02  ? 

Similarly  : — • 

2  2  1  2 

—  ^02  +  f^()3  ^ 

and, 

2  ‘  2  1  2 

<^13  —  <^03  1  ^01 

Hence  we  deduce  : — 


o  ,  o  o  \ 

2  _  "I  ^13  ' 


^01  — 


2  t  2  2 

3  _  ^32  ■>"  _ ^13 


O'os  — 


rr  3  — 

•^03  — 


fy  2  _  _  2 

^y'32 _ 

9 


(vi.) 


(Vii.). 


It  was  this  simple  result  which  led  to  the  whole  of  the  j^i’esent  investigation.  I 
liad  not  seen  it  noticed  before,  and  it  seemed  of  wide-reaching  importance.  I  mean 
in  the  following  manner  ;  The  astronomer,  and  often  the  jjhysicist,  can,  as  a  rule,  onH 
determine  relative  and  not  absolute  judgments.  He  cannot  deduce  the  absolute 


*  These  are  really  additional  assumptions.  See  pp.  274-275  later, 
t  ‘  Phil.  Mag.,’  July,  1900,  p.  157  ef  seq. 

I  If  z'l  and  z-2  be  judgments  of  two  observers  and  .^12  their  relative  judgment,  Sn,  Sn,  S~i2,  errors 
measured  from  the  means  of  the  respective  systems,  then  =  Sn  -  S,?o,  whence  the  result  follows  at 

once,  if  the  correlation  =  S(5..^  x  8^.,)  ^ero. 
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personal  equations  from  his  knowledge  of  the  relative  personal  equations.  How  then  is 
he  to  measure  the  relative  goodness  of  observers  ?  In  turning  this  problem  over  in  my 
mind  it  occurred  to  me  that  if  there  were  no  means  of  measuring  the  average  absolute 
error  of  an  observer  short  of  an  experiment  ad  hoc*  still,  if  we  could  deal  with  three 
observers,  their  relative  variabilities  would  give  us  the  means  of  determining  their 
absolute  variabilities,  and  the  astronomer  or  physicist  would  thus  really  be  in  a 
position  to  judge  something  about  the  steadiness  in  absolute  judgment  of  a  series  of 
observers.  He  could  find  their  o-q^,  ctqo,  and  0-^,3,  and  so  determine  their  stabilities. 

Now,  if  one  accejots  the  independence  of  the  judgments  of  independent  observers, 
(vii.)  follow  at  once,  and  we  have  an  important  problem  simply  solved.  I  therefore 
organised  a  series  of  experiments  to  illustrate  (vii.),  but  instead  of  discovering  a  new 
method  of  testing  observers’  stability  of  judgment,  I  found  that  (vi.)  did  not  hold  ; 
that,  indeed,  could  be  smaller  than  both  o-qi  and  ctqo,  or,  in  other  words,  that  the 
judgments  of  independent  observers  could  be  sensibly  correlated  !  I  accordingly  felt 
compelled  to  discard  the  current  theory  entirely,  and  develop  one  in  which  the 
correlations  like  Cjo,  &c.,  are  not  supposed  to  be  zero.  Before  describing  this, 
however,  I  must  point  out  that  even  If,  on  the  ordinary  view,  we  put  these  correlations 
zero,  we  ought  to  expect  correlation  in  the  judgments  of  observers  when  they  are 
referred  to  the  judgment  of  a  standard  observer. 

This  may  be  proved  thus  : — - 

Let  7)^  =  Pqy  —  [X]  —  f),  with  similar  values  for  and  173.  Then  S  (77^)  =  S  (>7.,) 
=  ^  (^3)  =  0  ;  S  (773“)  =  ;  8  (770  773)  =  n<j(y2  o-Qg  =  0,  since  =  0,  and  similarly 

8(77377,)  and  8(77^770)  =  0. 

From  (iii.)  we  have  : 

_  {(p%\  ~t  jt)I  j^03  ~t  ^3  V\)  (  itu  ~t  j^fl2  ~t  ^3  '^2)}  _  ^ 

Pqj  ]0  -  -  j 

remembering  that  pz\  =  Bos  ~  ibn  B33  —  Bos  —  Bon  relations  cited  above. 


Hence  : 
Similarly  :t 


Pzi  12  —  <^03V(^31^32)  J 
d2)  31  —  ^03V(‘^21^23)  >  ^ 

do  23  —  ^ofiA^li^ls) 


.  (viiL). 


These  expressions  can  never  vanish,  and  tlius,  if  the  current  theory  were  true,  the 
judgments  of  two  observers  referred  to  a  third  as  standard  would  undoubtedly  be 


*  As,  for  example,  by  an  artificial  star,  whose  actual  position  at  each  instant  of  time  is  known,  first,  I 
think,  used  by  N.  C.  WoLFF  in  1865.  Unfortunately  the  personal  equation  seems  to  vary  a  good  deal 
with  the  speed  and  intensity  of  the  star  observed. 

t  Of  course  relations  of  the  type  a-is^  =  cros^  +  o-yy  will  also  hold  by  (vi.)  if  there  be  no  correlation  of 
absolute  judgments. 
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correlated.  Independence  of  absolute  judgments  connotes  correlation  of  relative 
judgments.  This  is,  of  course,  an  instance  of  what  I  have  termed  “spurious” 
correlation,  but  it  is  none  the  less  important  that  it  should  not  be  overlooked.  When 
we  cannot  form  absolute  judgments,  but  refer  our  observations  to  a  special  observer  as 
standard,  then  the  observations  so  reduced  of  two  independent  observers  will  certainly 
be  correlated.  I  am  not  aware  that  attention  has  hitherto  heen  paid  to  this  point 
when  the  observations  of  different  observers  relative  to  a  standard  man  have  been 
combined. 

One  result  of  the  actual  correlation  of  independent  judgments  is  that  the  values 
experimentally  determined  for  the  p’s  are  not  those  given  by  (viii.).  A  genuine 
correlation  is  superposed  on  the  sjDurious  correlation,  and  the  total  correlation 
observed  may  be  greater  or  less  than  the  values  indicated  in  (viii.). 


(4.)  New  Theory  of  Errors  of  Ohservatio'n. 

Let  us  suppose  that  the  correlations  r’33,  r^^,  are  not  zero,  then,  provided  we 
calculate  the  standard  deviations  of  the  absolute  and  relative  judgments,  we  can  find 
at  once  these  correlations.  We  have 


— 


31  — 


2  I  2 

^02  •  ^03  ^23 

-^oa®’o3 

0,0  o 


01 

2crnncr„ 


'31  ^  I 


'  03*^  01 
0,0  o 

^01  I  ^n3~  ^ia~ 

■^'^10^03 


(ix.) 


We  are  no  longer  able  to  find  the  absolute  variabilities  from  the  relative  variabilities, 
and  we  require  direct  experiments  in  which  the  errors  of  absolute  judgment  are 
knoATO  in  order  to  determine  the  correlations. 

Turning  now  to  the  correlations  between  relative  judgments,  we  easily  deduce 
from  (iii.) 


P-iy  \i 


T  ^’l3®'oi°’o2  '^’si^OS^Ol  '*’32®’()3°’02 


+  aod  -  2 


^03^01 ' 


'3l)\/( 


O', 


03 


+  <^02“ 


2o'(j30‘(,p33) 


^  I 

O'.,,"  +  cr. 


32 


'12 


*"‘^3l‘^32 


since 


cr 


31 


0  I  O  ;■ 

—  O'os  +  o-oT  ~  ‘ 


cToaCT, 


oH'so 


and  similar  relations  hold. 
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We  have  thus  the  series  : 


Pi)  23  — 
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These  suffice  to  find  the  p’s  as  soon  as  a  series  of  experiments  giving  relative 
judgments  has  been  carried  out.  Tliey  will  not  suffice  to  differentiate  the  real  and 
the  spurious  parts  of  the  correlation  between  tlie  relative  judgments. 

These  results  are,  of  course,  quite  independent  of  any  theory  of  normal  distrilDution. 
The  correlation  coefficients  will  give  the  probable  value  of  an  error  of  judgment  which 
A  will  make  when  we  know  the  error  that  B  has  made  in  tiie  same  observation. 
Thus,  if  Cgo  be  the  average  error  made  by  a  second  observer  when  a  first  makes  the 
error  we  shall  not  have  equal  to  the  personal  equation  of  the  second  observer, 
but  given  by 

^02  =  iAs  -  Pod'l2  ^  +  ^uU’l2  ^ . (xi.)- 

"01  "oi 

Again,  if  be  the  average  error  made  by  a  second  observer  relative  to  a  first,  when 
a  third  observer  makes  an  error  relative  to  the  first  of  then  Avill  not  be  equal 
to  the  relative  jiersoiial  equation  of  the  second  observer,  but  must  be  determined 
from 

^'12  —  P12  V\Z  Pli  23  “i“^13  Pl>  23  . (xi-  hls). 

ms  ms 

It  will  thus  be  clear  that  the  reduction  of  isolated  observations  to  a  common 
standard  dejsends  essentially  on  a  discovery  of  the  intensity  of  correlation  for  absolute 
or  relative  errors.  Cq,  =  will  only  be  true  when  judgments  have  been  shown  to  be 
perfectly  independent,  (q^  =  will  practically  be  never  true,  for  the  p’s  can  only 
vanish  in  the  exceptional  case  in  which  the  s})urious  and  real  correlations  just 
balance  each  other’s  influence. 

We  shall  find  as  Ave  advance  need  to  develop)  this  theory  in  certain  directions, 
but  its  main  features  have  now  been  sufficiently  indicated,  and  we  can  turn  to  the 
experimental  results. 


(5.)  General  Description  of  the  Experiments, 

The  first  series  of  experiments  AAmre  made  in  the  summer  of  1896  by  Dr.  Alice 
Lee,  Mr.  G.  U.  Yule,  and  myself.  They  Avere  very  simple  in  character.  Sheets 
of  white  paper  ruled  with  faint  blue  lines  were  taken,  such  as  are  sold  for 
“  scribbling,”  and  on  each  blue  line  two  segments  of  a  line  Avere  obtained  by 

2  I  2 
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pricking  with  a  needle  point.  This  was  done  in  triplicate  by  running  the  needle 
point  through  three  adjusted  sheets.  These  segments  formed  a  random  distribution 
of  lengths  placed  on  a  series  of  horizontal  lines.  Each  observer  now  took  500  such 
lines — the  series  being  the  same  for  each — struck  a  pencil  stroke  with  a  fine  pencil 
through  the  needle  points  terminating  each  segment,  and  then  bisected  that  segment 
with  a  third  pencil  stroke  at  sight.  AVe  thus  obtained  three  series  of  estimates  of 
the  midpoints  of  the  same  gi’oipj  of  lines  by  three  apparently  independent  observers. 
The  judgments  were  made  in  the  same  room,  under  practically  the  same  conditions  of 
light  for  each  individual,  but  each  experimenter  was  not  necessarily  bisecting  the  same 
line  at  the  same  instant  of  time.  The  common  factors  were  the  length  of  the  line 
and  its  position  relative  to  the  edge  of  the  })aper,  which  latter  varied  from  line  to 
line.  It  does  not  appear  to  me  that  these  factors  are  more  or  less  influential  than  the 
sameness  of  influences  which  must  ever  arise  when  two  or  more  individuals  judge  the 
same  phenomenon. 

The  actual  length  of  the  lines  and  the  distance  from  the  left-hand  terminal  of  the 
point  guessed  as  mldpoiiit  were  now  very  carefully  measured  ;  whatever  errors  occur  in 
these  measurements,  and  of  course  such  must  exist,  they  are  of  a  totally  different  order 
of  magnitude  to  the  errors  of  midpoint  judgment.^  The  letter  u  will  be  used  to  denote 
the  length  of  any  line,  x  for  the  distance  from  the  left-hand  terminal  to  the  experi¬ 
mental  bisection,  x  =  x  —  will  stand  for  the  error  in  placing  the  midpoint, 
considered  })ositive  when  towards  the  right.  The  subscript  1  refers  to  l)r.  Lee’s 
judgment,  the  subscript  2  to  my  judgment,  and  the  subscript  3  to  Mr.  Yule’s 
judgment.  I  should  have  liked  to  have  taken  1000  instead  of  500  judgments,  but  the 
labour  of  experimenting,  and  especially  also  of  arithmetical  reduction  is  so  great  that 
we  had  to  limit  ourselves  to  the  smaller  number.  Even  that,  I  believe,  is  far  greater 
than  has  yet  been  used  in  the  determination  of  personal  eijuation. 

ri  ijriori,  it  seemed  reasonable  to  me  that  the  longer  the  line  the  greater  would  be 
the  error  of  its  bisection.  Accordingly  x  ju,  or  the  I'atio  of  the  error  to  the  length  of 
the  line,  was  taken  in  the  first  place  as  the  quantity  to  be  tabulated.  I  call  this 
quantity  X'.  Dr.  Lee  spent  several  months  of  the  summer  of  1896  in  the  reduction 
of  the  observations  on  this  basis,  and  the  series  of  diagrams  giving  the  frequency 
curves  were  drawn  for  X'.  The  reduction,  however,  showed  at  once  that  the  values 
of  X'  for  different  observers  were  correlated.  Such  cori'elation  of  what  I  then 
thought  must  -be  independent  judgments  led  me  to  more  closely  investigate  the 
matter.  I  attributed  this  correlation  of  independent  judgments  to  spurious  correla¬ 
tion  due  to  the  use  of  indices,  and  I  determined  to  reconsider  the  subject  on  an 
entirely  different  experimental  plan,  after  develo2)ing  the  theory  of  spurious 
correlation,  t 

*  That  judgment  was  made  rapidly  as  soon  as  the  Jieedle  points  terminating  the  line  had  been  marked 
so  as  to  be  visible. 

t  See  ‘  Roy.  Soc.  Rroc.,’  vol.  60,  p.  489. 
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With  the  aid  of  Mr.  Horace  Darwin  I  arranged  a  series  of  experiments  which 
shonlcl  test  simultaneously  the  eye,  the  ear,  and  the  hand,  and  thus  give  every 
opportunity  for  a  variety  of  small  causes  to  influence  the  errors  of  judgment.  My 
plan  was  as  follows  ;  A  beam  of  light  of  very  small  breadth  should  traverse  a  white 
strip  and  at  some  part  of  its  course  a  bell  should  sound.  At  this  instant  the  eye 
should  judge  its  position  on  the  strip  and  the  observer  should  at  once  divide  a  similar 
strip  by  a  pencil  stroke  into  parts  in  the  same  ratio  as  he  considered  the  beam  to 
divide  the  first  strip.  The  instant  at  which  the  bell  would  sound  was  unknown  to 
the  observers,  but  it  was  so  arranged  that  the  exact  position  of  the  beam  when  the 
bell  sounded  could  be  easily  ascertained  by  another  person. 

Mr.  Darwin  constructed  for  us  a  pendulum,'^  consisting  of  a  bar  swinging  on 
knife  edges  from  an  axis  through  its  middle  point.  At  either  end  of  the  bar  were 
weights,  so  that  by  their  adjustment  very  slow  or  very  quick  swings  could  be 
obtained.  The  pendulum  could  be  released  from  rest  at  any  angle  from  the  vertical. 
Attached  to  the  bottom  of  the  pendulum  was  a  small  bell,  which  struck  a  very  light 
hammer  as  it  passed  through  the  low^est  point  of  the  swing.  This  hammer  was  easily 
adjustable  and  was  pulled  upright  by  a  string  between  each  experiment,  being 
knocked  over  by  the  transit  of  the  pendulum.  A  mirror  swinging  about  a  horizontal 
axis  had  a  strut  attached  to  this  axis  and  perpendicular  to  the  plane  of  the  mirror. 
This  strut  rested  on  a  saddle  (a)  attached  to  a  similar  strut  perpendicular  to  the 
pendulum  liar  at  its  axis.  By  shifting  the  saddle  on  the  strut  the  mirror  could  be 
made  to  swing  through  a  very  small  or  a  fairly  large  angle,  whatever  might  be  the 
amplitude  of  the  pendulum.  The  whole  object  of  this  arrangement  was  to  oljtain  a 
great  variety  of  speeds  and  ranges  for  the  line  of  light  on  the  strip  and  so  ascertain 
how  far  these  conditions  interfered  with  the  independence  of  judgment  which, 
a  jn'iori,  I  supposed  must  exist.  When  the  first  series  of  experiments  showed  sub¬ 
stantial  correlation  in  judgment,  although  the  bright  line  moved  in  the  same  manner, 
no  further  series  were  then  undertaken  to  determine  how  this  correlation  would  ]je 
varied  by  differences  of  speed  and  range.  Correlation  existed  wJien  all  the  circum¬ 
stances  were  alike  except  the  position  of  the  bright  line  on  the  strip  when  the  bell 
sounded.  I  believed  that  I  had  evidence  that  the  source  of  the  correlation  was 
rather  in  the  observer  than  in  the  likeness  of  condition  for  each  observer  in  each 
individual  experiment,  t  and  this  was  too  subtle  to  be  analysed  1jy  simply  varying 
speed  and  range. 

A  beam  of  light  from  an  electric  lantern  was  intercepted  by  a  screen  having  a  thin 
horizontal  slit  placed  in  the  slide  groove  ;  the  selected  jiart  of  the  beam  reflected  from 
the  pendulum  mirror  was  received  on  a  black  screen  at  some  distance  from  the 

*  See  figure  1,  yj.  249. 

t  I  hope  later  to  take  a  further  series  of  estimates,  but  it  must  l)e  remembered  that  500  experiments 
are  the  least  we  can  make  for  our  present  purpose,  and  that  with  varying  conditions  the  labour  of  making 
them  will  be  greater,  while  the  exhausting  work  of  reduction  will  not  be  lessened, 
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observers,  and  was  practically  absorbed,  Ijeing  invisible  until  a  white  strip  was  placed 
on  the  l)lack  screen  ;  then  the  bright  line  was  visible  in  a  half-darkened  room  so  long 
as  it  fell  on  the  white  strip.  This  white  strip  was  32’6  centims.  long  and  6  centims. 
broad  ;  it  could  be  placed  anywhere  on  a  scale  painted  in  red  on  the  black  screen,  and 
quite  invisible  to  the  observers. 

The  method  of  experimenting  was  as  follows  :  The  pendulum  was  brought  to  rest 
in  a  vertical  position  and  the  hammer  was  then  moved  up  so  as  to  touch  the  bell 
without  resting  against  it,  he.,  it  did  not  change  its  position  Avhen  the  pendulum  was 
withdrawn.  The  line  of  light  from  the  lantern  now  reflected  from  the  stationary  mirror 
fell  on  the  scale  on  the  black  screen,  which  was  adjusted  by  a  fourth  person  so  as  to 
give  a  definite  equilibrium  position.  The  pendulum  was  now  drawn  back  and  clamped 
at  a  definite  angle,  which  gave  a  very  considerable  range  to  the  line  of  light.  The 
three  observers  looking  at  the  screen  now  saw  ]io  light  at  all,  only  6  feet  by  2  of 
black  cloth.  The  fourth  person  now  attached  the  strip  of  white  card  to  the  black 
cloth  by  aid  of  a  drawing  pin,  so  that  its  top  coincided  with  any  division  on  the  scale 
known  to  himself  only.  He  was  thus  able  to  make  a  record  of  the  position  on  the 
stiij)  occiq)ied  hy  the  bright  line  when  the  hammer  struck  the  bell.  No  doubt  slight 
errors  of  adjustment  occurred,  but  they  were  of  much  higher  order  than  the  errors 
of  judgment.  The  equilibrium  position  of  the  beam  was  tested  at  the  end  of  every 
twenty  experiments,  as  well  as  the  proper  contact  of  the  hammer. 

A  series  of  positions  for  the  bright  line  on  the  strip  were  selected  so  as  to  cover 
fairly  well  the  possilde  range,  but  the  order  in  which  these  were  taken  was  quite 
unknown  to  the  observers.  Of  course,  if  the  bell  rung  when  the  bright  line  just 
appeared  on  the  strip,  the  latter  was  not  moving  as  fast  as  if  it  rung  when  the  bright 
line  was  just  leaving  the  strip  ;  but  the  range  of  the  bright  line  was  very  considerable 
compared  with  tlie  length  of  the  strip,  and  I  doubt  whether  this  difference  of  speed 
was  sufficient  to  sensibly  influence  the  judgment.*  The  shifting  of  the  strip  on  the 
screen  was  only  adopted  after  it  had  been  found  that  to  adjust  the  equilibrium 
position  of  the  bright  line  between  each  experiment  to  a  fresh  position  on  the  screen- 
scale  would  mean  an  expenditure  of  time  which  it  was  impossible  to  provide  for.  It 
was  easy  enough  to  shift  the  equilibrium  position,  but  it  required  two  persons,  one 
at  the  pendulum  and  one  at  the  screen,  to  adjust  the  equilibrium  position  to  a  definite 
point  of  the  scale,  and  the  one  at  the  screen  instructing  the  other  at  the  pendulum 
how  to  raise  or  lower  the  line  of  light  in  adjustment  was  likely,  besides  the  evil  of 
tediousness,  to  have  far  more  influence  upon  the  judgment  of  the  observers  than  the 
fairly  small  shift  of  the  strip  while  it  was  hidden  from  sight  by  the  body  of  the 
adjuster. 

Each  observer  was  provided  Avith  a  Avhite  sheet  of  paper  on  which  were  tAventy 

*  If  the  correlations  of  judgments  had  been  solely  due  to  an  “  external  cause  ”  such  as  this,  then  it 
Avould  not  have  been  possible  for  the  correlation  to  have  been  sensibly  zero  bctAveen  two  observers,  but 
finite  between  the  third  obserA^er  and  each  of  them. 


No.  of  Experiment. 
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rectangles  similar  to  the  white  strip  on  the  black  screen,  and  he  drew  across  these 
“  recording”  strips  aline  in  the  position  he  considered  the  line  of  light  to  have  on  the 
observation  strip  when  the  bell  sounded.  Every  strip  already  used  was  covered  up 
Ijefore  a  new  observation  was  made,  so  that  it  might  not  influence  the  next  judgment  ; 
the  lines  were  drawn  from  left  to  right  and  all  measurements  taken  on  the  left-hand 
side  of  the  strip.  A  facsimile  of  one  of  the  sheets  of  observations  accompanies  this 
paper,  and  will  give  graphically  an  idea  of  the  nature  of  the  errors  of  judgment  made. 
These  errors  were  then  scaled  off  to  the  nearest  tenth  of  a  millimetre,  and  formed  the 
basis  of  the  second  series  of  errors  of  judgment.  The  line  of  light  travelled  down  the 
strip,  and  if  the  estimated  line  is  below  the  real  line  on  the  recording  strip  the  error 
was  considered  positive.  If  the  personal  equation  were  solely  due  to  reaction  time, 
this  positive  error  would  represent  a  lag  of  the  judgment,  i.e.,  the  biigiit  line  would 
be  recorded  as  occupying  a  position  posterior  to  what  it  really  occiq^ied  when  the 
bell  sounded.  A  glance  at  the  observations,  however,  shows  that  reaction  time  must 
liave  had  very  small  Influence  on  the  total  magnitude  of  the  personal  equation  ;  two 
oljservers  made  rather  large  negative  mean  errors,  and  the  tliird  only  a  very  small 
positive  mean  error. 

The  experiments  were  carried  out  in  about  a  week,  not  more  than  2  hours  being 
given  to  them  at  a  time,  to  prevent  over-fatigue.  The  observers  were  Dr.  Alice 
IjEE,  Dr.  W.  R.  Macdonell,  and  myself  Mr.  K.  Tressler  kindly  acted  as  adjuster 
of  the  scale.  The  observers  were  screened  from  each  other,  but  the  experiments 
being  conducted  in  a  long  narrow  room,  the  only  one  available.  Dr.  Lee  was  placed 
somewliat  further  from  the  oliservation  strip  than  Dr.  Macdonell  or  myself  The 
only  other  differentiation  between  tbe  observers,  that  I  am  aware  of,  was  that  I 
released  the  pendulum  from  its  clamp  with  my  left  hand,  drawing  the  recording  line 
with  my  right ;  tlie  bright  line  moved  so  slowly,  however,  that  I  was  not  at  all 
conscious  of  being  hurried,  and,  as  a  rule,  I  had  my  left  hand  on  the  table  before  the 
line  of  light  had  entered  the  strip. 

As  the  arrangement  of  the  pendulum  seems  likely  to  be  of  service  for  similar 
observations,  especially  in  tbe  psycliological  laboratory,  it  is  figured  on  the  opposite 
page. 

In  this  series  of  experiments,  which  will  be  termed  the  “  bright-line  series  ”  to 
distinguish  it  from  the  “  bisection  series,”  x  represents  the  error  of  judgment 
considered  positive  as  defined  above,  and  the  subscripts  1,  2,  3  refer  resjiectively  to 
me,  Dr.  Macdonell,  and  Dr.  Lee.  Before  entering  into  the  details  of  these  series,  I 
shall  consider  some  points  beai'ing  on  the  method  of  reducing  material  of  this  kind. 
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(6.)  On  the  Means  and  Standaixl  Deviations  of  Growped  and  Ungrouped 

Observations. 

It  is  well  known  that  if  the  distribution  of  errors  follows  the  normal  law,  the 
“  best  ”  method  of  finding  the  mean  is  to  add  up  all  the  errors  and  divide  by  their 
number,  the  “best”  method  of  finding  the  square  of  the  standard  deviation  is  to 
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Fig.  1. — Apparatus  for  Personal  Equation. 


form  the  sum  of  the  squares  of  the  deviations  from  the  mean  and  divide  by  their 
number,  and  the  “  best  ”  method  of  finding  a  coefficient  of  correlation  is  to  take  the 
product  of  corresponding  deviations  from  the  respective  means  and  divide  by  the 
product  of  the  two  standard  deviations  and  the  number  of  observations.  These 
“  best  ”  methods  become  far  too  laborious  in  practice  when  the  deviations  run  into 
hundreds  or  even  thousands.  The  deviations  are  then  grouped  together,  each  group 
VOL.  GXCVIir.  —  A.  2  K 
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containing  all  deviations  falling  within  a  certain  small  range  of  quantity,  and  the 
means,  standard  deviations,  and  correlations  are  deduced  from  these  grouped  observa¬ 
tions.  If  the  means,  standard  deviations,  and  correlations  he  calculated  from  the 
grouped  frequencies,  as  if  these  frequencies  were  actually  the  frequency  of  deviations 
coinciding  with  the  midpoints  of  the  small  ranges  which  serve  for  the  basis  of  the 
grouping,  we  do  not  obtain  the  same  values  as  in  the  case  of  the  ungrouped  observa¬ 
tions.  It  becomes  of  some  importance  to  determine  what  corrective  terms  ought  to 
be  applied  to  make  the  grouped  and  ungrouped  results  accord.  This  point  has  been 
considered  by  Mr.  W.  F.  Sheppard,*  who  has  shown  that  from  the  square  of  the 
standard  deviation  we  ought  to  subtract  of  the  square  of  the  base  element  of 

grouping,  but  that  the  mean  and  product  of  the  grouped  deviations  should  be  left 
uncorrected.  Thus  corrected  the  values  of  the  constants  of  the  distribution  as  found 
from  the  ungrouped  and  grouped  deviations  will  nearljq  but  not  of  course  absolutely, 
coincide.  In  })articular  while  the  personal  e(piation  relation 

F21  ==  Fo2  Foi 

will  be  absolutely  satisfied  for  the  ungrouped  material,  it  will  generally  not  be 
satisfied  exactly  for  the  grou23ed  results.  A  test,  however,  of  the  practical  justifica¬ 
tion  for  groui^ing  is  that  the  divergencies  between  the  two  methods  ought  to  be  of 
the  order  of  tlie  jjrobable  errors  of  the  results.  If  this  be  so,  then  we  may  safely 
groujD.  The  tact  that  my  grouj^ed  observations  did  not  satisfy  the  relation  cited 
above,  led  me  to  thiid^  it  worth  while  that  a  comjiarison  should  at  any  rate  be  once 
made  between  ungrouj^ed  and  groujDed  results  on  a  large  series  of  actual  errors  of 
observation.  At  the  same  time  it  gave  me  a  means  of  verifying  the  accuracy  of  our 
very  long  arithmetical  reductions  by  an  indej^endent  investigation.  The  ungroiqDed 
observations  were  dealt  with  in  the  case  of  ifine  series  involving  500  or  519  observa¬ 
tions  each.  The  lal^our  of  scpiaring  so  many  individual  deviations  each  read  to  four 
figures  was  lessened  by  using  Barlow’s  Tables,  and  the  series  were  added  iqj  by  aid 
of  an  American  Comjfiometer,  which  for  some  years  jjast  we  have  found  of  great  aid 
in  statistical  investigations. 


[a.)  Bisection  of  Line  Series. 

In  Table  I.  will  be  found  a  conqmrison  of  the  ungrou})ed  and  grou23ed  results  so  far 
as  the  means  and  S.D.’s  are  concerned  for  our  first  series.  X'  has  been  defined  as  the 
ratio  of  the  error  made  in  bisection  to  the  leno’th  of  the  line  bisected. 

Here  mean  X/  denotes  that  Dr.  Lee  made  an  average  error  of  about  12/1000  of 
the  length  of  the  line  in  Ijisecting  it,  and  that  this  error  was  to  the  right  of  the  true 
midjioint.  Mr.  Yule  and  I  made  average  errors  of  4  to  5/1000  of  a  line  in  bisecting 
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500  trials.  Absolute  personal  equation. 

Relative  personal  ecjuation. 

XQ 

X2'. 

X3'. 

X2'  -  X3'. 

Xs'-Xf. 

Xi'  -  Xo'. 

.r  1  r  + -012.35 

Mean,  ungrouped  .  .  .  |  -00074 

,  r  +  -01230 

:  „  grouped  •  •  •  I  +.00075 

-  -00444 
+  -00093 

-  -00495 
±  -00093 

-  -00469 
+  -00079 

-  -00377 
±  -00080 

+  -00026 

-  -00123 
±  -00098 

-  -01704 

-  -01589 
±  -00103 

+  -01679 

+ -01712 
±  -00106 

Q-n  1  f  ‘02464 

&.D.,  ungrouped  .  .  .  |  ^  -00053 

,  r  -02455 

”  groaped  .  •  •  •  |  +-00053 

•03068 
+  -00065 
•03065 
±  -00065 

•02618 
±  -00056 
•02625 
±  -00056  ' 

•03236 
±  -00069 

•03376 
±  -00073 

•03519 
±  -00075 

it,  and  our  errors  were  both  to  the  left  of  the  midpoint.*  All  these  absolute 
equations  are  seen  to  be  considerable  multiples  of  their  probable  errors,  or  are 
undoubtedly  significant.  While  Dr.  Ler’s  personal  equation  is,  roughly,  three  times 
as  large  as  Mr.  Yule’s  or  mine,  she  is  steadier  in  her  judgment,  our  relative  steadi¬ 
ness  being  as  -^5-  :  nearly,  or  about  as  40  ;  32  :  38. 

The  absolute  personal  equations  show  that  the  probable  errors  of  tlie  means  and  of  the 
standai'd  deviations  are  for  all  practical  purposes  identical,  whether  they  are  calculated 
from  the  standard  deviations  of  the  ungrouped  or  grouped  observations.  From  these 
probable  errors  we  see  that  the  ditterences  between  the  ungrouped  and  grouped 
results  are  in  all  cases  but  two  less  than  the  probable  error  of  the  quantity  ;  in  one  of 
these  cases,  however,  the  difference  is  only  very  slightly  greater,  and  accordingly  it  is 
not  of  any  practical  importance.  In  tiie  other  case,  Mr.  Yule’s  personal  equation  is 
insignificantly  larger  than  mine  for  ungrouped  results,  and  slightly  smaller  than  mine 
for  grouped  results.  The  effect  of  this  is  that  our  relative  personal  equation  swings 
round  from  negative  to  positive  as  we  pass  from  ungrouped  to  grouped  deviations. 
The,  total  change  is  only  ‘00149,  and  as  the  probable  error  of  the  result  is  ‘00098,  we 
are  perhaps  hardly  justified  in  holding  that  the  grouped  results  are  in  disagreement 
with  the  ungroujDed.  I  think  all  we  could  say  is  that  our  absolute  personal  equations 
are  very  nearly  equal,  and  that  we  have  sensibly  no  relative  personal  equation.  The 
differences  of  the  other  relative  personal  equations  as  found  Ijy  the  two  methods  are 
less  than  their  j)i’obable  errors.! 

*  The  light  fell  from  the  left  hand  on  the  paper  for  all  three  experimenters  during  the  bisections, 
t  The  reader  will  notice  at  once  that  the  relation  ^23  Po-i-poz  ao  longer  holds.  If  we  deduce  the 
relative  from  the  absolute  personal  equations  we  find  ; 

P-2Z  =  -  ‘00118,  ^^31  =  -  -01607  and  j.q2  =  +  ‘01725  instead  of 

-•00123  --01589  and  + -01712  respectively. 

The  differences  are,  however,  quite  insignificant,  when  we  consider  the  probable  errors. 

2  K  2 
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So  far,  then,  as  this  first  series  of  experiments  goes,  we  have  ample  justification  for 
grouping  our  deviations. 


(h.)  Bright  Line  Series. 

In  this  case  I  compared  the  results  for  ungrouped  and  grouped  observations  not 
only  as  far  as  concerns  absolute  personal  equations,  but  also  for  the  relative  personal 
equations,  and  even  for  the  coefficients  of  coi'relation.  We  have  therefore  a  still 
wider  basis  for  drawing  inferences.  This  is  done  in  Table  II.,  x  being  now  the  error, 
positive  if  the  bright  line  is  recorded  on  the  strip  as  being  below  its  true  joosition. 

To  find  a  length  on  the  observation  strip  from  that  on  the  recording  strip  we  have 
to  multiply  by  the  factor  L734. 


Table  II. 


519  obserA'ations. 

Absolute  jAersonal  equation. 

Relative  personal  equation. 

1 

Xo. 

•^'3- 

Xo  —  a's. 

~  -r'l. 

.-;i  -  X2.  ' 

5Iean,  ungrouped 
„  grouped  .  | 

+  -06724 
+  -03538 
+  -07774 
±  -03521 

-  1-14906 
+  -03480 

-  1-14483 
±  -03473 

-  -48563 
+  -05377 

-  -44635 
±  -05393 

i  -  -66343 
+  -05170 
-  -68275 
±  -05148 

-  -55287 
+  -05954 

-  -61145 
±  -05943 

+  1-21630 
±  -04928 
+  1-21518 
±  -04932 

S.D.  ungrouped  . 

„  grouped  .  | 

1-19495 
+  -02502 
1-18913 
±  -02489 

1-17546 
+  -02461 
1-17289 
±  -02455 

1-81599 
+  -03802 
1-82146 
±  -03813 

1-74616 
+  -03656 
1-73883 
±  -03640 

2-01091 
+  -04210 
2-00717 
±  -04202 

1-66454 
+  -03485 
1-66597 
±  -03488 

Correlations. 

I'is- 

rsi. 

ri2. 

Ph  •23- 

P2)  31- 

P3)  12- 

Ungroujjed  .  . 

Grouped  .  .  .  -^ 

-3819 
+  -0253 
-3908 
+  -0251 

-1571 
+  -0289 
-1624 
±  -0288 

-0139 
+  -0296 
-0051 
±  -0296 

-5625 
+  -0202 
-5653 
+  -0201 

-3055 
+  -0268 
-3056 
+  -0268 

-6154 
+  -0184 
-6127 
+  -0185 

We  see  at  once  from  this  table  that  the  probable  errors  of  means,  standard 
deviations,  and  correlations  are  for  all  practical  purposes  the  same  whether  Ave  group 
the  observations  or  not.  In  the  next  place  Ave  find  that,  judged  by  these  probable 
errors,  the  differences  are  less  than  Avould  arise  from  the  results  of  random  sampling. 
Thus  in  all  cases  the  difterences  are  less  than  the  2)robable  errors,  and  in  most 
cases  very  considerably  less.  The  greatest  diAmrgence  occurs  in  the  relatiA*e  personal 
equation  of  Dr.  Lee  and  myself,  I)ut  eAmn  in  this  case  the  difference  is  just  less  than 
the  probable  error.  We  may  accordingly  coiiclude  that  AA'ith  such  a  number  of 
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groups  as  we  are  here  using,  we  may  safely  group  observations,  and  the  differences 
between  the  constants  calculated  from  the  absolute  formulm  and  from  the  grouped 
results  will  not  exceed  such  errors  as  must  arise  from  our  statistics  being  a  random 
sample  and  not  embracing  the  entire  “population”  of  errors. 

The  interpretation  of  Table  II.,  to  which  we  shall  frequently  have  occasion  to  refer, 
may  be  given  here.  Abiding  by  the  ungrouped  data  and  midtiplying  by  1'734,  we 
find  for  the  observation  strip  of  32 ‘6  centims.  the  results  : 


Observer.  Mean. 

Professor  Peaesox  .  .  .  +  *1348 

Dr.  Macdoxell.  .  .  .  —  U9852 

Dr.  Lee . —  7740 


Standard  deviation. 
2-0620 

2- 0333 

3- 1585 


Thus  on  an  average  I  was  1  -3  millims.  ahead  of  the  true  position  ;  such  a  personal 
equation  might  arise  from  a  reaction  time.  On  the  other  hand,  Dr,  Macdoxell 
anticipated  the  position  of  the  ray  by  19-8  millims.  on  the  average,  and  Dr.  Lee  by 
7-7  millims.  Their  personal  equations  cannot,  therefore,  be  due  to  reaction  time. 
Dr.  Macdoxell  is  slightly  steadier  in  his  judgment  than  I  am,  and  we  are  both 
considerably  steadier  than  Dr.  Lee.  She  and  I  have  about  changed  our  relative 
positions  ;  her  steadiness  is  to  mine  in  the  ratio  of  about  40  to  32  in  bisecting 
lines,  but  as  26  to  40  in  judging  of  the  position  of  a  bright  line  on  a  scale.  This 
change  of  position  with  regard  to  steadiness  may  be  due  to  the  different  nature  of 
the  two  series  of  experiments,  or  to  the  lapse  of  time,  4-5  years,  between  the  two. 
Dr.  Macdoxell  with  the  largest  personal  equation  is  the  steadiest  of  the  three 
observers  in  his  judgment.  It  is  noteworthy  that  in  both  sets  of  experiments  the 
observer  with  the  largest  personal  equation  judges  most  steadily.  So  far  as  our 
results  reach,  there  appears  to  be  no  marked  relationship  between  accuracy  and 
steadiness  of  judgment. 


(7.)  On  the  Constancfi  of  the  Personal  Equation. 

% 

The  totals  of  our  results  were  for  the  ungrouped  returns  added  up  first  for  every 
twenty-five  to  fifty  trials,  and  this  enables  us  to  appreciate  the  degree  of  constancy 
in  the  personal  equation  when  it  is  determined  as  it  actually  is,  and  probably  must 
be  in  practice,  from  a  comparatively  few  experiments. 

Table  III.  (p.  256)  gives  the  changes  in  personal  equation  for  the  three  observers  as 
based  upon  every  series  of  twenty -five  bisections,  and,  further,  the  personal  equation  as 
based  upon  25,  50,  75,  100,  125,  ...  475,  500  experiments.  These  results  are  repre¬ 
sented  graphically  in  Diagram  2.  In  this  diagram  1  nnit  of  the  vertical  scale  represents 
an  error  of  only  of  the  length  of  the  line  in  placing  its  midpoint.  It  will  be 

noticed  that  if  we  take  200  experiments,  the  variation  in  the  value  of  the  personal 
equation  obtained  by  taking  any  larger  number  scarcely  amounts  to  -gwofh  of  the 
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length  of  the  line  bisected.  On  the  other  hand,  it  must  he  noted  that  the  fluctua¬ 
tions  in  the  personal  equation  when  we  come  to  deal  with  series  of  25  are  much 
larger  than  the  probable  error  of  a  random  sampling.  Tlie  probable  error  of  the 
personal  equation  of  Dr.  Lee,  based  on  25  experiments,  is  'OOSSl,  hut  actually 
the  personal  equation  as  determined  from  two  different  sets  of  25  experiments  may 
amount  to  seven  or  eight  times  this  amount.  In  other  words,  there  is  a  significant 
difference  in  personal  equation  depending  upon  the  individual  25  lines  bisected 


Whether  this  significant  difierenceds  dne  to  the  lengths  of  those  lines,  their  exact 
position  on  the  paper,  or  to  the  individual  state  of  the  observer,  it  may  be  hard  to 
determine.  It  may  even  be  due  to  slight  variations  in  light  occurring  between  one 
25  series  of  experiments  and  the  next.  But  whatever  be  the  single  source  or 
combination  of  sources  to  which  these  changes  of  personal  equation  are  due,  it 
seems  to  me  that  they  are  so  insignificant  and  subtle  that  they  will  occur  in  almost 
every  kind  of  physical  measurement  we  may  take.  It  would  be  idle  to  attempt 
indeed  to  discover  and  eliminate  such  sources,  for  while  it  might  be  possible  after 
elaborate  investigation  to  eliminate  them  in  an  especially  devised  series  of  experi¬ 
ments,  this  could  not  be  done  in  practice,  where  we  must  take  our  observer’s 
experiments  as  they  are  given  to  us,  and  where  we  cannot  possibly  ensure  uniformity 
in  light,  in  mood,  or  health  of  observer,  and  as  well  as  in  all  the  features  of  the  observed 
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phenomena.  The  true  conclusion  appears  to  be  that  the  range  of  data  upon  which 
the  personal  equation  is  based  must  be  very  wide,  so  as  to  swamp  as  far  as  possible 
these  sources  of  variation  due  to  the  “  atmosphere  ”  of  a  short  consecutive  series. 
But  if  such  a  personal  equation  be  found,  what  will  be  its  value  ?  It  can  hardly  be 
applied  satisfactorily  to  an  isolated  observation  or  to  a  short  consecutive  series  of 
observations,  for  these  will  of  course  be  influenced  by  their  special  atmosphere.  It 
would  only  have  value  for  a  long  series  such  as  it  was  itself  determined  for,  and  such  a 
series  would  rarely  occur  in  practice.  The  fact  that  in  both  our  series  of  experiments 
the  differences  between  the  values  of  the  personal  equation  as  found  from  short  series 
are  many  times  the  probable  error  of  sampling  is  very  remarkable.  I  shall  refer  to  it 
as  “  the  influence  of  immediate  atmosphere,”  where  I  understand  the  “  atmosphere  ”  to 
he  compounded  of  all  the  little  sources  which  affect  either  the  observed  thing  or  the 
observer  more  or  less  persistently  during  a  short  series.  I  am  prepared  to  be  told 
that  the  influence  of  immediate  atmosphere  was  something  peculiar  to  our  own  test 
experiments.  But  I  shall  require  a  good  deal  of  the  hard  logic  of  exjjerimental  facts 
to  be  convinced  that  it  has  no  existence  in  astronomical  observations.  There  are 
many  determinations  of  astronomical  personal  equation,  but  in  published  data  I  have 
been  unable  to  discover  enough  material  to  determine  how  far  tlie  admitted  variations 
in  personal  equation  for  short  series  are  or  are  not  of  the  order  of  deviations  due  to 
random  sampling. 

The  following  data  will  bring  out  the  points  of  this  discussion  : — 

Table  V. — -Personal  Equation. 


First 

series. 

I 

Second  series. 

Observer. 

Experi¬ 

ments. 

Bisection  of  lines. 

1 

1 

j  Experi¬ 
ments. 

Position  of  bright  line. 

1. 

2. 

3. 

1. 

2, 

3. 

Mean . 

500 

+  01235 

-  00444 

-  -00469 

!  519 

•06724 

-1-14906 

-  -48563 

Ditto . 

1-250 

-t-  01424 

-  00173 

+  -00065 

1-266 

•09571 

-1-17282 

-  -28940 

Ditto . 

251-500 

+  01046 

-  00714 

-  -01004 

j  267*- 520 

•03731 

- 1  •12-107 

-  -69194 

Standard  deviation  .  . 

500 

•02464 

•03068 

-02618 

[  519 

1-19495 

1  •175-16 

1  -81599 

Probable  error  of  mean 

500 

•00074 

■00093 

00079 

519 

•03538 

•03480 

•05377  i 

Ditto . 

250 

•00105 

00132 

■00112 

j  260 

•04998 

•04917 

•07596 

Ditto . 

25 

•00331 

■00416 

•00353 

30 

•14715 

•14475 

•22369 

*  Experiment  291  omitted. 


This  table  shows  us  : — 

(a.)  That  the  probable  errors  for  the  personal  equations  deduced  from  twenty-five 
bisections  are  such  that  the  fluctuations  of  personal  equation  given  in  Table  III.  or 
Diagram  2  are  in  very  many  cases  signiflcant. 
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Table  III. — Personal  Equation  in  Bisection  of  Lines. 


Experiments. 

Observer  1. 

Observer  2. 

Observer  3. 

1-25 

(a) 

+  -01548 

+ -01548 

+ 

(a) 

-02627 

+ 

(^) 

-02627 

+ 

(a) 

-02379 

+ 

-02379 

26-50 

+  -01828 

+  -01688 

+ 

-00890 

+ 

-01759 

+ 

-01600 

+ 

-01989 

51-75 

+  -  02252 

+  -01876 

+ 

-00596 

+ 

-02056 

+ 

-01585 

+ 

-01855 

76-100 

-  -00149 

+  -01370 

- 

-01429 

+ 

-01342 

_ 

-01149 

+ 

-01104 

101-125 

+  -00340 

+  -01164 

- 

-02163 

+ 

-00104 

_ 

-03513 

+ 

-00180 

126-150 

+  -00498 

+  -01053 

- 

-02112 

- 

-00265 

_ 

-02196 

-00216 

151-175 

+  -02326 

+  -01235 

+ 

-01524 

- 

-00010 

+ 

-00381 

_ 

-00130 

i  176-200 

+  -02576 

+  -01402 

+ 

-00290 

+ 

-00028 

+ 

-01326 

+ 

-00052 

201-225 

+  -01629 

+  -01428 

+ 

-00649 

+ 

-00097 

+ 

-01979 

+ 

-00266 

226-250 

+  -01396 

+  -01424 

- 

-02604 

— 

-00173 

-01739 

+ 

-00065 

251-275 

+  - 00822 

+  -01370 

- 

-02217 

— 

-00359 

_ 

-02387 

-00158 

276-300 

+  -00514 

+  -01298 

- 

-02105 

— 

-00504 

_ 

-01977 

_ 

-00309 

301-325 

+  -01595 

+  -01321 

+ 

-01814 

- 

-00316 

+ 

-00274 

_ 

-00264 

326-350 

+  -01323 

+  -01321 

+ 

-01943 

— 

-00164 

+ 

-00944 

_ 

-00178 

351-375 

+  -02140 

+  -01376 

+ 

-  02003 

— 

-00020 

+ 

-01132 

_ 

-00091 

376-400 

+  -00484 

+  -01320 

— 

-02636 

— 

-00183 

— 

-04012 

_ 

-  00336 

401-425 

+  -00614 

+  -01279 

- 

-02902 

— 

-00343 

-02904 

_ 

-00487 

426-450 

+  -01320 

+  -01281 

- 

-01227 

— 

-00392 

— 

-00978 

_ 

-00514 

451-475 

+  -00946 

+  -01263 

+ 

-00073 

— 

-00333 

+ 

-01512 

_ 

-00408 

476-500 

+  -00698 

+  -01235 

: 

-02548 

— 

-00444 

— 

-01643 

— 

-00469 

Table  IV. —  Personal  Equation  for  Position  of  Bright  Line, 


Experiments. 

Observer  1. 

Observer  2. 

Observer  3. 

(a) 

(a) 

(b) 

(«) 

(b) 

1-37 

+  -29973 

+  -29973 

-  -27703 

-  -27703 

+  -42243 

+ -42243 

38-74 

+  -04838 

+  -17406 

-  -50540 

-  -44122 

+  -65919 

+ -54081 

75-111 

+  -49432 

+  -28081 

-  1-58568 

-  -82270 

+  -22459 

+ -43541 

112-148 

+  -13595 

+ -24459 

-  1-41649 

-  -97115 

+  -42162 

+  -43196 

149-185 

+ -02459 

+  -20059 

-  1-18027 

-  1-01297 

-1-02459 

+ -14065 

186-212 

-  -03074 

+  -17113 

-  1-61037 

-1-08906 

-  1-15704 

-  -02462 

213-239 

-  -09185 

+  -14142 

-1-60111 

-  1-14690 

-  1-73926 

-  -21707 

240-266 

-  -30889 

+  -09571 

-1-40222 

-  1-17282 

-  -92963 

- -28940 

*267-293 

-  -40308 

+  -05130 

-  1-21692 

-  1-17675 

-  -52346 

-  -31024 

294-320 

-  -24519 

+  -02621 

-  1-24593 

-  1-18260 

-  -67747 

-  -34132 

321-347 

-  -54185 

-  -01812 

-  -97185 

-1-16616 

-  -16556 

-  -32760 

348-374 

+  -08889 

-  -01038 

-  1-25704 

-  1-17273 

-  -66889 

-  -35231 

375-401 

-  -04185 

-  -01250 

-  -92222 

-  1  - 15582 

-  -47518 

-  -36060 

402-435 

-  -13735 

-  -02228 

-  1-07912 

-  1-14982 

-  1-22735 

-  -42850 

436-469 

.  +  -48117 

+ -01429 

-  -86324 

-  1-12900 

-  1-34088 

-  -49479 

470-503 

+  -52029 

+  -04857 

-  1-45265 

-  1-15092 

-  -39588 

-  -48809 

504-520 

+  -61882 

+ -06724 

-  1 -09412 

-  1-14906 

-  -41294 

-  -48563 

Columns  (a)  contain  the  personal  equations  determined  from  the  experiments  given  in  the  first  column. 
Columns  (d)  contain  the  personal  equations  determined  from  all  the  experiments  up  to  and  including  the 
last  given  in  the  corresijonding  line  of  the  first  column. 


*  Not  including  No.  291,  which  was  n  jr/im  rejected.  Hence  the  total  number  of  experiments  dealt 
with  is  one  less  after  this  than  the  number  recorded  to  the  right  of  the  fiist  column. 
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Although  the  personal  equations  in  Table  IV.  are  based  upon  series  varying  in 
number  from  26  to  37,  the  probable  errors  for  thirty  observations  of  the  position  of 
a  bright  line  suffice  to  show  that  the  fluctuations  in  the  values  of  the  personal  equa¬ 
tions  as  given  in  Table  IV.  or  in  Diagram  III.,  p.  270,  are  in  many  cases  signiflcant. 

(b.)  The  probable  errors  for  the  personal  equation  in  bisecting  250  lines  show  that 
there  were  signiflcant  changes  in  the  personal  equations  of  the  three  observers 
between  the  first  and  second  moiety  of  the  experiments.  While  Dr.  Lee  (1)  bettered 
her  judgment  by  ’004,  Mr.  Yule  (3)  swung  over  from  '001  to  right  of  true  midpoint 
to  '010  to  left  of  midpoint,  and  I  had  a  worse  judgment  by  '005  in  the  second 
moiety  when  compared  with  the  first  moiety  of  the  results. 

In  the  case  of  the  second  series  with  the  bright  line.  Dr.  Macdonell  (2)  and  I  (1) 
have  changes  slightly  for  the  better  in  our  judgments  between  the  266  first  experi¬ 
ments  and  the  253  second  experiments ;  but  having  regard  to  the  probable  errors 
given  for  260  experiments,  it  may  be  doubted  whether  these  changes  are  signiflcant. 
Dr.  Lee  (3)  has,  however,  a  quite  significant  change  for  the  worse. 

The  fact  that  in  some  cases  the  personal  equation  grows  less,  in  others  greater,  in 
the  second  half  of  the  series  seems  to  indicate  that  the  changes  in  personal  equation 
were  by  no  means  due  to  a  secular  improvement  in  judgment.*  Nor  do  they  admit 
of  explanation  on  the  assumption  of  increasing  fatigue  due  to  the  exhaustion  of  the 
power  of  attention.  It  must  be  remembered  that  the  experiments  were  spread  out 
over  a  number  of  days,  and  this  cause  would  only  influence  the  latter  experiments 
on  each  day.  My  worst  experiments  on  the  bright  line  are  the  Series  321-347  and 
504-520  (Observer  (1)  Column  (a)  Table  IV.),  but  they  are  much  above  the  average 
in  goodness  for  Dr.  Lee  (Observer  (3)  Column  (a) ),  and  above  the  average  for 
Dr.  Macdoxell.  Dr.  Macdonell’s  worst  results  are  186  to  239  (Observer  (2) 
Column  (a)  ),  and  these,  especially  213  to  239,  are  bad  for  Dr.  Lee,  but  they  are 
very  good  results  so  far  as  I  am  concerned.  If  any  fluctuation  was  accordingly 
due  to  fatigue,  it  did  not  affect  us  alike. 

While  these  fluctuations  in  short  series  are  significant,  they  by  no  means  screen 
the  general  features  of  each  observer’s  individuality.  Dr.  Lee  is  clearly  in  the 
habit  of  bisecting  straight  lines  at  a  point  some  or  more  to  the  right  of  the 
true  point  of  bisection,  while  I  place  it  with  a  sensibly  less  error  to  the  left.  She 
places  a  line  of  light  moving  downwards  over  a  vertical  strip  ‘8  centim.  above  its 
true  position,  and  I  about  '1  centim.  below  its  true  position  at  any  instant. 
Dr.  Macdonell,  on  the  other  hand,  with  the  steadiest  judgment  of  all  three, 
displaces  it  2  centims.  above  its  true  position.!  The  differences  of  personal  equation 
in  both  series  for  all  three  observers  are  quite  significant  when  compared  with  the 

*  It  should  be  noted  that  in  the  cases  of  Dr.  Lee,  Mr.  Yule,  and  myself  we  have  for  years  been 
accustomed  to  reading  scales  and  judging  proportional  parts  by  the  eye. 

t  Table  V.,  second  series,  gives  lengths  on  recording  strip.  The  actual  values  for  observing  strip  are 
given  on  p.  253. 
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probable  errors  of  the  differences,  i.e.,  there  is  a  real  individuality  in  observation 
which  manifests  itself  in  the  personal  equation. 

But  the  fluctuations  in  the  personal  equation  are  significant  too,  and  they  cannot 
offhand  he  attributed  to  anything  like  betterment  with  practice,  or  decadence  with 
fatigue. 

So  long  as  the  variations  in  the  constants  of  an  experimental  series  can  be  shown 
to  be  within  the  errors  of  random  sampling  we  feel  on  safe  ground  ;  we  know  the 
number  of  experiments  required  to  obtain  a  result  with  any  required  degree  of 
accuracy.  On  the  other  hand,  when  we  find  significant  fluctuations  in  the  personal 
equation  depending  on  the  influence  of  immediate  atmosphere,  it  becomes  all  the 
more  important  to  show  in  each  individual  investigation  that  the  personal  equation 
itself  is  insignificant.  Let  me  illustrate  this  point.  A  physicist  makes  twenty  or 
thirty  measurements  of  a  quantity,  say  by  aid  of  a  bright  line  moving  across  a 
scale.  He  gives  the  mean  value  m  of  the  result  and  also  what  he  terms  its  probable 
error  e.  Now  the  use  of  this  probable  error  1  take  it  to  be  this.  If  the  same  experi¬ 
ments  were  to  be  repeated  by  the  same  man  the  same  number  of  times  with  the 
mean  result  m',  then  we  should  expect  to  find  m  —  m  not  a  large  multiple  of  the 
probable  error  of  the  difference  =  \/(^)  ^  gives  us  a  test  of  the 

closeness  with  vliich  the  result  will  repeat  itself  on  repetition  of  the  experiments. 
But  the  wliole  foundation  of  this  statement  is  the  hypothesis  that  the  twenty  or 
thirty  experiments  dealt  with  are  a  random  sampling  of  all  possible  experiments 
that  might  be  made.  Now  the  variability  in  the  results  of  the  individual 
experiments  includes  the  variability  of  personal  error,  and  the  hypothesis  supposes 
that  the  personal  errors  are  a  random  sampling  of  the  observer’s  personal  errors. 
Our  investigations  seem  to  indicate  that  the  personal  errors  are  far  from  being  a 
random  sampling  but  depend  in  some  subtle  manner  on  the  influence  of  immediate 
atmosphere.  Hence,  unless  it  can  be  shown  that  the  latter  influence  is  small  as 
compared  with  other  sources  of  error  in  the  measurement  under  consideration,  the 
mere  calculation  of  the  probalfle  error  is  l3y  no  means  a  security  for  the  same 
observer  reaching  the  same  result  on  repeating  the  original  series  of  experiments. 

We,  of  course,  for  both  series  selected  exj^eriments  in  which  the  personal  error 
would  be  large, and  accordingly  could  be  easily  dealt  with.  But  the  division  of 
scale  lengths  by  the  eye  and  the  estimated  position  of  a  bright  line  are  fundamental 
in  many  types  of  pliysical  observation.  Further,  large  errors  are  for  theoretical 
purposes  quite  as  good  as,  for  practical  purposes  much  better  than,  small,  when  we 
wish  to  olDtain  an  answer  to  the  question  ;  Are  the  fluctuations  in  personal  equation 
merely  the  result  of  random  sampling,  or  are  they  due  to  the  influence  of  immediate 
atmosphere  ? 

So  important  is  it  to  realise  that  these  fluctuations  are  not  due  to  random  sampling, 

*  As  a  matter  of  fact  only  at  a  maximum  in  dividing  a  line  and  in  determining  the  position 
of  a  bright  line  lietAveen  two  scale  niark.s. 
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that  I  have  worked  out  all  the  constants  for  the  second  series,  for  the  whole  set 
of  experiments,  and  for  its  first  and  second  moiety. 

They  are  given  in  the  accompanying  table. 


Table  VI. — Influence  on  Constants  of  Fluctuations  in  Personal  Equation. 


All  Ohservations. 

First  Series 

Second  Series. 

1-520  (without  291). 

1- 

-266  inclusive. 

267-520  (without  291). 

Observer. 

1 

2 

3 

1 

2 

3 

1 

2 

3 

Mean  .  .  - 

r 

•0672 

-1-1491 

-  -4856 

•0957 

-1-1728 

-  -2894 

•0373 

-1  ■1241 

-  -6919 

L 

±  0364 

±  -0348 

±  -0537 

±  0514 

±  -0520 

±  -0778 

±  0484 

±  0459 

±  -0728 

S.D.  .  . 

f 

1  -1949 

1-1755 

1  -8160 

1  -2428 

1  -2563 

1  -8815 

1  1417 

1  -0833 

1  -7205 

±  -0250 

±  -0246 

±  -0380 

±  0363 

±  0367 

±  0550 

±  0342 

±  0325 

±  0516 

Correlation  < 

r 

•3819 

•1571 

•0139 

3677 

•2594 

•0530 

•4123 

■0256 

-  -0308 

±  0253 

±  -0289 

±  0296 

±  0355 

±  0386 

±  0412 

±  0352 

±  0424 

±  0423 

Observers. 

3-2 

1-3 

2-1 

3-2 

1-3 

2-1 

3-2 

1-3 

2-1 

Mean  .  .  - 

•6634 

•5529 

-1  -2163 

•8834 

•3851 

- 1  -2685 

•4321 

•7292 

-1  -1614 

±  -0517 

±  -0595 

±  0493 

±  0760 

±  -0814 

±  0711 

±  -0683 

±  0865 

±  0680 

S.I).  .  .  . 

1  -7462 

2 -0109 

1  -6645 

1  -8385 

1  -9676 

1  -7198 

1  -6114 

2  -0406 

1  -6026 

±  0366 

±  -0421 

±  0348 

±  0538 

±  -0575 

±  -0503 

±  -0483 

±  0612 

±  -0481 

Correlation  ■ 

•5625 

•3055 

•6154  , 

•5085 

■3900 

•5935 

•6323 

•1938 

•6375 

±  -0202 

±  -0268 

±  01841 

±  -0307 

±  -0351 

±  -0268 

±  0255 

±  0408 

±  -0252 

In  the  row  in  absolute  judgments,  entitled  “  Correlation,”  the  correlation,  rjj,  of  the  judgment  of  the  second  and  third 
observers  is  entered  in  column  fl),  rjj  in  column  (2),  r,]  in  column  (3).  In  the  row  in  relative  judgments,  entitled 
“  Correlation,”  the  correlation  of  the  judgments  of  the  second  and  third  observers  referred  to  the  first  observer  as 
a  standard,  or  p,,  03,  is  entered  in  column  (1),  pj,  31  in  column  (2),  and  p^,  12  in  column  (3). 

The  figures  in  antique  type  give  the  probable  eiTors  of  each  constant,  and  the  probable  errors  in  the  differences  of  the 
constants  can  be  found  in  the  usual  way  as  the  square  root  of  the  sum  of  the  squares  of  these. 


Dealing  first  with  the  absolute  observations,  we  note  that  the  personal  equations 
of  Dr.  Macdonell  and  myself,  (2)  and  (1),  are  within  tlie  limits  of  the  probable 
errors  the  same  for  either  half  series  and  for  the  whole  series.  Both  of  us  appear  to 
have  improved  by  about  ’03,  but  whether  this  is  a  real  improvement  between  the 
first  and  second  series  it  is  impossible  to  say,  for  the  probable  error  of  the  half  series 
is  as  much  as  '05.  In  my  own  case,  in  the  second  series  my  personal  equation  is  less 
than  its  probable  error,  and  accordingly  on  the  basis  of  253  experiments — a  number 
be  it  noted  far  larger  than  could  ever  be  made  in  actual  practice — it  would  be 
impossible  to  say  whether  I  had  a  personal  equation  or  not.  I  mention  this  point, 
because  it  seems  to  me  a  sine  qud  non  of  all  investigations  of  personal  equation  that 
the  probable  error  of  the  results  should  be  given,  and  in  most  cases  one  seeks  for  it 
in  vain. 

Dr.  Lee’s  personal  equation  has  increased  substantially  between  the  first 
and  second  series.  All  three  observers  have  grown  apparently  steadier  in  their 
judgment.  The  probable  errors,  however,  of  the  S.D.’s  do  not  allow  of  the  assertion 
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that  the  steadiness  has  substantially  increased.  The  variations  in  correlations  of 
judgments  are  noteworthy.  Judged  from  the  first  series,  or  the  second  series, 
or  the  whole  series,  the  correlation  between  the  judgments  of  Dr.  Lee  and 
Dr.  Macdonell  remains  sensibly  the  same,  i.e.,  ’4  within  the  limits  of  the  probable 
error  ;  there  is  sensibly  no  correlation  between  the  judgments  of  Dr.  Macdonell 
and  myself  as  given  by  any  of  the  three  series.  Between  Dr.  Lee  and  myself 
there  is  on  the  whole  series  a  substantial  correlation  of  ’16  fi:  ’03,  but  the  two 
half  "series  show  us  that  it  was  on  the  wane  during  the  course  of  the  exjDeriments, 
having  fallen  from  the  comparatively  high  value  of  ‘26  to  practically  zero  between 
the  two  half  series.  Whatever  causes  therefore  produced  the  marked  divergence 
of  personal  equation  between  Dr.  Macdonell  and  myself,  they  seemed  to  have 
been  combined  in  Dr.  Lee,  and — to  speak  metaphorically — the  dominant  set  for 
Dr.  Macdonell  became  after  a  struggle  dominant  for  Dr.  Lee  ;  her  methods 
of  judging  in  the  course  of  the  experiments  became  more  and  more  like 
Dr.  Macdonell’s  and  less  like  mine. 

We  turn  now  to  the  relative  judgments.  These  it  must  be  remembered  are  the' 
only  data  which  would  be  generally  knovm  in  practice.  Here  it  is  only  in  the 
difference  of  Dr.  Macdonell’s  and  my  judgments  (column  2-1)  that  there  is  any 
real  approach  to  constancy  in  the  relative  personal  equation.  The  differences  of  our 
judgments  have  sensibly  the  same  value  for  the  first,  the  second,  and  the  whole  series. 
The  same  remark  applies  also  to  relative  steadiness  of  judgment.*  On  the  other 
hand,  the  relative  personal  equations  of  Dr.  Lee  and  Dr.  Macdonell,  or  of  Dr.  Lee 
and  me,  differ  substantially  between  the  first  half  and  the  second  half  series.  The 
relative  steadinesses  of  judgment  are  less  altered,  being  sensibly  constant  for  Dr.  Lee 
and  myself,  but  possibly  varying  slightly  for  Dr.  Lee  and  Dr.  Macdonell. 

When  we  turn  to  the  correlation  of  relative  judgments,  that  of  Dr.  Macdonell’s 
and  my  judgments,  referred  to  Dr.  Lee’s  as  standard,  shows  sensible  constancy 
throughout  the  three  series ;  that  of  Dr.  Macdonell’s  and  Dr.  Lee’s,  referred  to 
mine  as  standard,  shows  not  very  large  but  sensible  change  ;  and  finally  that  of 
Dr.  Lee’s  and  mine  referred  to  Dr.  Macdonell’s,  shows  very  substantial  modification. 

Now  judged  by  size  of  personal  equation  I  stand  first  and  Dr.  Macdonell  last, 
judged  by  steadiness  Dr.  Macdonell  and  I  are  almost  equal  (within  the  limits 
of  the  probable  error),  and  Dr.  Lee  last.  The  most  constant  results  for  absolute 
personal  equation  are  found — as  we  might  a  'priori  exj)ect  they  would  be— where 
the  steadiness  is  greatest.  But  if  we  wish  to  obtain  relative  judgments  whose 
relationship  to  each  other  will  remain  at  closely  the  same  value  during  a  long 
series,  then  apparently  we  ought  to  refer  not  to  the  most  steady,  but  to  the  least 
steady  of  the  observers  as  a  standard. 

*  I  may  remind  the  reader  of  what  this  exactly  means:  The  difterences  of  1’72  and  PGO,  the  standard 
deviations  for  (2-1)  in  the  first  and  second  series,  from  1’66,  the  standard  deviation  in  the  whole  series, 
are  about  ’06,  and  this  is  just  about  the  magnitude  of  the  probable  error  of  these  ditterences,  f.e., 

(-035)2  +  (-0,50)2}  =  -061. 
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It  may  be  asked  how,  when  as  in  practice  we  only  know  the  relative  judgments, 
are  we  to  find  out  the  degree  of  steadiness  of  the  individual  observers  ?  This  is  a 
very  important  problem,  and  the  answer  would  be  perfectly  clear  if  the  old  theory 
on  p.  240  of  this  memoir  were  correct.  Unfortunately  the  correlation  of  judgments 
comes  in,  and  deprives  us  of  any  means  of  judging  from  a  knowledge  of  relative 
steadinesses  what  the  absolute  steadinesses  are.  Let  me  illustrate  this  ;  The 
relative  variabilities  are  greatest  in  the  cases  of  3-2  and  1-3,  we  might  therefore 
suppose  3  to  be  least  steady;  the  relative  variabilities  are  least  for  3-2  and  2-1,  we 
might  therefore  suppose  2  to  be  most  steady,  and  we  should  thus  reach  the  actual 
scale  of  steadiness  in  absolute  judgments — Dr.  Macdonell,  myself.  Dr.  Lee. 
But  now  turn  from  the  bright-line  experiments  in  Table  VI.  to  the  bisection  experi¬ 
ments  in  Table  I.  The  relative  judgment  standard  deviations  are  greatest  for  3-1 
and  1—2  and  least  for  2-3  and  3-1,  we  should  therefore  suppose  that  1  was  least 
steady  and  3  most  steady,  or  the  order  of  steadiness  3,  2,  1,  i.e.,  Mr.  Yule,  myself, 
Dr.  Lee.  But  an  examination  of  the  absolute  standard  deviations  sho’vvs  us  that  the 
real  order  is  quite  different,  being  Dr.  Lee,  Mr.  Yule,  and  myself  In  other  words, 
no  argument  can  be  drawn,  owing  to  the  correlation  in  judgments,  from  relative  to 
absolute  steadiness. 

It  seems  therefore  impossible  without  experiments  ad  hoc  to  determine  which 
observer  is  steadiest  in  judgment  from  a  knowledge  of  relative  personal  equations. 

We  can  only  conclude  that,  at  any  rate  in  our  own  cases,  the  fluctuations  in 
personal  equation  are  such  that,  even  in  what  are — for  practical  purposes — very  large 
series,  we  cannot  invariably  assume  them  to  be-  due  to  random  sampling.  We 
cannot  attribute  sensible  changes  in  our  own  case  to  practice  or  to  fatigue,  but  the 
high  correlation  of  judgments  suggests  an  “  influence  of  the  immediate  atmosphere,” 
which  may  work  upon  two  observers  for  a  time  in  the  same  manner. 

(8.)  Ou  the  Interdependence  of  Judgments  of  the  same  Phenomenon. 

(i.)  The  Bright-line  Experiments. 

In  the  preceding  paragraphs  of  this  paper  we  have  already  had  occasion  to 
frequently  refer  to  the  correlation  of  the  judgments  of  independent  observers. 
Belations  (vi.)  of  p.  240  are  not  fulfilled,  nor  even  approximately  fulfilled.  For 
example,  in  Table  II.  we  find  0-03  =  1'74,  about,  which  is  actually  less  than  0-^3  =  D82, 
about,  when,  if  the  theory  of  p.  240  were  correct,  0-33  =  +  cr,j3^)  !  An 

examination  of  Table  II.  show  us  substantial  correlations  in  two  out  of  the  three 
cases  between  absolute  judgments.  Now  it  is  well  to  put  somewhat  more  definitely 
what  is  meant  hy  this  correlation.  Astronomers  have  already  found  that  the 
brightness  of  a  star  influences  the  personal  equation."^'"  This  in  the  language  of  the 

*  ‘  Monthly  Notices  of  the  Roy.  Astron.  Soc.,’  vol.  60,  November,  1899. 
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present  writer  produces  a  correlation  of  judgments,  for  “  every  one  of  the  observers 
records  the  time  of  transit  of  faint  stars  later  than  that  of  bright  stars.”  Hence 
if  a  number  of  observations  were  made  on  stars  of  varying  magnitude,  the  judg¬ 
ment  being  a  function  of  the  magnitude,  we  should  have  a  series  of  correlated 
errors.  Again  it  is  quite  possilde  that  the  rate  of  transit  of  a  bright  line  in  our 
experiments  might  tend  to  correlate  judgments,  although  the  Cape  observers  did 
not  find  the  personal  equation  to  vary  with  stars  of  very  different  declination.  It  is 
not,  however,  contended  that  the  correlation  of  jugdments  is  not  due  to  one  cause 
or  another.  The  point  of  the  present  writer  is  this,  that  when  every  effort  is  made 
to  eliminate  large  causes,  such  as  varying  brightness  or  rate  of  motion  of  the  line 
in  our  own  experiments,  there  still  remains  a  multitude  of  small  causes  which 
produce  correlation.  It  might  be  possible  in  an  ideal  series  still  further  to 
eliminate  some  of  these,  but  in  practical  observation  we  have  to  take  a  given 

phenomenon  as  it  is,  and  we  cannot  possibly  subtract  from  it  the  whole  of  its 

characteristic  atmosphere.  The  next  point  to  be  noticed  is,  that  whatever  be  these 
lesser  causes  of  the  characteristic  atmosphere,  e.y.,  possibility  of  judging  better  the 
position  of  a  bright  line  when  it  is  nearer  to  one  or  another  part  of  its  range 

of  visibility,  or  of  bisecting  a  line  of  one  length  better  than  of  another  length — 

they  affect  different  observers  in  quite  different  manners.  Unlike  the  brightness 
of  stars,  the  fluctuations  of  personal  equation  due  to  these  causes  are  in  themselves 
personal.  Dr.  Macdonell  and  I  have  within  the  limits  of  error  no  correlation 
in  our  judgments  of  the  position  of  a  bright  line.  Dr.  Lee  and  Dr.  Macdoxell 
have  a  correlation  as  high  as  that  of  a  measure  made  on  a  pair  of  brothers.  In 
other  words,  correlation  of  judgments  is  a  personal  matter,  just  as  personal  equation 
itself  We  could  no  doubt  increase  it  by  introducing  variety  in  the  observed 
phenomena — degree  of  brightness,  degrees  of  speed — hut  beyond  such  causes  capable 
of  differentiation,  there  appear  to  be  others,  which  I  have  classed  as  the  influence 
of  the  immediate  atmosphere,  and  which  appeal  to  different  personalities  in  different 
ways,  and  where  there  is  a  resemblance  between  certain  features  of  two  personalities 
produce  correlation  in  their  judgments.  For  example,  A  and  B  are  alike  in  their 
sight,  l^eing  slightly  short-sighted  we  will  say,  B  and  C  are  alike  in  their  nervous 
temperament,  being  able  to  judge  more  correctly  if  the  bell  rings  after  the  bright  line 
has  been  visible  a  rather  longer  time.  There  is  thus  an  element  of  personality  the 
same  in  A  and  B  and  another  the  same  in  B  and  G.  The  result  would  be  that  A’s  and 
B’s  judgments  would  he  correlated,  and  also  B’s  and  C’s  judgments  would  be  correlated, 
but  not  necessarily  A’s  and  C’s.  Something  like  this  probably  is  what  actually  occurs 
in  the  case  of  Dr.  Macdonell,  Dr.  Lee,  and  myself  But  it  would  be  practically 
hopeless  to  try  and  discover  the  common  elements  in  our  personalities,  and  what  in 
the  immediate  atmosphere  of  the  experiments  affected  such  elements.  Even  if,  in  a 
long  and  laborious  series  of  experiments  and  reductions,  we  could  discover  the  subtle 
causes  of  our  correlations  or  non-correlations,  the  results  would  be  of  small  value. 
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for  they  would  be  personal  to  ourselves,  and  in  actual  observation  they  could  not  be 
eliminated  from  our  own  future  exj)eriments,  nor  could  the  like  causes  be  determined 
for  other  observers.  We  are  forced  to  admit,  I  think,  that  correlation  is  a  personal 
character  of  every  pair  of  observers,  and  to  look  upon  it  as  a  personal  constant  to 
be  determined  by  experiment. 

Here  again,  however,  arises  the  very  same  point  as  we  have  considered  in 
discussing  absolute  steadiness  of  judgment — ^we  do  not  in  practice  know  the  absolute 
judgments,  and  so  cannot  find  the  correlation  of  absolute  judgments, 

All  we  can  do  is  to  refer  the  judgments  of  two  observers  to  a  third  as  standard, 
and  then  measure  the  correlation  of  relative  judgment.  In  this  case  we  have  a 
result  which  is  not  purely  personal ;  we  have  superposed  on  the  correlation  due  to  a 
common  element  in  personality,  an  element  of  “  spurious  correlation.” 

Taking  the  bright-line  experimental  result  from  Table  VI.,  we  have  for  519 
observations  :  — 


^32  =  -3819  ±  -0253,  Pi,  33  =  -5625  ±  '0202, 

^3  =  ‘1571  ±  -0289,  p3,  i3  =  -3055  ±  ‘0268, 

=  -0139  ±  -0296,  p3,2i  =  -6154  ±  -0184. 

The  latter  series,  all  that  we  should  usually  know,  enables  us  to  form  no  opinion  at 
all  about  the  former.  The  absolute  judgments  of  Dr.  Macdonell  and  myself  have 
sensibly  no  correlation  ;  our  relative  judgments  have  the  greatest  correlation  of  all — • 
such  are  the  masking  effects  of  spurious  correlation  when  judgments  are  referred  to  a 
third  observer  as  standard  ! 

If,  from  the  values  of  the  standard  deviations  of  the  absolute  judgments,  we 
calculate  what  would  be  the  spurious  correlations  on  the  assumption  that  the  absolute 
judgments  are  not  correlated,  we  have  by  the  method  of  j:).  241  : — 

0 

o  — _ fin _ 

u  1’  32  //^  2  t  2\  //  2  I  2\ 

VV^OI  ^02  /vC^Ol  "T  ^U3  / 

Q 

—  _  _ ^2 _ 

Pi’  13  y/(o"02“  +  +  O’!)!") 

o 

— _ yo3 _ 

Hence  p^,  33  py,  32  =  '1707,  p2, 13  p.^,  13  =  ‘07 56,  and  pg,  21  p^,  21  —  ’0859, 

or  the  effect  of  the  correlation  of  absolute  judgments  is  to  increase  in  one  case  and 
decrease  in  the  other  two  the  sjiurious  correlation.  Without  direct  experiments 
a  d  hoc  I  see  no  way  of  determining  from  the  usual  data  of  the  personal  equation  how 
much  of  the  observed  correlation  of  judgments  may  be  due  to  a  common  element  in 
the  personality,  and  how  much  is  really  spurious.  The  two  causes  sometimes  work  in 
the  same,  sometimes  in  opposite  directions. 


=  -3918, 
=  -3811, 
=  -7013. 
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The  bright-line  experiments  show  in  a  perfectly  direct  and  simple  manner  that 
the  correlation  of  absolute  judgments  is  not  wholly  due  to  some  external  source 
influencing  all  observers  in  the  same  way,  but  is  the  result  of  a  common  element  in 
the  personalities  of  two  observers.  They  further  demonstrate  the  extreme  difficulty 
in  actual  observations  of  separating  without  experiments  acl  hoc  this  psychological 
from  the  spurious  correlation.  These  are  precisely  the  points  they  were  designed  to 
elucidate. 

(ii.)  The  Bisection  Ex])eriments. 

I  have  indicated  that  it  was  the  correlation  in  judgments  of  independent  observers 
in  the  case  of  bisection  that  led  to  the  second  series  or  bright-line  experiments. 
After  these  had  demonstrated  that  the  correlation  of  judgments  was  not  wholly 
spurious  correlation,  it  seemed  desirable  to  reconsider  the  bisection  experiments  with 
a  view  to  analysing  more  fully  the  character  of  the  correlation  exhibited  by  them. 

The  reader  will  remember  that  the  error  in  judgment  in  their  case  was  taken  to 
be  the  displacement  to  the  right  of  the  true  midpoint  measured  as  a  fraction  of 
the  total  length  of  the  line  bisected.  The  following  are  the  values  of  the  corre¬ 
lations  between  the  absolute  judgments  and  between  the  relative  judgments  thus 
measured  : — 

Table  VII. 


ros  =  -3627  ±  '0262 

Pi)  23  =  ‘5615  ±  -0207 

rsi  =  -llSg  ±  -0298 

p'2^  31  =  ’4980  +  *0227 

1 

ri2  =  -2053  ±  -0289 

PS)  12  =  '4379  +  '0244 

Thus  in  every  case  the  correlation  has  a  quite  sensible  value. 

I  have  pointed  out  that  the  absolute  displacement  of  the  midpoint  by  the  experi¬ 
menter  was  divided  originally  by  the  length  of  the  line,  because  d  priori  we  supposed 
that  errors  of  bisection  would  be  proportional  to  the  length  of  the  line  l:)isected.  But 
that  when  I  had  more  fully  realised  the  meaning  of  spurious  correlation  I  saw  that  the 
whole  of  the  above  correlations  might  be  really  sjDurious  in  character,  for  they  were  the 
correlations  of  ratios  having  the  same  denominator.  The  expei’iments  were  accord¬ 
ingly  put  on  one  side  until  the  bright-line  experiments  were  concluded.  It  then 
seemed  desirable  to  determine  the  correlations  between  the  absolute  displacements 
of  the  midpoints,  and  to  find  the  magnitude  of  the  correlation  between  the  lengths 
of  the  lines  experimented  on  and  the  errors  made  in  their  bisection.  The  labour  of 
reducing  again  all  the  data  would  be  excessive,  and  a  very  little  consideration  showed 
me  that  it  was  really  unnecessary,  if  Ave  kneAv  the  variation  and  distribution  of  the 
lengtlis  of  the  lines  bisected.  Let  u  stand  for  the  length  of  any  one  of  the  bisected 
lines,  Avhich  as  we  have  seen  Avere  a  random  sample.  Then  Ave  haAm  the  folio AA'ing 
distrihution  : — 
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Table  VIII. — Distribution  of  the  500  Experimental  Lines. 


Magnitude  in  -J  inches. 

Frequency. 

Magnitude  in  J  inches. 

Frequency. 

3-00 

.5 

5-75 

44 

3-25 

7 

6-00 

37 

3-50 

4 

6-25 

22 

3-75 

12 

6-50 

18 

4-00 

20 

6-75 

13 

4-25 

28 

7-00 

9 

4-50 

30 

7-25 

13 

4-75 

48 

7-50 

0 

5-00 

.^8 

7-75 

3 

5-25 

64 

8-00 

4 

5-50 

58 

8-25 

3 

Here  the  frequency  corresponding  to  any  magnitude  m  in  half-inches  denotes  all 
the  lines  whose  lengths  fall  between  rn  —  ’125  and  m  -f  '125  half-inches.  The 
lengths  of  the  experimental  lines  had  before  this  grouping  been  read  off  to  the  nearest 
of  an  inch. 

From  this  frequency  we  found  ; — 

niu  =  mean  value  of  =5-3165  half-inches. 

cr„  =  standard  deviation  of  u  =  -9513  half- inch. 

Vu  =  (T„jin„  =  -1789. 

Now  let  x'q  =  distance  of  experimental  point  of  Ihsection  from  real  midpoint  of 
line,  positive  if  it  fall  to  the  right,  and  =  distance  from  left-hand  terminal  of  line 
to  experimental  point  of  bisection  in  the  case  of  the  (/th  observer.  Let  us  write 
X'y  =  X  ,Ja,  then  X'^  is  the  ratio  error  which  we  liad  previously  dealt  with,  and 
X^  =  xjii. 

Clearly  x’ ,,  =  x,^  —  hi, 

and  if  m,  denote  the  mean  value  of  a  variant  3,  we  at  once  find  : 


Now 


Wx,  =  «Lx'„  +  -S'! 
o-x,  =  o-x-,,  J 

—  Xy  -  '5  =  Xrj/U  -  '5. 


(xii.) 


1  renting  in  the  usual  way  variations  as  differentials,  whose  squares  and  products 
may  be  neglected,  we  liave  : — 

. 


VOL.  CXCVIII.— A. 


SXb,  =  Su 

‘lyiu 

2  M 
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whence  squaring,  summing  for  all  possible  values,  and  remembering  the  definitions  ol 
standard  deviation  and  correlation  coefficient  we  find  : 


0 

o-  X'. 


+  ‘5)^  =  . (xiv.), 

where  stn  nds  for  (t.  Im^ . 

But  the  left-hand  side  of  this  equation  is  known  from  the  previous  reductions, 
o'x',)  having  the  values  in  Table  I.  ;  has  just  been  determined.  Hence  a 
knowledge  of  Vj.^  would  enable  us  to  find  without  the  labour  of  further  correlation 
tables.  The  values  of  £Cj,  had  of  course  been  measured  in  order  to  find  x\, 

x'o,  and  a“'g,  so  that  all  we  recjuired  were  their  frequency  distributions.  They  were  as 
follows  : — 


Table  IX. — -Table  of  Frequencies  of  x^. 


Magnitude  in 
^  incdics. 

Observer 

Magnitude  in 
inches. 

Observer 

1. 

2. 

O 

o. 

1. 

2. 

3. 

1-35 

1 

1 

3-00 

52 

39 

t 

31 

1-50 

5 

8 

6 

3-15 

31 

28 

30 

1-6.5 

8 

5 

6 

3-30 

20 

23 

20 

1-80 

G 

15 

12 

3  •  45 

21 

17 

16 

1-95 

16 

29 

21 

3-60 

12 

10 

10 

2-10 

29 

36 

39 

3  ■  75 

10 

6 

10 

2-25 

42 

47 

49 

3-90 

3 

4 

3 

2-40 

41 

54 

60 

4-05 

2 

2 

o 

2-55 

56 

62 

63 

4-20 

3 

1 

2 

2-70 

75 

55 

56 

4-35 

- - 

1 

1 

2.- 85 

68 

55 

62 

4-50 

— 

2 

1 

Here  the  unit  of  grouping  is  '15  half-inch,  and  a  magnitude  in  covers  all  the 
frequency  between  m  —  '075  and?7i  +  '075  half-inches.  From  these  data  we  deduced 
m^c  and  cr^  being  in  half-inch  units. 


Table  X. 


Quantity. 

1. 

2. 

3. 

Mean,  lUx 

2-7216 

2-6379 

2-6445 

S.D.,  (Tx 

-4909 

-5253 

-5072 

mxJa-x  =  Vx 

-1804 

-1991 

-1918 

Since 


we  liave 


and 


—  C  »  ”k  4,^'w  (X iiCT xl  iix^  • 


.  (XV.). 
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Further, 

Sx'gSu  =  SxgOii  — 

and 

^x'pr jfi  —  rr x^rr '2^«  > 

whence 

^  UX'a  - 

0-,- 
I  q 

Thus  (xiv.)  gives  us  (xv.)  and  (xvi.)  The  numerical  values  obtained 

were,  aj,  being  in  half-inch  units  : — 

Table  XI. 


Quantity. 

1.  2. 

3. 

rux 

•9640 

•9514 

•9613 

^x' 

•1306 

•1635 

•1402 

'I'ux' 

-  -0186  ±-0302 

+ -1465  ± -0295 

+  -0851  ± -0299 

Now  is  the  correlation  between  the  absolute  error  made  l)y  the^th  observer  and 
the  length  of  the  line  bisected,  and  we  see  at  once  that,  contrary  to  our  d  priori  assump¬ 
tion,  there  is  little  relationship  between  the  amount  of  error  and  the  length  of  the  line 
bisected.  Dr.  Lee  even  makes  a  larger  absolute  error  for  small  than  for  large  lines,  but 
her  correlation  is  below  its  probable  error  in  value,  and  we  can  only  conclude  that 
the  length  of  the  line  between  the  limits  taken  for  it  in  the  experiments  is  quite 
immaterial  to  her  judgment  of  its  midpoint.  There  is  a  small  correlation  between 
Mr.  Yule’s  error  and  the  length  of  the  line,  his  error  increasing  if  the  line  be  longer. 
I  am  the  only  one  of  the  three  experimenters  whose  judgment  of  the  midpoint  of  a  line 
is  considerably  influenced  by  its  length,  but  even  in  my  case  the  result  is  of  a  totally 
different  order  from  what  we  d  priori  had  anticipated,  for  we  had  supposed  the  error 
would  be  almost  directly  proportional  to  the  length  of  the  line  dealt  with. 

Clearly,  in  correlating  the  judgments  of  (l)  and  (2)  or  of  (l)  and  (3)  we  should 
have  done  better  to  take  absolute  displacements  of  the  midpoint,  rather  than  the 
proportions  these  bear  to  the  length  of  the  line.  Accordingly  I  proceeded  to  deduce 
formulae  for  finding  the  correlations  between  the  absolute  displacement  errors. 


Since 

V  't 

/ 

-V*  -  rgy  -  - 

2  > 

we  have,  by  multiplying  out  and  summing 


OC  q  —  'X'q 

x\  =  Xr^ 


(X x'  CT*  V  '}  x'  X'  '  '  —  T  X  ^ 

•*•0  •*<}  -t-D* 


Sx'^  —  Sxp  — 

5 

(r '^'Xurr.xP 


r n-'  t'  — 


2  U^X^  U 


^X',,  ^X'p 


2  M  2 


Or 


(xvii.). 
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Now,  (7^,  cr^,,  cr„  and  are  all  known.  Hence  the  correlation  of  the  absolute 
displacements  will  be  known  as  soon  as  we  find 

But  Xy/X^  =  xjxp, 

or,  —  hxphn^^. 

Hence  squaring  and  summing  we  find  : 


v~ 


+ 


V-x 

-Vp 


-  2t’x  ttx, 


X 

Ap 


n  I  o 

=  vv  + 


V:r  r 


But  since  X^,  =  X'^,  +  ’5,  SX^,  =  SX'^,,  whence  we  have  at  once  ; — 


<^Xp  —  cr  x'p, 


and 

Thus  we  find  : — 

{n  ,  n 


^’XpX.  - 


O-'X', 


+ 


cr-Y' 


-0'x',P~  K'pAx'pXy 


(wx-„+  -5)-  (wx'p  +  ‘5)^  (»jx-„  +  -oKwtx'p  +  -5)  ?•  •  (xviii.) 


'Cx,  '^'xp 


Here  is  given  by  Table  X.,  vix',  ux'  and  rx-^xv  are  all  entered  in  Table  I.,  so  that 
can  be  found.  Hence  from  (xvii.)  we  find  ?Vp'.r',  the  correlation  of  the  absolute 
displacements. 

Substituting  the  numerical  values  Ave  easily  find  the  folloAving  results  : — 


Table  XI T. 


'A.n  —  'Olio 
=  -9359 
>'X,X2  =  '9358 


/•  =  -3596  ±  -0263 

=  -1242  ±  -0297 
=  -2223  ±  -0287 


There  are  thus  seen  to  l)e  substantial  correlations  between  the  errors  in  the  absolute 
displacements,  not  reduced  to  the  length  of  the  bisected  line  as  unit. 

To  find  the  correlations  betAveen  the  relatiA^e  displacements  not  reduced  to  the 
length  of  the  bisected  line  as  unit,  Ave  haAm  to  find  first 


(T 


—  o-A-  +  cr 


using  Tables  XL  and  XIL,  and  thence  find 


P 1.  -’3  ,  ,  (j  ,  , 

(^x\x'3 


There  results,  the  standard  deviations  being  in  half-inch  units  : 
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2(39 


=  T729 

=  -.5503  ±  -0210 

o'x'sj'i  =  T793 

=  -5002  +  -0226 

•2»  31  — 

=  -1852 

P  =  -4478  +  -0241 

r  3-  12  — 

1 

We  have  now  the  complete  data  requisite  for  analysing  the  experiments  on  the 
bisection  of  straight  lines.  We  place  all  the  correlation  coefficients  together  in 
Table  XIV.  for  comparison  of  the  two  methods  of  deducing  results. 

Table  XIV. — Correlation  in  the  Judgments  as  to  Midpoint  of  Lines. 


Errors  measured  in  terms 
of  length  of  line. 

Errors  measured 
absolutely. 

>'■’3 

’>31 

>'l-2 

■3627  +  -0262 
•1139  ±  -0298 
•2053  ±  -0289 

•3596  +  •0263 
•1242  +  -0297 
•2223  ±  -0287 

in,  -13 

p-2,  31 
P3,  12 

•5615  +  -0207 
•4980  ±  -0227 
•4379  ±  -0244 

•5503  +  -0210 
•5002  +  -0226 
•4478  ±  -0241 

We  conclude  at  once  that : — 

(i.)  Within  the  limits  of  the  probalJe  errors  of  the  ol)servations  tlie  correlations  of 
the  errors  in  judgment,  whether  measured  alrsolutely  or  in  terms  of  the  length  of  the 
line  bisected,  are  sensibly  the  same  ;  and  this  is  true  not  only  for  the  correlation  in 
absolute  (r)  hut  also  for  the  correlation  (p)  in  relative  judgments. 

(ii.)  Thus  while  we  have  shown  that  tlie  erj’or  in  lusecting  a  line  is  not  proportional 
to  the  length  of  the  line,  and  indeed  not  at  all  or  only  slightly  correlated  with  it, 
yet  the  observed  correlation  of  judgments  cannot  arise  solely  from  the  use  of  a  I'atio 
or  index.  For  this  correlation  still  exists,  if  'we  deal  Avith  the  absolute  errors.  It  is 
thus  not  a  purely  spurious  correlation. 

(iii.)  The  correlation  varies  considerably  from  one  pair  of  ol)servers  to  a  second.  We 
thus  are  forced  to  conclude  that  it  is  not  a  result  of  a  common  varying  external 
cause,  but  must  in  part  or  wholly  be  due  to  a  common  element  in  the  personalities  of 
tAvo  experimenters,  Avhich  is  affected  in  the  sajue  Avay,  and  differently  from  some  other 
common  element  in  the  personalities  of  another  pair  of  observers. 

Thus  the  bisection  experiments  entirely  coiifirm  the  conclusions  Ave  haA^e  formed  as 
a  result  of  the  bright-line  experiments.  In  both  cases  there  is  a  real  personal 
correlation  of  judgment,  only  in  the  tAAm  series  it  is  differently  masked  by  or  com- 
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billed  with  spurious  correlation  according  to  the  special  manipulation  used  in  the 
reduction  of  the  errors. 

Takino’  into  account  what  we  have  learnt  as  to  the  nature  of  fluctuations  in 

o 

personal  equation,  I  think  we  may  conclude  broadly  as  follows  : — 

The  errors  of  judgment  of  apparently  independent  observers  are  not  as  a  rule 
indejiendent.  The  immediate  atmosphere  of  each  single  observation  or  of  each  short 
series  of  observations  affects  in  a  differential  manner  the  factors  of  the  personality, 
causing  variations  in  the  personal  equation  which  are  not  of  the  order  of  those 
due  to  random  sampling.  Certain  factors  affected  b}^  the  immediate  atmosphere 
seem  to  be  common  elements  of  two  or  more  personalities,  and  there  results  from  this 
a  tendency  in  each  pair  of  observers  to  judge  in  the  same  manner.  If  we  enlarge  the 
concept  of  “  immediate  atmosphere  ”  to  embrace  not  only  the  objective  side  of  the 
phenomena,  but  the  physical  and  mental  state  of  the  percipient,  we  may  simply  state 
that  certain  elements  of  this  immediate  atmosphere  are  common  to  each  pair  of 
observers  and  produce  a  correlation  between  their  judgments.  Their  personal  equa¬ 
tions  fluctuate  in  sympathy.  This  swnjjathetic  fluctuation  of  personal  equations 
leading  to  correlation  of  judgments  is  really  visible  on  insj^ection,  as  the  reader  will 
at  once  see  on  examinino-  Diao’rams  II.  and  III. 


Dia^rc^m  in.  Persona,!,  Equa,C/on 
Numbers  of  Observa.Cions.  MoCion  <jf  Bn 6hb  Line. 


Continuous  PoLygon  =  Values  of  Personal  Equation  as  based  upon  Z7  Co  37  Observations. 
Continuous  Curve  =  Approach  ••  "  Co  its  Mean  Value  for  513  -> 


This  quite  s\d:)-conscious  sympathetic  fluctuation  of  personal  equation  in  the  case  of 
apparently  independent  observers  is  not  only  of  fundamental  importance  when  we 
have  to  combine  obseiwations  of  the  same  phenomenon  by  different  observers,  and 
assign  tlie  weight  of  the  combination,  but  it  appears  to  have  an  even  wider  bearing 
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when  we  have  to  consider  to  what  degree  the  testimony  of  a  number  of  apparently 
independent  witnesses  of  the  same  event  is  strengthened  by  the  concurrence  of  their 
judgments  as  to  what  actually  took  place.  Without  some  estimate  of  tlie  correlation 
of  judgments  we  cannot  assert  what  weight  is  to  be  given  to  combined  testimony. 

(9.)  On  the  Nature  of  the  Frequeiicij  Distribution  in  the  case  of  Errors  of  Judgment. 

Having  completed  our  investigation  of  the  nature  of  fluctuations  in  personal 
equation  and  of  the  correlation  between  judgments — an  investigation  which  demands 
no  hypothesis  as  to  the  form  of  their  law  of  distribution — we  now  turn  to  a  considera¬ 
tion  of  the  manner  in  which  errors  of  judgment  are  distributed. 

In  Tables  XV.  and  XVI.  will  be  found  the  frequencies  for  the  two  series  of  experi¬ 
ments,  the  results  being  grouped  (see  pp.  272-273).* 

The  question  to  be  answered  is  this  ;  Is  the  general  nature  of  these  distributions 
capable  of  being  described  by  the  “  normal  ”  curve  of  errors,  on  the  assumption  that 
they  are  random  samplings  of  the  whole  “  populations  ”  of  err<)rs  that  the  observers 
respectively  would  produce  if  they  continued  to  experiment  indefinitely  under  the 
same  conditions  ?  So  far  as  I  am  aware  no  thorough  investigation  has  yet  been 
made  as  to  how  far  actually  observed  errors  are  capable  of  being  described  by  the 
normal  curve  of  errors.  In  most  text-books  on  the  tlieory  of  errors  certain  axioms 
are  laid  down  as  ruling  the  distribution  of  err()rs  of  judgment,  and  on  tbe  basis  of 
these  axioms  the  normal  curve  of  errors  is  deduced.  One  or  two  limited  series  of 
errors  of  observation  are  then  cited,  and  the  axi(.)ms  declared  to  Ije  satisfactory  by  com¬ 
paring  a  graph  of  the  theoretical  with  the  observed  distribution,  or  Ijy  a  table  com¬ 
paring  the  observed  and  theoretical  frequencies  of  errors  occurring  witliin  each  small 
range.  As  a  rule  a  vague  inspection  of  the  amount  of  agreement  is  the  only  thing 
appealed  to  to  test  the  accordance  of  theory  and  experiment.  So  far  as  1  am  aware 
writers  on  the  theory  of  errors  have  quite  overlooked  the  point  that  that  theory 
itself  provides  a  perfectly  general  test  of  whether  the  accordance  between  theory  and 
experiment  is  a  reasonable  or  an  unreasonalde  one.  It  is  not  a  question  of  whether 
there  is  a  “practical  accordance”  l)etween  the  two,  wliatever  that  may  mean,  l)ut  of 
the  degree  of  probability  that  a  given  system  of  errors  or  deviations  is  a  random 
sampling  from  an  indefinitely  large  distribution  of  errors  obeying  the  axioms  from 
which  the  normal  curve  of  errors  has  been  deduced.  To  talk  of  “practical  accord¬ 
ance  ”  between  theory  and  observation  is  simply  to  shuffle  out  of  an  examination  of 
the  truth,  when  the  odds  are  3000  to  1,  or  even  70  to  1,  against  the  observed  results 
being  a  random  sample  of  errors  obeying  certain  fundamental  axioms. t  Now  in  the 

In  Table  XV.  a  group  such  as  4'75.5  embraces  all  the  frequency  between  4'50.5  and  -S'OOS;  and  in 
Table  XVI.  a  group  such  as  "04  embraces  all  the  frequency  between  '035  and  ’04.5. 

t  A  recent  writer  on  statistics  seems  to  find  that  an  agreement  measured  ])y  the  odds  of  3000  to  1  is 
very  satisfactory,  and  one  against  which  the  odds  are  70  to  1  represents  with  all  ‘practicuhle  accuracy  the 
observ  ed  frequency.  Comment  is  needless. 
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Table  XY. — Frequency  of  Absolute  and  Relative  Errors  in  Bright-line  Series  of 

Experiments.  Number,  519 


Size  of  error. 

I 

(1) 

(2.) 

(3.) 

"  (3-2.) 

ii 

:  (1-3.) 

i 

(2-1.) 

7  ■  755 

i  1 

-  1 

7  •  255 

_ 

— 

— 

1 

j  _ 

6  •  755 

— 

— 

— 

— 

1 

_ 

6  •  255 

1 

— 

1 

— 

1 

— 

5  •  755 

— 

1  _ 

4 

2 

— 

5  •  255 

— 

] 

— 

1 

5 

!  - 

4  •  755 

1 

— 

— 

4 

5 

4  •  255 

— 

- - 

— 

12 

17 

_ 

3  •  755 

1 

— 

1 

15 

18 

-  1 

3-255 

6 

1  - 

12 

19 

17 

1 

2  •  755 

4 

— 

19 

20 

29 

1  i 

2-255 

12 

18 

26 

35 

8 

1  -  755 

22 

3 

26 

34 

41 

13  , 

1  -  255 

57 

8 

42 

49 

37 

19  j 

-  755 

71 

31 

48 

62 

41 

23  ' 

-  255 

97 

35 

44 

77 

60 

54 

-  -245 

85 

73 

48 

90 

41 

72  ! 

-  -  745 

69 

76 

46 

41 

56 

55  ! 

-  1-245 

56 

96 

60 

21 

35 

50  i 

-  1-745 

23 

79 

42 

19 

34 

59 

-  2-245 

l-r 

/ 

60 

36 

9 

21 

58  i 

-  2-745 

4 

30 

36 

5 

10 

38 

-  3-245 

1 

17 

20 

5 

6 

30 

-  3-745 

1 

5 

12 

1 

5 

15  1 

-  4-245 

— 

3 

5 

3 

2 

7  ! 

-  4-745 

1 

1 

2 

— 

— 

7  t 

-  5-245 

— 

— 

1 

— 

— 

3  i 

-  5-745 

— 

— 

—  i 

— 

— 

2  i 

-  6-245 

— 

— 

1 

1 

— 

— 

2 

-  6-745 

— 

1 

— 

— 

— 

-  7-245 

— 

— 

—  ! 

— 

— 

— 

-  7-745 

— 

— 

_  i 

- - 

— 

1  ! 

-  8-245 

— 

— 

-  i 

_ 

— 

_  ' 

-  8-745 

— 

— 

— 

— 

— 

_ 

-  9-245 

—  1 

— 

— 

— 

— 

— 

-  9-745 

— 

— 

— 

_ 

_ 

-  10-245 

-  1 

_  i 

i 

— 

— 

— 

1 

present  investigation  \Ye  have  no  less  than  twelve  frequency  distributions,  six  absolute 
distributions  and  six  relative  distiibiitions ;  the  latter  being  of  course  of  the  type 
which  will  usually  occur  in  astronomical  or  physical  observations  where  the  absolute 
errors  cannot  be  measured.  We  have  then  material  enough  to  discuss  the  problem  : 
Is  it  suitable  for  the  purpose  ?  It  seems  to  me  that  there  is  nothing  peculiar  to  our 
data  which  marks  them  off  from  other  series  of  observational  errors,  except  their 
rather  extensive  character,  which  was  necessary  if  safe  conclusions  were  to  be  drawn. 
There  were  four  independent  observers,  three  of  whom  at  least  had  been  long  used  to 
making  observations  and  measurements  ;  the  fourth,  less  accustomed,  turned  out  in  the 
sequel  to  have  the  steadiest  judgment.  Further,  the  investigations  were  begun  with 
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Table  XVI. — Frequency  of  Absolute  and  Relative  Errors  referred  to  Length  of  Line 
as  Unit  in  Bisection  Experiments.^  Number  =  500. 


Size  of  error. 

(1-) 

(2.) 

(3.) 

(2-3.) 

(3-1.) 

(1-2.) 

-  -12 

1  -  -11 
-  -10 

_ 

— 

— 

1 

— 

2 

1 

3 

-  -09 

1 

— 

— 

2 

— 

7 

-  -08 

4 

1 

— 

1 

1 

9 

i  -  -07 

8-5 

3 

1 

6 

2 

23-5 

!  -  -06 

12 

11 

7-5 

13 

6-5 

21-5 

-  -05 

13-5 

14-5 

9-5 

16-5 

14-5 

35 

-  -04 

45 

21-5 

22 

26 

10 

58 

-  -03 

61 

30 

40-5 

45-5 

26 

45 

-  -02 

76 

47 

43-5 

36 

43 

59 

-  -01 

90-5 

51-5 

51 

66 

33 

64-5 

•00 

74-5 

72 

68-5 

55-5 

42 

43 

I  +  -01 

50 

65 '5 

75 

61 

53-5 

37-5 

+  -02 

30-5 

53 

70-5 

52-5 

60-5 

26-5 

+  -03 

21-5 

50-5 

61 

41-5 

61 

27-5 

+  -04 

7 

28-5 

25-5 

34-5 

52 

16 

+  -05 

3 

27 

13-5 

:  20 

34-5 

7 

+  -06 

2 

13-5 

10 

13 

27 

11 

+  -07 

— 

7-5 

1 

4 

17-5 

1 

+  -08 

— 

— 

— 

2 

5 

1 

+  -09 

— 

1 

— 

2 

7-5 

1 

+  -10 

— 

— 

— 

1 

3-5 

— 

+  -11 

— 

2 

— 

— 

no  intention  of  considering  the  problem  ot  normal  frequency  ;  they  were  designed  to 
demonstrate  what  appeared  a  remarkable  and  valuable  result  flowing  from  the 
theory  of  errors  as  usually  expounded  (see  p.  240).  Each  of  us  made  our  individual 
judgments  with  care  and  without  any  theoretical  bias.  We  were  of  course,  during 
the  work  of  the  observations,  liable  to  physical  and  psychological  influences,  to  the 
subtle  changes  of  daily  health  and  of  sense-keenness.  But  I  contend  tliat  all  such 
things  affect  every  observer,  and  that  it  is  idle  to  propound  a  theory  which  would 
hold  for  an  ideal  observer  of  perfectly  equable  temjDerament  and  physical  fitness 
observing  under  a  perfectly  equable  environment  for  a  number  of  days  or  even  weeks 
an  exactly  identical  phenomenon.  Such  a  theory  could  not  be  verified,  and  if 
verified  would  have  no  practical  application.  Our  observations  seem  to  me  a 
perfectly  fair  sample  of  actual  errors  of  judgment,  and  I  believe  no  objections  can  be 
taken  to  them  which  would  not  apply  with  even  increased  force  against  most  of  the 
series  of  errors  of  judgment  with  which  physicists  or  astronomers  have  to  deal. 

There  are  two  classes  of  considerations  which  arise  in  our  view  of  frequency  distri 
butions  : — 

*  In  this  table  and  in  the  diagrams  X.  to  XV.  the  error  has  been  given  the  opposite  sign  to  its  value 
in  Table  I. 
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(a.)  General  physical  characters  of  the  nature  of  the  distribution  without  regard  to 
the  special  frequency  of  errors  of  particular  sizes. 

(6.)  Agreement  between  theory  and  observation  in  the  general  distribution  of 
errors  of  each  j^articular  size. 

I  propose  to  investigate  these  classes  of  considerations  separately. 


(10.)  (a.)  General  Physical  Characters  of  a  Normal  Distribution. 

While  the  analytical  processes  by  means  of  which  the  normal  curve  is  deduced  are 
extremely  varied — sometimes  very  simple  (Hagex),  sometimes  very  complex 
(Poisson),  there  is  confessedly  or  tacitly  involved  an  axiom  of  the  following  kind  : — 
(a.)  Positive  and  negative  errors  of  the  same  size  are  equally  frequent.  Sometimes 
this  result  is  disguised  by  assuming  that  the  actual  error  is  the  sum  of  an  indefinitely 
great  number  of  small  elementary  errors  which  are  equally  likely  to  be  positive  or 
negative.  Whatever  process  of  proof  be  followed  the  result  is  the  same — the  normal 
distribution  gives  a  symmetrical  distribution  of  errors,  and  this  is  its  first  general 
physical  character.  Now  in  an  immense  number  of  cases  of  deviations  from  the 
mean,  such  as  occur  in  organic  nature,  this  symmetry  is  quite  unknovm  ;  such  distri¬ 
butions  I  have  spoken  of  as  skew  frequency  distributions,*  and  their  characteristic 
feature  is  that  the  mode  or  position  of  the  maximum  frequency  diverges  from  the 
mean.  The  ratio  of  the  distance  of  the  mode  from  the  mean  to  the  standard 
deviation  I  have  treated  as  a  measure  of  the  “  skewness  ”  of  the  distribution.  It  will 
vanish  when  the  curve  is  symmetrical  or  when  the  sums  of  all  odd  powers  of  the 
errors  are  zero.  Thus  if  n  be  the  number  of  observations,  nyup  the  sum  of  the 
pth  powers  of  the  errors,  [Xj,=  0  for  a  normal  distribution  if  p  be  odd.  For  most 
practical  purposes  the  labour  of  investigation  compels  us  to  confine  our  attention  to 
the  question  of  whether  /xg  is  sensibly  zero. 

But  the  normal  distribution  not  only  involves  a  condition  as  to  the  odd  moments, 
hut  also  one  which  must  sensibly  hold  in  the  case  of  each  pair  of  even  moments.! 
The  simplest  of  such  relations  is  expressed  by 

=  Syf 

Now  this  relation  and  its  extensions  to  higher  moments  have  nothing  whatever  to 
do  with  the  symmetry  of  the  normal  distribution— with  the  equal  frequency  of  errors 
of  the  same  size,  whether  positive  or  negative.  They  depend  really  upon  two 
additional  axioms,  which  are  again  confessedly  or  tacitly  assumed  in  the  course  of  the 
proof,  namely  : — 

(^.)  That  there  are  an  indefinitely  great  number  of  cause-groups  associated  in 
producing  each  individual  error. 

*  ‘  Phil.  Trans.,’  A,  vol.  186,  p.  343  et  seq. 
t  ‘  Phil.  Trans.,’  A,  vol.  185,  p.  108. 
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(y.)  That  the  contributions  towards  any  individual  error  of  these  cause-groups  are 
not  correlated  among  themselves. 

It  is  not  my  purpose  at  present  to  consider  the  philosophical  arguments  for  or 
against  these  axioms.  I  have  considered  the  matter  at  length  in  a  paper  not  yet 
published,  but  I  want  to  indicate  the  source  of  such  relations  as  those  just  referred  to. 
If  actual  distributions  of  error  do  not  sensibly  satisfy  pg  =  0,  then  axiom  (a)  is  not 
true ;  if  they  do  not  sensibly  satisfy  then  either  (j3)  or  (y)  or  both  are 

invalid. 

The  nature  of  the  relation  deserves  a  little  fuller  consideration  from 

the  physical  side. 

Let  ?n^  and  be  the  number  of  errors  of  magnitudes  and  respectively,  and 
let  nix.2  and  w'g/  represent  the  second  and  fourth  moments  of  the  remainder  of  the 
errors.  Let  -f-  =  m'.  Then 

n/ji^  =  -b  m^x^-, 

nix^  —  -j- 

Hence  we  find  : — 

-h  m'x^  +  —  n  ix^  —  m'x.^)  {x^  -f  x^). 

Now  without  altering  the  total  frequency,  i.e.,  keeping  m'  constant,  take  part  of 
the  frequency  and  transfer  it  from  x^  to  ;  do  this  equally  on  both  sides  of  the 
mean,  so  that  the  position  of  the  mean  be  not  altered.  Now  in  order  that  /rg  should 
also  not  be  altered,  x^,  being  supposed  constant,  we  must  have  : — • 

Swq/m^  =  {2x^Sx-^)/(x2^  —  x^^), 

or  if  x^  be  >  x^,  must  be  positive.  Thus  if  we  bring  a  part  of  the  outlying 
frequency  inward  to  a  point  nearer  the  mean,  we  can  still  retain  the  same  mean  and 
the  same  standard  deviation,  i.e.,  get  the  same  normal  curve,  if  we  shift  the  inlying 
frequency  group  a  little  outward.  The  whole  effect  of  such  a  change  will  be  to 
flatten  the  frequency  curve  at  its  summit  by  a  reduction  of  its  tails,  which  increases 
the  middle  part  of  the  curve.  Now,  looking  at  the  above  value  of  we  see  that 
since  <  x^^,  nfi^  —  n'g/  —  mx.^  is  negative,  and  therefore  that  when  x^  increases 
/X4,  decreases. 

We  conclude  accordingly  that  symmetrical  or  nearly  symmetrical  curves  which 
have  the  same  mean  and  standard  deviation  as  a  normal  curve  will  be  flatter  topped 
if  be  <  3/x/,  and  steeper  at  the  top  if  /x^,  be  >  S/x/. 

Take,  for  example,  the  details  of  shots  at  a  target  given  by  Merriman,  ‘  Method 
of  Least  Squares,’  p.  14  :  here* 

/X2  =  2-402,343  ,  /x^.  =  14-578,491  , 

and  3/X32  _  17-313.752. 

*  Using  Sheppard’s  corrective  terms,  ‘  London  Math.  Soc.  Proc.,’  vol.  29,  p.  369. 
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Accordingly  is  <  S/Xj"  by  a  considerable  amount,  and  the  observations  are 
immensely  flatter  than  the  normal  curve  with  which  they  can  be  fltted.  Actually 
the  normal  curve  has  a  maximum  ordinate  which  rises  some  15  to  20  per  cent,  above 
the  corresponding  ordinate  of  the  observations.  Hence  quite  apart  from  the  question 
of  equal  negative  and  positive  errors,  we  should  assert  that  because  /x^  =  S/u,/  is  not 
sensibly  satisfled,  it  follows  that  one  or  other  or  both  the  axioms  (/3),  (y)  cannot  be 
true  for  this  distrilmtion  of  hits. 

I  propose  to  look  a  little  more  closely  into  the  probable  errors  of  the  quantities 
connected  with  a  normal  distribution.  I  take  d  to  be  the  distance  from  the  mean  to 
tlie  mode,  and  deflne  the  skewness,  Sk.,  as  in  earlier  memoirs,  to  be  the  ratio  of  d 
to  cr.  I  write  Mr.  Filon  and  I  have  dealt  with  the 

probable  errors  of  skew  frequency  curves  in  a  special  memoir,*  and  deduced  those  for 
the  normal  curve  as  the  limit  to  those  of  a  skew  curve  of  what  I  have  termed 
Type  III.  The  disadvantage  of  this  procedure  is  that  it  supposes  the  deviations 
from  symmetry  to  take  place  along  a  class  of  curve  for  which 

2P3('W  —  /^4)  +  3/X3"  =  0 . (xix.). 

is  thus  known  in  terms  of  and  /Xg.  The  result  is  that  when  /ixg  is  put  zero  to 
reach  the  normal  case,  the  error  of  /x.^  is  found  to  be  absolutely  correlated  with  that 
of  /Xo,  and  the  probable  value  of  this  error  to  be  deducible  from  that  of  by  means 
of  the  relation 

=  3/X2^. 

To  obtain  perfectly  general  results  we  must  use  not  Type  III.,  but  Type  I.  or 
Type  IV.  of  that  memoir,  curves  in  which  /Xg,  p-g,  and  /X4  are  absolutely  independent 
of  each  other.  Our  results  can  easily  be  deduced  by  aid  of  certain  elegant  formulfe 
due  to  Mr.  W.  F.  Sheppard.!  In  our  notation  these  are  : — 

Probable  error  of  /x^  =  '67449  is  given  by 

/xy  4-  P"  fj? f~\  /Xg 


(xx.). 


=  Correlation  of  errors  in  /x^  and  /x^  is  given  by 

p  _  H-p+j  P^^p-i  /^y-fi  7/^jo+i  ~t  p(lfip-\  f^q  -1  /Xq  /XpR?  /wi  1 

These  results  are  perfectly  general  whatever  be  the  law  of  the  frequency.  As 
special  cases  we  have,  when  =  0  : 


*  ‘Phil.  Trans.,’  A,  vol.  191,  pp.  229-311,  especially  p.  276. 
t  ‘Phil.  Trans.,’ A,  vol.  192,  p.  126. 
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) 

=  (^6  —  H-3^  +  9/^/  — 

=  (^8  -  P-/  +  16/^3 Vs  —  8/A5^3)/?1 

^M2  l“3  “  Vs  ^  A'-g/^s)/^^ 

—  S/io/Xg  —  +  \2ix/tx^)ln 

=  (/Xg  —  J/Xg®  —  /Xo/X.t)/«  ^ 

«> 

For  the  special  case  of  the  normal  curve,  since 


ju-j,  =  S/Xj^  =  3a-^,  Pq  =  ISo-’’,  /xg  =  105(t® 

H  =  H-o  =  H^s  =0, 

we  have : — 

Probable  error  of  /Xg  =  '67449  X  . (xxiii.). 

,,  ,,  P'3  =  '67449  X  .yQcT^iyn . (xxiv.). 

,,  ,,  H-i—  '67449  X  Y/9f>o-V'\/^ . (xxv.). 

=  9  .  .  (xxvi.).  =  0  .  .  (xxvii.).  =  lys  .  .  (xxviii.). 


In  a  further  memoir  on  skew  variation,^  not  yet  published,  I  show  that  if  the 
differential  equation  to  the  frequency  curve  be 

1  chj  cIq  +  «,«  ,  .  , 

y  clx  P  h^x  +  ^ 

then  whatever  be  the  form  of  the  curve,  the  distance  d  between  the  mean  and  the 
mode,  and  the  skewness  are  always  given  by 


P3(P4  +  _  1  \/P2  \/A  f^3  -+  3) 

2  ~  2  5^2  -  6^1  -  9 

_ Ps  fp-t  +  S/X^") _  _  \/ A  (/^2  +  9) 

2y/ yU.o  —  6/X3®  —  O/Zj®)  ^  SySj  —  6/3j  —  9 


(xxx.). 

(xxxi.). 


*  My  original  memoir  (‘  Phil.  Trans.,’  A,  vol.  186,  p.  343),  being  much  misunderstood,  has  been 
alternately  over-  and  under-rated.  I  had  found  that  the  ordinary  theory  of  errors  was  far  from 
describing  frequencies  within  the  limits  of  error  imposed  by  a  random  sampling.  My  object  was  then  to 
discover  a  series  of  curves  which  would  enable  me  in  a  very  great  number  of  cases  to  do  this.  I  did  not 
select  these  curves  at  random,  but  endeavoured  to  see  where  the  usual  hypotheses  failed  and  must  be 
generalised.  My  hypergeometrical  series  was  not  empirically  chosen,  but  on  the  grounds  of  the  axioms 
(a),  (13),  (y)  above.  I  chose  a  system  where  the  positive  and  negative  errors  were  not  equally  probable, 
where  there  was  not  an  infinite  number  of  cause-groups,  and  lastly,  one  where  these  cause-groups  did  not 
contribute  independent  but  correlated  elements  to  the  total  error.  All  these  points  as  well  as  criticisms, 
mostly  due  to  complete  misunderstanding  of  what  random  sampling  means,  I  have  considered  in  a 
further  memoir. 
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Hence,  since  and  /3o  can  always  be  found,  we  have  general  expressions  for  d 
and  Sk.  in  the  case  of  the  first  four  moments  being  arbitrary. 

Further,  if  we  increase  our  series  and  write  : — 

/^i  =  /^3V/^2^  A  = 

^4  =  P'6^2^  A  =  y®6  =  ....  (xxxh.), 

we  have  the  following  perfectly  general  results,  the  law  of  frequency  being  any 
whatever : — 

(4/34,  —  24^63  +  36  +  9ySi^3  ~  12/83  +  35^1) . (xxxiii.). 

ntp;  =  ^6  —  +  4/33^  —  +  16/30^1  —  8^3+16/81 . (xxxiv.). 

=  2^5  —  3^4^!  —  4^3^2  -b  6^.2^/3^  +  3^1/33  —  6/33  +  1 2/3^2  +  24^i  .  (xxxv.). 
Lastly  if  K  =  6  +  —  2^. . (xxxvi.). 

=  il3,  -  16/3, +  7213,13^  -  24ft  -  72/3, /3/  +  48ftft  +  81^,=ft 

-  lOSftft- 4ft®  -  188ftft  + 72ft +  17]ft‘>+ 100ft  .  .  .  .  .(xxxvii.). 

Thus  the  probable  errors  ‘67449  ‘67449  ‘67449  Sk  of  the  quantities  /3i, 

and  what  I  have  termed  the  criterion  K,  can  be  found  whatever  he  the  laiv  of 
frequency. 

Let  =  H-zliHy,  fhen 

=  2V\/A . (xxxviii.), 

and  its  value  can  be  found  from  (xxxiii.).  Knowing  S^„,  and  the  correlation  of 
errors  in  and  ^83,  i.e.,  we  can  find  at  once  the  probable  errors  in  d  and  Sk. 
from  (xxx.)  and  (xxxi.).  Thus  with  very  great  generality  as  to  the  law  of  frequency, 
we  can  test  how  far  the  distribution  is  a  random  sample  from  a  population  following 
any  law  whatever. 

Applying  the  above  general  results  to  the  special  case  of  the  normal  curve,  we  find 
siriC0 

ft  =  0.  ft  =  3,  ft  =  0.  ft  =  15,  ft  =  0,  ft  =  105, 

Probable  error  of  /3,  =  0 


/3o  =  ‘67449  X  a/^  .  .  . 

(xxxix.). 

v/ft"  =  -67449  X  f  ^  . 

. (xl.), 

=  0 

K  =  ‘67449  a/~ 

V  n 

. (xli-f, 

d  =  ‘67449  a/  -  o- 

V  2?t 

. 

Sk.  =  ‘67449  a/ — 

V  2n 

. 
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The  result  that  the  probable  error  of  is  zero,  but  that  of  is  finite,  may 
appear  paradoxical,  but  ir  is  due  to  the  fact  that  the  errors  are  treated  as  small 
quantities  and  Involves  /u.3^,  the  square  of  a  small  quantity,  or  one  zero,  if  the 
distribution  were  truly  normal. 

Of  these  results,  Mr.  Filon  and  I  have  already  published  with  a  less  general  proof 
(xxiii.),  (xxiv.),  (xxvi.),  (xxvii.),  (xlii.),  and  (xliii.).  Instead  of  (xxv.)  and  (xxviii.), 
we  found 

Probable  error  of  =  ‘67449  and  =  1, 

i.e.,  replacing  ^96  =  9‘8  by  y/72  =  8‘5,  and  ‘866  by  1.  This  was  due  to  the  fact 
that  we  considered  the  variations  from  normality  to  be  given  by  a  distribution  of 
Type  III.  (see  p.  276).  The  differences,  however,  are  not  such  as  to  invalidate  argu¬ 
ments  based  on  the  general  order  of  the  probable  error  of 

We  have  now  general  relations  enough  to  answer  the  following  questions 
(i. )  Does  the  value  of  d  found  from  (xxx.)  differ  from  zero  by  an  amount  large  as 
compared  with  the  probable  error  of  d  given  in  (xlii.)  ? 

(ii.)  Does  the  skewness  found  from  (xxxi.)  differ  from  zero  by  an  amount  large  as 
compared  with  the  probable  error  of  the  skewness  as  given  in  (xliii.)  ? 

(iii.)  Does  the  value  of  /ig  differ  from  zero  by  a  value  large  as  compared  with  the 
probable  error  of  yug  given  in  (xxiv.)  ? 

In  all  these  questions  we  have  a  test  of  whether  the  distribution  is  really  a  random 
selection  from  a  symmetrical  distribution,  i,e.,  from  material  obeying  axiom  (a).  The 
same  thing  is  again  dealt  with  by  testing  the  error  of  as  given  by  (xL). 

(iv.)  Is  the  condition  fx^=-  3/Xo^  or  =  satisfied  for  the  distribution,  i.e.,  does 
/S3  differ  from  3  by  a  quantity  which  is  not  large  as  compared  with  its  probable  error 
as  given  by  (xxxix.)  ? 

If  (i.)  to  (iii.)  are  satisfied,  but  not  (iv.),  the  distribution  is  still  not  a  random  selection 
from  material  obeying  the  normal  law,  i.e.,  axioms  (/3)  and  (y)  cannot  both  be  true 
for  it. 

Lastly,  if  the  material  does  not  obey  the  normal  law,  does  the  criterion  K  differ 
sensibly  from  zero,  and  therefore  form  a  characteristic  to  be  regarded  ? 

I  turn  first  to  the  motion  of  the  bright  line  and  give  in  Table  XVII.  the  constants 
for  this  series  of  distributions. 


See  ‘Phil.  Trans.,’  A,  vol.  191,  p.  277. 
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Table  XVII. — Motion  of  Bright  Line. 


1. 

2. 

3. 

3-2. 

1-3. 

2-1. 

11-2 

5  ■  6561 

5-5027 

13-2709 

12-0942 

16-1136 

11-1019 

rz 

+  4-7424 

+  -5452 

+  5-5761 

+  21-0453 

+  16-2877 

-20-4072 

+  -9755 

±  -9361 

±  3  -  5060 

+  3-0502 

+  4-6909 

±2-6827 

r-i 

160-3883 

152-1762 

456-8883 

583-8991 

693-2790 

569-4060 

-1243 

-0018 

-0133 

-2504 

-0634 

-3044 

-0000 

-0000 

-0000 

-0000 

-0000 

-0000 

/52 

5-0135 

5-0256 

2-5942 

3-9919 

2-6701 

4-6918 

+  -1450 

+  -1450 

+  -1450 

±  -1450 

+  -1450 

± -1450 

d 

-2193 

-0247 

-3020 

-6432 

-7219 

-5706 

+  -0862 

+  -0851 

+  -1321 

± -1261 

+  -1456 

+  -1088 

Sk. 

-0922 

-0105 

-0829 

-1850 

-1798 

-1713 

+  -0363 

±  -0363 

+  -0363 

+ -0363 

+  -0363 

±  -0363 

-3524 

-0422 

-1153 

-5004 

-2518 

-5517 

+  -0725 

±  -0725 

±  -0725 

± -0725 

+  -0725 

+  -0725 

K 

-3-6541 

-4-0460 

-8514 

-  1-2327 

-8501 

-2-3266 

+  -2901 

+  -2901 

±  -2901 

+  -2901 

+  -2901 

±  -2901 

N.B. — The  units  of  this  table  are  |  centim.  on  the  recording  strip — not  on  the  observation  strip ; 
these  are  the  units  of  our  grouping  in  Table  XV.  In  most  of  my  previous  tables  the  unit  has  been  taken 
as  1  centim.  of  the  recording  strip.  The  ^  centim.  is  retained  here,  as  it  will  be  required  in  the  plotted 
diagrams  as  unit  of  grouping. 

Now  let  US  examilie  these  results,  rememheriug  that  on  the  basis  of  a  random 
sampling  the  odds  against  a  quantity  exceeding  its  supposed  value  by  twice,  thrice, 
four,  five  times  its  probable  error,  are  10  to  1,  49  to  1,  332  to  1,  2700  to  1  respectively, 
in  round  numbers. 

In  the  first  place,  /xg  differs  from  zero  by  4  to  6  times  the  probable  error  in 
(l),  (3-2),  (1-3),  and  (2-1).  Further,  d  differs  from  zero  by  2‘5  to  5  times  the 
probable  error  in  the  same  cases,  and  the  skewness  also  by  2'5  to  5  times  its  j)robable 
error,  v differs  from  zero  by  3  to  nearly  8  times  its  probable  error  in  the  same 
four  distributions.  I  consider  that  it  is  really  impossible  to  look  upon  these  distri¬ 
butions  as  random  samplings  from  symmetrical  material.  On  the  other  hand,  (2) 
and  (3)  or  the  absolute  personal  equation  of  Dr.  Macdoxell  and  Dr.  Lee  might  well 
be  symmetrical  distributions.  Do  they,  however,  fulfil  the  conditions  for  normality 
ySg  =  3,  K  =  0  ?  The  deviations  of  /Sg  from  3  are  in  the  two  cases  2 ‘02 5 6  and 
2’4058,  or  nearly  14  and  2‘8  times  the  probable  errors  respectively.  Further,  their 
values  of  K  differ  from  zero  by  nearly  14  and  2 '9  times  their  probable  errors.  Thus 
the  odds  are  enormous  against  Dr.  Macdoxell’s  judgment  being  a  random  sampling 
from  a  normal  distribution  of  errors,  and  are  about  300  to  1  against  Dr.  Lee’s  being  such ! 
Of  the  other  distributions  the  odds  are  enormously  against  normal  distribution  in 
cases  (1),  (3-2),  and  (2-1).  They  are  less  marked  in  (1-3),  oMy  differing  from 
3  and  Kfrom  0  by  about  2‘1  and  2'9,  their  probable  errors  respectively — but  this  case 
has  already  been  excluded  from  normality  on  account  of  its  sensible  skewness. 
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Thus  while  two  of  the  cases  might  reasonably  be  considered  symmetrical  distribu¬ 
tions,  to  fulfil  axiom  (a),  and  one  of  the  cases  might  with  some  improbability 
(10  or  11  to  1)  be  supposed  to.  have  =  3,  i.e.,  to  fulfil  axioms  (y8)  and  (y),  no 
single  case  can  be  supposed,  with  any  reasonable  degree  of  probal)ility,  to  fidfil  all 
three,  or  to  be  capable  of  rej)resentation  by  a  normal  curve.  The  third  moment, 
the  distance  from  mean  to  mode,  tlie  skewness  and  the  magnitude  and  sign  of  the 
criterion  K  are  quantities  which,  one  or  more  or  all,  are  in  each  individual  case  sensible 
and  quite  inconsistent  with  the  result  of  random  sampling  from  “  normal  material.” 

I  now  give  a  similar  talde  for  the  bisection  experiments. 


Table  XVIII. — Bisection  of  Lines. 


!  1. 

1 

2.  3. 

2-3. 

3-1. 

1-2. 

H 

6-0258 

9-3966 

6-8915 

10-4745 

11-3987 

12-3817 

IH 

-  1-732G 

-9779 

-3-8272 

2-2447 

-4-6402 

2-6583 

+  1-0929 

+  2-1283 

+  1-3367 

+  2-5048 

+  2-8435 

+  3-2191 

/u 

118-0048 

267-1088 

124-7219 

301-1530 

.352-0688 

450  -  2880 

-0137 

-0012 

-0448 

-0044 

-0145 

-0037 

-0000 

-0000 

-0000 

-0000 

-0000 

-0000 

3-2499 

3-0251 

2-6261 

2-7448 

2-7096 

2-9372 

+  - 1478 

+  -1478 

+  -1478 

+  -1478 

+  -1478 

+  -1478 

,1 

+  -1254 

-  -0512 

+  -4045 

-1310 

+  -2605 

-  -1125 

+  -0907 

+  -1132 

+  -0970 

+  -1196 

+  -1247 

+  -1300 

Sk. 

-0511 

-0006 

-1541 

-  0405 

-0772 

-0511 

+  -0369 

+  -0369 

±  -0369 

+  -0369 

+  -0369 

+  -0369 

S, 

-1171 

-0.340 

-2115 

-0662 

-1206 

-0610 

+  -0739 

±  -0739 

+  -0739 

+  -0739 

+  -0739 

+  -0739 

K 

-  -4587 

-  -0468 

+  -8821 

+  -5235 

+  -6243 

+  -1368 

+  -2955 

±  -2955 

+  -2955 

±  -2955 

±  -2955 

±  -2955 

Now  it  will  be  seen  by  a  most  cursory  glance  at  tins  table  tliat  the  distribution  of 
errors  in  tbe  case  of  the  l)isection  of  right  lines  can  be  far  more  nearly  represented 
by  a  normal  curve  than  in  the  case  of  judgment  as  to  the  position  of  a  bright 

line.  In  the  case  of  every  one  of  the  constants  for  the  distribution  of  my  own 

errors  of  judgment  (he.,  (2)),  they  differ  Ijy  less  than  their  probable  error  from 
their  value  on  the  normal  theory.  I  can  therefore  treat  my  judgments  as  following 
the  normal  law  and  represent  them  by  this  curve.  In  Mr.  Yule’s  case  (he.,  (3)  ), 
the  distance  from  his  mode  to  his  mean  is  more  than  four  times  its  prol^able  error  ; 
or,  only  once  in  332  trials,  say,  should  we  expect  such  a  divergence  from  normality 
in  a  random  selecting.  It  is  thus  very  improbal)le  that  his  judgments  follow  the 
normal  law  so  far  as  symmetry  is  concerned.  Further,  the  value  of  ydo  differs  from 
3  by  about  2 ‘5 3  times  its  prolmlde  error,  or  tlie  odds  against  such  a  value  are 

about  22  to  1,  or,  since  can,  unlike  d  and  Sk.,  differ  from  its  normal  value  either 

in  excess  or  defect,  say  10  or  11  to  1.  On  both  counts,  then,  Mr.  Yule’s  judgments 
VOL.  CXCYIII. - A.  2  O 
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form  improbably  a  normal  distributior .  Lastly,  turning  to  Dr.  Lee's  {i.e.,  (1)),  'we 
see  tliat  the  greatest  divergence  from  normality  is  about  17  times  the  probable 
error  in  the  case  of  ySo.  The  divergence  from  .symmetry  is  measured  by  about 
Do  times  the  probable  error.  Thus  the  odds  against  .such  a  random  selection  are 
on  the  two  counts  4  to  1  and  3  to  1,  about,  or  since  the  two  results,  given 
normality,  are  independent,  the  combination  gives  about  12  to  1.  These  are 
certainly  only  moderately  long  odds,  and  we  must  conclude  that  though  a  skew 
curve  describes  Dr.  Lee’s  judgment  considerably  better  than  a  normal  curve,  yet  a 
normal  curve  might,  without  any  great  improbability,  be  adopted. 

The  results  for  the  absolute  judgments  indicate  what  we  may  expect  to  find  for 
the  relative  judgments.  The  relative  judgment  of  Dr.  Lee  and  myself  can  well 
be  described  by  a  normal  curve  (see  2-1) ;  the  constants  differing  by  less  or  by  very 
little  more  from  their  normal  values  than  the  probable  errors.  On  the  other  hand, 
i\Ir.  Yule’s  and  Dr.  Lee’s  (see  1-3)  relative  judgments  differ  from  normality  on  the 
score  both  of  asymmetry  and  of  flat-toppedness,  by  odds  of  more  than  10  to  1  in 
each  case,  or  of  100  (oral  least  50)  to  1  in  the  combination.  Lastly,  the  odds  against 
Mr.  Yule’s  and  my  relative  judgments  (see  3—2)  on  the  basis  of  a  random  dis¬ 
tribution  are  only  about  4  to  1  on  the  more  unfavourable  way  of  considering  them, 
so  that  3-2  might  pass  as  a  normal  distribution. 

We  thus  conclude  that  while  two  out  of  the  six  distributions  in  the  bisection 
series  are  very  improbably  random  selections  from  normal  material,  two  others  are 
capitally  represented  by  normal  curves,  while  the  remaining  two  are  not  very 
favourable  cases. 

Taking  these  results  in  connection  with  those  for  the  bright-line  distributions 
we  must  conclude  :  That  the  distribution  of  errors  of  judgment  can  diverge  in  a 
very  sensible  way,  both  on  account  of  asymmetry  and  of  flat-toppedness,  from  the 
Gaussian  curve  of  errors  ;  but  that  cases  can  be  found  which  approximate  with  all 
probability  to  random  sampling  from  normal  material.  Consequently  it  is  necessarv 
to  select  a  type  or  types  of  frequency  curve  which,  while  allowing  for  these  points 
of  sensible  divergence,  will  yet  pass  into  the  normal  distribution  in  certain  special 
cases  where  within  the  limits  j^i'escribed  by  the  probable  error  the  skewness  and 
^2  —  3  are  sensibly  zero. 

Since  it  is  incontestible  that,  if  axioms  (a),  (/3),  and  (y)  are  adopted,  our  distribu¬ 
tion  of  errors  must  be  normal,  we  must  conclude  that  one  or  other  or  all  of  these 
axioms  are  not  universally  true.  When  therefore  we  get  material  for  which  the 
skewness  is  sensibly  not  zero,  or  is  sensibly  not  three,  we  are  quite  at  liberty  to 
assert  that  the  sources  producing  these  errors  do  not  fulfil  axiom  (a)  or  axioms  (/3) 
or  (y)  resjDectively.’"' 

*  It  is  very  necessary  to  insist  upon  this.  A  recent  critic  has  asserted  that  I  have  argued  in  the  second 
memoir  of  my  evolution  series  (‘  Phil.  Trans.,’ A,  vol.  186,  p.  34.3)  in  an  illegitimate  manner  on  the  nature  of 
the  sources  which  lead  to  particular  types  of  distril)Ution.  He  denies  that  it  is  possible  to  state  anything 
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(11.)  (b.)  Agreement  between  Theory  and  Observation  m  the  General  Distribution 

of  Errors  of  each  'particular  size. 

Now  ill  the  ‘Philosophical  Magazine’  for  July,  1900,  I  have  worked  out  a  very 
simj^le  criterion  for  the  goodness  of  fit  of  any  frequency  distribution  to  a  theoretical 
curve.  1  have  measured  the  probability  that  the  divergence  from  a  given  curve  is 
one  which  may  be  attributed  to  random  sampling.  The  test  is  of  the  following 
kind  ;  Calculate  the  squares  of  the  differences  of  the  observed  and  theoretical 
frequencies,  and  divide  each  such  square  by  the  corresponding  theoretical  frequency  ; 
the  sum  of  all  such  results,  written  -f,  is  the  constant  from  which  we  can  easily 
determine  whether  the  probability,  P,  is  large  or  small  that  the  observed  system 
of  divergences  or  a  still  more  divergent  system  would  arise  by  random  sampling. 
In  Table  XIX.  below  are  recorded  for  the  case  of  the  Inight-line  expeiiments  the 
values  of  n',  or  the  nundjsr  of  frequency  groups,  and  P,  the  above-mentioned 
probability. 

Tx\ble  XIX. — Motion  of  Bright  Line. 


1. 

2. 

3. 

i  3-2. 

! 

1-3. 

2-1.  : 

<D 

11 

18 

16 

20 

24 

23 

23 

o 

X-' 

12-07 

19-72 

15-88 

60-24 

20-37 

40-17 

p 

•7959 

•1829 

•6653 

•000,035 

•5599 

•0103 

n' 

18 

16 

20 

24 

24 

23 

o 

X" 

P 

42  •  85 
•0006 

83-50 

•000,000 

21  -82 
•2933 

154-41 

•000,000 

34-46 

•0441 

99-79 

•000,000 

Some  words  are  necessary  as  to  the  meaning  of  this  table,  n'  gives  the  number 
of  groups  of  frequency  upon  which  the  determination  of  was  based.  This  had 
to  be  somewhat  arbitrary  when  there  Avere  outlying  observations,  as  in  cases  (2),  (3), 
(2-1).  The  calculation  of  the  frequencies  within  the  range  of  each  group  was 
found  partly  by  meclianical  integration  of  carefully  drawn  diagrams  of  the 

iis  to  these  sources.  When  one  advances  into  a  new  country  one  is  apt  not  to  see  all  things  at  once  in 
their  due  proportions,  and  I  may  well  have  laid  more  stress  than  was  justifiable  on  the  importance  of  range, 
for  example.  This  was  not  because  a  determination  of  range,  if  it  exists,  is  not  of  most  primary 
importance,  but  because  I  had  not  till  the  fourth  memoir  of  the  series  ascertained  a  method  of  determining 
the  probable  error  of  the  determination  of  range,  and  seen  that  in  certain  cases  it  is  considerable.  The 
critic — to  whom  I  hope  to  reply  elsewhere — seems  to  have  failed  to  perceive  the  aim  of  my  investigations 
i.e.,  to  find  a  simple  description  of  frecpiency,  which  will  describe  the  great  bulk  of  cases  within  the  errors 
of  random  sanijiling. 
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theoretical  curves,  partly  hy  reading  ordinates  where  the  contoiir  of  the  curves  was 
nearly  straight,  and  partly  hy  quadrature  near  the  tails.  Till  tables  have  been 
calculated  for  the  skew  curves,  such  processes  are  all  that  are  available  ;  but  thev 
are  quite  sufficient,  for  we  do  not  want  great  exactness  in  the  determination  of 
We  merely  desire  to  know  whether  the  observations  are  with  reasonable  probability 
the  residt  of  a  random  sampling  from  the  proposed  theoretical  distribution.  Xow 
let  us  examine  the  results.  We  see  that  for  (2),  (3-2),  and  (2-1)  the  normal  curve  is 
for  practical  purposes  “  impossible.”  As  a  matter  of  fact,  we  might  have  gone  to  the 
tenth  figure  without  the  probability  being  sensible  in  these  cases.  Further,  (l)  is 
highly  improbable,  the  odds  being  about  1666  to  1  against  its  occurrence  as  a 
random  sample.  In  the  case  of  (1-3)  the  odds  are  22  to  1  against  a  deviation  as 
bad  or  worse  than  this,  so  that  this  is  an  improbable  result.  Lastly  in  case  3,  and 
this  only,  we  find  the  odds  short,  only  2 '4  to  1,  about,  against  it ;  a  case  such 
as  this  would  occur  on  the  average  about  twice  in  five  trials.  It  is  really  the  only 
case  in  which,  under  our  present  test,  we  could  admit  the  normal  curve. 

Turning  to  tlie  skew  curve,  we  see  that  in  three  out  of  the  six  cases  the  odds  are  in 
its  favour,  namely,  in  (1),  (3),  and  (1-3).  It  is  not  improbable  in  (2),  the  odds  being 
onl}^  aljout  5  to  1  against  it.  It  is  improbable  in  (2-1)  and  very  improbable  in  (3-2)  ;  in 
both  of  these  cases,  however,  it  is  at  least  a  million  times  as  probable  as  the  normal 
curve.  Thus  the  skew  curve  is  always  markedly  and  often  immensely  superior  as 
a  method  of  describing  the  frequency  to  the  normal  curve. 

Nor  is  it  hard  to  discover  grounds  for  its  failure  in  cases  (3-2)  and  (2-1),  or  for  its 
lesser  success  in  (2).  The  skew  curve  depending,  as  its  constants  do,  on  the  fourth 
moment,  takes  much  more  account  of  outlying  observations  than  the  normal  curve 
does.  Let  us  consider  how  the  y-  of  these  distributions  is  made  up. 

Absolute  Efjuation  (2).  If  the  reader  will  look  at  the  diagram  (p.  294)  of  this  distribu¬ 
tion,  he  will  observe  the  outlying  observation  on  the  left.  There  is  a  less  marked  one  on 
the  right.  The  skew  curve  endeavours,  and  fairly  successfully  endeavours,  to  account 
for  these  outlying  observations  by  thinning  its  peak  and  stretching  its  tails — it  thus 
becomes  a  much  worse  fit  for  tlie  body  of  the  observations  than  the  normal  curve. 
Beyond  3 A  on  the  left  the  skew  curve  leads  us  to  expect  '3,  about,  of  an  observation, 
the  normal  curve  only  ‘013  of  an  ol)servation.  Thus  the  outlying  observation 
increases  the  y'  of  the  skew  curve  by  about  3,  but  the  y'  for  the  normal  curve  by 
about  73  1  In  other  words  the  outlying  observation  is  not  very  probable  from  the 
standard  of  the  skew  curve  ;  it  is  improbable  enough  to  be  considered  practically 
impossible  from  the  standpoint  of  the  normal  curve.  If  we  reject  this  outlying 
observation  as  due  to  a  momentary  eccentricity  of  the  observer,  then  with  the  same 
values  of  the  constants  of  tlie  curves  the  y~’s  are  as  17  to  10,  about,  or  the  normal 
curve  fits  the  body  of  the  observations  better  than  the  ske^^■  curve.  But  this 
position  is,  of  course,  again  entirely  reversed  if  we  fit  the  two  curves  afresh,  re- 
calculatiup'  the  constants  without  includino-  the  outlviiip'  observation  in  our  data. 

O  O  o 
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Relative  Equation  (3-2),  A  glance  at  the  diagram  shows  the  great  iri’egularity  oi 
the  distribution  in  this  case.  The  outlying  group  on  the  left  is  liere  quite  easily 
accounted  for  by  the  skew  curve.  It  is  immensely  improbable  on  the  basis  of  a 
normal  distribution.  The  outlying  group  of  three  observations  on  the  right  contriljutes 
17  to  the  of  the  skew  curve  and  only  2 ‘7  to  that  of  the  normal  curve.  The  peak 
costs  the  normal  curve  29  and  the  skew  curve  16.  If  we  were  to  cut  oft  the  two 
extreme  groups  the  y'  for  the  skew  curve  would  be  reduced  to  about  40,  and  for 
the  normal  curve,  to  about  75.  Thus  the  skew  curve,  without  re-calculation  ot 
constants,  would  still  be  immensely  more  probable  than  the  normal  curve.  There 
is  little  doubt,  however,  that  there  is  some  source  of  change  in  the  personal 
equation  of  Dr.  Lee  which  has  produced  the  anomalies  in  the  relative  judgment 
of  Dr.  Macdonell  and  herself 

Relative  Equation  (2-1).  The  small  probability  of  the  skew  curve  and  the 
“  practical  impossibility  ”  of  the  normal  curve  depend  entirely  on  the  existence 
of  the  outlying  observation  to  the  right.  The  y~’s  in  both  cases  would  be 
reduced  to  about  24,  and  thus  give  probable  results  on  the  basis  of  random 
samplings  if  tliis  outlying  observation  were  removed.  A  re-calcidation  of  constants 
would  set  the  skew  curve  far  alcove  the  normal,  for  its  constants  are  more  widely 
modified  l)y  outlying  observations. 

As  I  have  already  pointed  out  the  value  of  y'  depends  largely  on  wbiere  the  range 
for  the  grouping  of  the  frequencies  is  taken,  and  the  tails  largely  determine  what 
its  value  will  be.  But  I  have  endeavoured  to  be  equally  fair  to  both  theoiies,  and 
rough  as  the  numbers  must  necessarily  be,  we  may  still  safely  conclude  that  the  skew 
curve  gives  infinitely  more  probable  results  than  the  normal.  Indeed,  with  the 
rejection  of  an  outlying  observation  or  two,  we  could  bring  the  whole  skew-series 
into  the  range  of  probalde  random  samplings,  but  we  should  fail  to  achieve  this  in 
the  case  of  the  normal  curve  without  much  “  doctoring,”  which  would  have  to  be 
applied  in  certain  cases  to  the  very  body  of  the  observatioirs  and  not  only  to  its  tails. 

Personally  while  considering  that  the  value  of  y~  is  a  very  good  criterion  for  the 
rejection  or  not  of  outlying  observations,  as  soon  as  a  ■prohahle  laiv  for  the 
distribution  of  errors  has  been  determined,  I  have  thought  it  right  not  to  reject  one 
single  observation"^'"  after  the  constants  had  once  been  determined,  because  I  had  in 
view  the  comparison  of  two  different  theories,  and  sucli  rejection  might  apparently 
favour  one  or  the  other  tlieory. 

I  now  turn  to  the  results  fin-  the  bisection  of  lines  ;  the  probabilities  fin-  the 
random  sampling  in  these  series  are  given  in  Table  XX. 


*  In  the  bright-line  experimente  520  were  oiiginally  made,  as  I  supposed  when  we  came  to  examine  the 
r-ecording  strips  some  obvious  slips  or  blunders  would  be  I'ound,  and  I  left  myself  a  margin  of  20  for  such. 
Only  one  experiment,  however.  No.  291,  seemed  to  be  a  failure,  the  recording  mark  of  one  observer  being- 
in  this  case  quite  removed  from  the  part  of  the  scale  occupied  by  the  bright  line. 
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Table  XX. — Bisection  of  Lines. 


1. 

2^ 

3. 

3-2. 

1-.3. 

2-1. 

n  i 

16 

21 

16 

17 

21 

23 

X  5 

X-  : 
p  i 

11-36 

•7271 

17-27 

•6353 

14-90 
•  4590 

8-84 

•9199 

20-28 
•  4405 

23-99 

•3478 

2  o 

n 

17 

20 

17 

17 

22 

23 

F  2 

o 

X' 

13-30 

22-04 

20-31 

9-34 

21-38 

25-65 

P 

■6506 

i 

•2817 

•2066 

•8976 

■4364 

•2670 

Now  looked  at  from  this  standpoint,  we  see  that  not  one  of  the  distributions  are 
improbable  on  the  basis  of  either  the  skew  or  of  the  normal  curve.  The  longest  odds 
against  a  random  samj^ling  on  the  basis  of  a  normal  distribution  are  only  4  to  1, 
and  on  the  basis  of  a  skew  distribution  only  2  to  1.  There  is  a  clear  and  marked 
advantage  in  favour  of  the  skew  distribution,  but  it  is  nothing  like  so  enormous  as  in 
the  case  of  the  bright-line  serie.s.  If  we  take  the  distributions  (1),  (2),  and  (3)  as  giving- 
independent  probabilities  of  random  sanpDling,'^  then  the  odds  against  these  distribu¬ 
tions  as  a  result  of  random  sampling  from  uormal  material  are  24  to  1.  Thus  it 
seems  that  even  in  this  case  the  normal  law  is  somewhat  improbable  as  a  general  law 
of  distribution. 

On  the  other  hand,  the  combined  odds  against  the  system  ot  distributions  repre¬ 
sented  by  the  skew  cui'ves,  are  only  3 '7  to  1  ;  or  looking  at  tlie  problem  rather 
difterently  :  In  the  case  of  the  normal  distribution  random  sampling  would  give  curves 
better  than  the  observed  in  20  per  cent,  of  the  trials,  but  in  the  case  of  skew  distri¬ 
bution  in  only  5  per  cent,  of  the  trials.  In  other  words,  there  is  very  great 
improvement  in  the  closeness  of  fit  produced  by  using  skew  distributions. 

I  place  here  the  equations  to  the  skew  and  normal  distributions  (a)  and  (b)  respec¬ 
tively  ;  remarking  that  the  unit  of  y  in  either  case  is  an  observation,  but  the  unit 
of  X  in  the  bright-line  experiments  is  half  a  centimetre  of  the  recording  strip,  and 
in  the  bisection  experiments  of  the  length  of  the  line  bisected. 


As  we  have  found  correlation  in  jndgraents,  there  is,  of  course,  some  assumption  in  this  hypothesis 
hut  it  will  serve  as  a  rough  comparative  test. 
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(«•) 


{h.) 


(«.) 


(«.) 

(6.) 


(h.) 


{a.) 

(b.) 


Bright-line  Experiments. 
Absolute  Judgments. 

(1-) 

X  =  5*442,309  tan  6. 

y  =  92-5307  cos'-“6'  e+i'078805«_ 

OriQ-in  of  curve  at  —  '38195. 
y  =  87-060  expt.  (—  .xyi  1*3 12,202). 

Origin  of  curve  at  the  mean,  -|-  '07774. 

(2.) 

.i;  =  5-227,204  tan  0. 

?/==  100-806  cos^'^®"-' 

Origin  at  —  1 '19399. 
y  =  88 '265  expt.  (—  x7l  1 ’005,434). 

Origin  at  mean,  —  1'14483. 


\.3- 


y  =  (j  +  iTsvJ 


.3 -90321 


1  — 


\  5-17262 

14~4^4y 


Origin  at  the  mode,  —  '59736. 
y  =  56-837  expt.  (-  x726'541,754). 
Origin  at  the  mean,  —  '44635. 


Relative  Judgments. 
(3-2.) 

X  —  \  [  '17755  tan  6. 
y  =  21-2674  cos'®-'''"®  6 
Origin  at  —  1 '78466. 
y=  59-537  expt.  (-a:724'188, 480). 
Origin  at  the  mean,  -f  '68275. 


(1-3.) 


/  \3-35IC0 

y  =  48-890  ( 1  -f  '  ^ 


1  — 


10-4055/ 

Origin  at  the  mode,  +  ’2505. 
y  =  51'580  expt.  (—  a:732'227,254). 
Origin  at  the  mean,  +  '61L45. 


\  5'98815 


185911/ 


PKOFESSOE 

{a.)  X  = 

y  = 

(^^•)  y  = 


(«.)  X’  = 

y  = 

(^^•)  .v  = 

(«.)  X  = 

y  = 

(/>.)  7/r= 

(^'•)  y  = 
y  = 

(f'O  y 
y 
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(2-1.) 

:  8-640433  tan 
:  45-7498  d 

Origin  at  +  '28986. 

62-141  expt.  (- xV22-203,842). 

Orio'in  at  mean  —  1-21518. 

O 


Bisectiox  Expeetmexts. 


A h>tohtfe  Equations. 

(1-) 

:  12-89913  tan  9. 

:  60-959  cos'*' ^  g-rni,508  e_ 

Origin  at  +  ‘72873  hundredth  of  line. 
81-260  expt.  (  -  x712-051,534). 

( )rigin  at  mean  --  1-230  Inmdredths  of  line. 


(2.) 

:  48-8323  tan  0. 

:  6-038454  cos-°''''^d 
Origin  at  +  6-2061. 

65-072  expt.  ( —  .rYl8-793,284). 

Orioin  at  inean  4-  -495  hundredth  of  lino. 

o  ' 


r>-41G6.'>  /  \  3-33995 

)  y  G-99S,136/ 
Origin  at  mode  +  -781519  hundredth  of  line 
75-987  expt.  (- xVl3-783,076). 

( Irigiu  at  mean  +  -377  liundredth  of  line. 


71-56240  1  + 


11  •349400 


Relative  Equations. 


(2-3.) 


59-43126  (l  + 


16-16672 


9-763.835 


\8-185,180 

13-55284 , 


^  “  3-55-2S4  i 


Origin  at  the  mode  +  ‘2662  hundredth  of  line. 
:  61-633  expt.  (- x720-949,076). 

Origin  at  mean  +  -1230  hiuulredth  of  line. 
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(3-1.) 


(«.) 


y  =  56'5924  (  1  + 


16  28385 


S".’16,093 


\6'074.832 


12-03998 


Origin  at  mode  +  1‘8495  hundredth  of  line. 
ij  =  59-083  expt.  (=  a;722-797,492). 

Origin  at  mean  +  1-5890  hundredths  of  line. 


(1-2.) 


X 


\  35'390655 


1 


A 


384605 


(«.)  y  +  28-15012 J  37-69023/ 

Origin  at  mode  —  1-8245  hundredths  of  line. 
(h.)  y  =  56-688  expt,  (-  .^724-763, 446). 

Origin  at  mean  —  1-7120  hundredths  of  line. 


Summing  ipj  the  results  of  tlie  above  investigation  as  to  random  sampling,  ve 
conclude  : — 

(i.)  That  outlying  observations  render  the  skew  curves  a  bad  fit  in  one,  and  a  very 
bad  fit  in  a  second  case,  and  that  in  ten  cases  the  observed  results  are  very  probable 
as  random  samplings  from  skew  distributions. 

(ii.)  That  the  normal  distribution  is  bad  in  one  case  and  preposterously  l^ad  in 

four  others  ;  it  is  probalde  in  seven  other  cases,  but  in  all  cases  less  probable,  and  in 

five  very  much  less  ^Ji-obable,  than  the  skew  distribution. 

We  are  thus  led  to  much  the  same  result  as  in  our  previous  investigation  of 

typical  physical  constants  of  the  distribution,  namely  :  that  the  axioms  on  whicli 

normality  depends  are  not  universally  true,  but  that  we  require  to  use  curves  which 
^vill  allow  of  a  distinction  between  mode  and  mean,  that  will  not  assume  an  arbitrary 
relation  between  the  fourth  and  second  moments,  yet  which  will  pass  gradually  into 
the  normal  curve  as  we  deal  with  material  more  and  more  nearly  satisfying  the 
fundamental  axioms  (a)  {B)  and  (y)  (see  pp.  274-275). 

Such  curves  are  supplied  by  the  skew  curves.  If  it  be  argued  that  these  curves 
themselves  involve  relations  between  the  first  four  and  the  higher  moments,  the 
answer  is  simply  that  we  need  only  take  such  a  number  of  independent  moments 
that  the  bulk  of  frequency  distriljutions  can  be  represented  as  random  samplings 
from  our  theoretical  curves.  It  is  idle  to  assert  witli  Lifts  that  if  we  have 
n  frecpiency  groups  we  must  take  n  independent  moments  to  describe  the  distribution, 
tlie  suLC  qud  non  of  tlie  problem  is  to  describe  with  the  fewest  possible  constants  the 
distribution  of  a  very  great  number  of  groups.  Nor  will  arbitrary  curves  with  six  (jr 
seven  constants  do  as  Avell  as  a  well-cliosen  curve  with  three  or  four.'^  Tlie  ii(.>rm;d 


*  Tested  in  a  variety  of  ■\vay3  in  a  memoir  on  the  general  theory  of  curve  fitting,  -which  will  shortly 
appear  in  ‘  Biomctriha.’ 
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curve  iu  certain  cases  is  a  prubal^le  description,  in  a  fair  number  (_»f  other  cases  it  is 
a  rougli  approximation,  in  many  it  is  impossible.  We  must  then  start  from  its  simple 
axioms  (a),  (/3),  (y),  and  generalise  in  the  next  simplest  manner.  We  assume  that  our 
contributory  cause-groups  are  not  indefinitely  great  in  numbei',  hoAvever  numerous  are 
the  causes  which  determine  the  contribution  of  the  group,  that  this  contribution  is  not 
ecpially  likely  to  be  positive  or  negative,  and  finally  that  the  contributions  of  the  cause- 
groups  are  not  independent  but  correlated  cjuantities.^^  The  simplest  extension  of  the 
theory  of  Gauss,  Laplace,  and  Poisson  in  these  directions  leads  us  to  the  svstein  of 
skew  curves  which  have  been  applied  in  this  memoir.  1  have  treated  them  here  purely 
from  the  experimental  side.  I  have  endeavoured  to  show  in  a  fairly  wide  series  of 
o1:)servatlons  that  the  system  of  skew  curves  will,  and  the  normal  curve  will  not, 
satisfy  the  demands  which  we  may  fairly  make  on  a  theoretical  frequency  distriljut ion. 
In  another  paper  I  shall  consider  the  philosophical  points  which  have  been  raised  by 
Eogwortii,  Lipps,  and  other  recent  writers.  My  present  object  has  been  to  show 
certain  failures  in  the  ordinary  theory  of  errors,  and  especially  in  its  application  to 
personal  equation,  and  to  show  how  existing  theory  may  be  widened  so  as  to  describe 
obsei'vations  within  the  limits  of  the  probable  errors  of  the  constants  determined  on 
the  basis  of  random  sampling. 


12.  Summary  and  Conclusions. 

If  we  attempt  to  sum  up  the  results  reached,  their  importance  seems  to  rest  on  the 
amount  of  weight  that  is  given  to  tlie  experimental  material.  Can  we  look  upon 
this  as  tyjDical  of  the  measurements  usually  made  by  |)hysicists  and  astronomers  I  1 
am  unable  myself  to  differentiate  it,  or  to  see  causes  for  tlie  higb  correlation  of 
judgments  which  are  peculiar  to  our  experiments,  and  not  to  observations  such  as  are 
daily  made  in  the  physical  laboratory  or  tlie  obsei-vatoiy.  If  this  be  so,  then  we 
must  conclude  as  folloAvs 

(o.)  Tlie  personal  equation,  while  tending  to  a  constant  value,  a})pears  subject  to 
fluctuations  far  exceeding  those  of  random  sampling. 

(h.)  These  fluctuations  in  the  case  of  two  or  more  oliservers,  v  hether  dealing  at 
the  same  time  with  the  same  phenomenon  or  measuring  at  different  times  the  same 

*  Siq)pose,  for  ex;ini))le,  that  tlie  cause-groujjs  were  those  series  of  incalculable  causes  ivhich  deterniiiie 
(e)  whether  a  coin  shall  fall  head  or  tail  uppermost ;  (//)  whether  an  //-sided  teetotum  shall  fall  on  one  of  p  sides 
of  one  colour  or  not;  (/)  whether  a  card  drawn  out  of  a  pack  of  nj)  cards  of  j)  suits  is  of  any  particular  suit. 
Then,  if  an  indefinitely  large  number  of  coins  be  thrown  together,  the  frequency  distriljution  for  heads 
satisfies  all  the  fundamental  axioms  (a),  (/d),  (y)  of  the  normal  curve ;  if  a  hnite  number  of  teetotums  be 
spun  and  the  sides  of  the  ^/-colour  counted,  Ave  have  satisfied  (y)  only.  If  s  cards  be  draAvn  simultaneously 
from  our  pack  and  the  cards  of  one  suit  counted,  then  Ave  have  satisfied  no  one  of  the  three  fundamental 
axioms ;  there  is  correlation  betAA'ecn  the  contributions  of  the  cause-groups.  This  is  only  a  rough  illustra¬ 
tion  of  the  manner  in  which  one  or  more  of  the  fundamental  axioms  can  be  suspended  artificially,  but  it  is 
not  Avithout  suggestion  for  the  processes  of  nature. 
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physical  quantity,  appear  to  be  “  sympathetic.”  Thus  there  may  arise  a  very  con¬ 
siderable  correlation  of  judgments  between  two  observers  assumed  a  priori  to  observe 
independently. 

(c.)  In  addition  to  this  psychological  or  organic  correlation  occurring  in  the  case  of 
absolute  judgments,  there  is  a  spurious  correlation  which  arises  when  two  observers 
are  referred  to  either  a  third  observer  as  standard  or  to  a  common  time  or  space 
element  in  each  measurement  as  unit. 

[(I.)  Errors  of  judgment  whether  relative  or  absolute  far  from  universally  exhibit 
the  normal  distribution  of  frequency.  It  is  necessary  to  generalise  this  law  of 
distribution,  and  this  can  only  he  done  by  supposing  some  or  all  of  the  axioms  on 
which  the  normal  law  is  based  to  he  modified  until  we  have  a  sufficiently  general 
theoretical  distribution,  which  will  enable  us  to  look  upon  the  great  l)ulk  of  observa¬ 
tional  errors  as  random  samplings  from  the  theoretical  frequencies. 

Even  then  we  may  expect  occasionally  outlying  observations  due  to  mistakes  of 
record,  or  the  interference  of  special  causes  of  i.solated  occurrence,  to  render  our 
distribution  as  a  random  sample  improbable.  But  this  raises  the  question  of  the 
rejection  of  improbable  observations,  which  is  common  to  any  theory  of  distribution. 

Practically  it  would  seein  : 

(1.)  That  the  correlation  of  judgments  is  a  necessary  factor  in  our  appreciation  of 
personal  equation.  The  weiglit  to  he  given  to  a  combined  observation,  or  to  the 
combination  of  observations  of  two  observers,  depends  upon  a  knowledge  oi  this 
factor. 

(ii.)  That  we  should  attempt  not  only  to  find  the  jDersonal  equation  of  two 
observers,  but  also  the  variations  and  correlation  of  their  judgments.  For  this 
purpose  it  may  be  needful  to  make  experiments  cmI  hoc,  mimicking  the  actual 
observations  to  be  made  as  closely  as  possible,  for  there  appears  no  method  of 
determining  these  quantities  from  the  relative  as  distinguished  from  the  aljsolute 
judgments. 

(iii.)  That  the  existence  of  this  correlation  in  judgments  appears  to  vitiate  very 
largely  the  existing  theory  of  the  probability  of  testimony;  that  theory  ought  to  he 
extended  by  the  introduction  of  what  we  may  term  the  psychological  element ;  an 
element  which  many  may  more  or  less  unconsciously  have  found  wanting,  when  they 
considered  the  weight  whicli  had  to  he  given  on  the  mathematical  theory  to  the 
testimony  of  “  independent  ”  witnesses  of  the  same  series  of  events."^ 

(iv.)  That  great  care  should  he  used  in  applying  the  current  theory  of  errors  to 
observations  until  it  has  been  shown  that  within  the  fluctuations  of  random  sampling 
these  observations  really  follow  the  normal  law.  If  they  do  not,  then  the  physical 

*  If  Dr.  Lee  and  Dr.  ^Iacdoxell  assert  that  a  liriglit  line  was  in  certain  positions  when  tlie  bell 
rang,  their  united  testimony  is  very  far  from  having  the  weight  it  wonld  have  on  the  old  mathematicad 
theory  that  they  are  independent  witnesses,  and  yet  they  record  perfectly  “independently.” 
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distinction  between  mean  and  mode,"^^  the  proljabilities  of  negative  and  positive  errors 
of  the  same  magnitude  Ijeing  quite  different,  the  abnormal  concentration  of  errors 
round  the  mode,  are  all  characters  of  the  distribution,  which  must  be  taken  into 
consideration,  and  vdiich  it  is  important  to  describe. 

In  concluding  this  jiajDer  I  desire  to  heartily  thank  those  who  have  aided  me  in  its 
preparatic  n.  In  the  first  place  iny  gratitude  is  due  to  Dr.  Lee,  Mr.  G.  Lb  Yule, 
and  Dr.  Macdoxell  for  the  time  and  care  they  gave  in  experiment  and  observation. 
In  the  next  place  I  owe  Dr.  Lee  special  thanks  for  the  constant  assistance  I  have 
received  in  the  laborious  computations  she  has  aided  me  in,  and  which  are  hardlv 
obvious  on  the  face  of  this  paper.  To  Mr.  K.  Tressler  I  am  indebted  for  great 
assistance  in  tire  conduct  of  the  bright-line  experiments,  especially  in  the  preliminarv 
adjustments  we  had  to  go  through  before  we  got  our  apparatus  into  efficient  rvorking 
order.  He  has  also  prepared  from  tlie  calculations  of  Dr.  Lee  and  myself  the  whole 
of  the  frequency  diagrams.  The  work  of  experiment  and  reduction  has  extended 
over  nearly  six  years,  during  which  considerable  progress  has  been  made  (c.p'.,  by 
Mr.  Sheppard’s  discovery  of  the  l)est  corrective  terms  for  the  moments)  in  statistical 
tlieory,  and  thus  all  our  data  have  not  been  dealt  with  in  an  absolutely  uniform 
manner  ;t  but  the  divergences  due  to  method  are  small  as  compared  with  the 
probable  errors,  and  we  have  taken  great  care  by  duplication  of  calculations  to  avoid 
as  far  as  possible  arithmetical  blunders. 


*  Soine  American  writers  persist  in  taking  the  maximum  group  of  ohserved  frerpiency  as  the  mode. 
But  the  fluctuations  of  random  sampling  make  such  a  deteiinination  of  tlie  mode  in  many  cases  cpiite 
futile:  see  for  examples  my  Diagrams  YL,  IX.,  and  XII.  The  mode  is  where  dy^tlx  vanishes  for  the 
iheoretical  frequency  curve,  and  is  not  visible  on  mere  inspection  of  the  ohseivations. 

t  The  calculations  for  the  bisection  of  lines  were  in  part  made  on  the  grouped  observations  without 
Sheppabd’s  corrections,  with  the  value  of  the  mean  error  as  given  in  the  usual  theory. 
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D4.EWIN,  GT.  H. — On  tbe  Pear-shaped  Figure  of  Equilibrium  of  a  Rotating 
Mass  of  Liquid.  ^  pp.  301-331. 


Rntatinff  Liouid  Mass,  Pear-shaped  Figure  of  Equilibrium  of. 

°  Daewin,  G-.  H.  Phil.  Trans.,  .1,  Tol.  198,  1902,  pp.  301-331. 
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Also 

Then  since 
we  find 


1  1 
qo  4  +  /3cr  2(5]  +  1) 


,  with  g-Q  =  1. 


P^iy)  =  =  I5v{v^  —  1 ), 


(!)• 


Vo  _  1+ff 

(^)  +  Ayg'PsS  (z/) ),  with  g/  = 

The  equation  for  /3cr  is 

iyS2{3,2}{3,3} 


or 


^cr  +  4/3 . 3 . 4  = 

;8cr  -|-  6/8  = 


8_|  + 


If  we  write 


‘1+  \^a' 


(&)=  =  1-1/3  (1  -  /3), 
the  proper  solution  of  the  quadratic  equation  is 

/3cr  =  4  (P.  —  1  —  |]8). 


Also 


'A 


1 


—  Q  ,  —  W  z'  Al  V  ^  =  3  -^^,  with  g/  =  1. 

8  +  /So-  4(74  +1  —  1/3)  i/f  jP 


Then  since  P^  {v)  =  f  (5w  —  1)  —  1)4  P^  (^)  =  15  (w  —  l)  (w  —  l)%  "^ve  find 

■  ■  -(4 


P3I  {v)  =  I  (P,  -  1  +  2/3)  ( w  -  ^  -^5 


1-/S 


5(1-^) 


6-  =  1,  type  OOS  and  {v)  =  (v)  {v),  with  q^ 

The  equation  for  is 


^cr  —  1/3. 3. 4  = 


f/3^{3,  2}  {3,  3} 
8  +  jSa 


A  comparison  with  the  last  case  shows  that  we  have  only  to  change  the  sign  of  /3  ; 
accordingly  if 

(^^3)^  =  1  +  f/8  (1  +  /8), 

we  have  /So-  =  4  (Pg  —  1  -j-  f^S), 


4(5,  +  1  +  f/S)’ 


with  gi  ■—  1. 
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On  substitution  we  find 


=  I  (A  -  1  +  m  (-  -  i)‘ (-  - 
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•  (3) 


•s  =  2  ;  type  DEC,  {v)  =  ^(IqP^{v)  +  {v),  with  q.^  =  I. 

The  equation  for  ,8(r  is 

i/3M3,  1}{3,  2}  ^ 

4  - /So-  1  -  jySo- 


/Scr  = 


We  have  already  defined  as  I  +  15^^,  and  find  the  proper  solution  of  the 

quadratic  equation  to  he 

I3a=  -2(^1-  1). 


Also 


_  -  13,  1}  {3,  2}  _  -4(i?, -1) 


A 


4  -  /So- 


yS- 


,  with  =  1, 


With  the  known  values  of  Pg  and  of  P^,  we  find 


=  +  . (4). 

A  comparison  with  (1)  for  6"  =  0  shows  that  the  last  factors  in  each  only  differ  in 
the  sign  of  Pp 


Vo  1  +j3 

Since  Pg^  [v)  =  1  bv{v-  —  1),  we  have  at  once 


P/M=  15.(^  - 


•  (5)- 


/  o  I+/3 

.  =  3  ;  type  000,  Pg^  (.)  (-)],  with  q.^ 

The  equation  for  /8cr  is 


=  I. 


/So- 


_  -  i^M3,  2)  {3,  3}  _  -  15/S^ 


8  —  /So-  —  6/S  8  —  /3o-  —  6/S 


We  have  already  defined 


{Ihf  -  1  -  f/3  (1  -  /3), 


and  find  for  the  proper  solution 


Ba-  =4(1  —  1/3  -  Pa). 
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Also 


-  {3,  2}  {3,  3} 
q-i  8  -  ^o-  -  6^ 


i  +  I /3) , 


aiul 


Whence  on  substitution 


=  .AD  with  qJ  =  1. 

qz  n-i 


P.3M-) 


(1  - 


_  3  -  /3  +  2R3\ 

1  -  A/  V  5(1  -  /3)  ,/ 


(6). 


.S'  =  3  ;  OOS,  (z.)  =  ^q^  Pgi  (i^)  +  ^3  (z/),  with  r^g  =  I. 

The  equation  for  yScr  is 

_  -  2}  (3,  3| 

8  -  /Str  +  6/3  ■ 

We  may  derive  the  result  from  the  last  case  by  introducing 

(iJg)^  “  1  +  f/3  ( 1  +  jS), 
and  changing  the  sign  of /3,  so  that 

/3cr  =  4  (I  +  —  i^g), 

^  ^  =  1- 
'i3  P 

Whence  on  substitution 


i/(r)  =  ry,  +  /3  -  £3)  -  1). 


(7). 


and 


The  forms  of  the  corresponding  functions  of  g  are  the  same,  excejDt  that  (I  — 
1  +  /3 


1  -yS 


—  replace  the  corresponding  fg-ctors. 


I  have  not  determined  the  cosine-  and  sine-functions,  because  they  may  be  written 
down  at  once  from  the  I'esults  already  obtained.  The  three  roots  of  the  fundamental 

1  — /3  cos2(/) 


cubic  are  \j?,  and 


1-/S 


Hence  we  have  only  to  re23lace  v~  by  this  last 


function  in  the  seven  formulm  (1) — (7)  in  order  to  obtain  functions  proqDortional  to 
the  seven  cosine-  and  sine-functions.  If  the  definition  of  the  latter  functions  is  to 
agree  with  that  given  in  “  Harmonics,”  the  factors  must  be  determined  appropriately, 
but  the  question  as  to  the  value  of  the  factor  will  not  arise  here. 


OF  EQUILIBPvIlT!\[  OF  A  ROTATING  !\IASS  OF  LIQUID. 
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§  2.  Change  of  Notation. 


It  will  be  convenient,  with  a  view  to  future  work,  to  change  the  notation,  and  I 
desire  to  adopt  a  notation  which  shall  not  only  agree  in  the  main  with  that  used 
in  “  Harmonics,”  hut  shall  also  facilitate  reference  to  a  previous  paper  on  Jacobi’s 
ellipsoid  (‘  Roy.  Soc.  Proc.,’  vol.  41,  pp.  319-336). 

I  write 


1-^ 

1  +  ^’ 


f'l 

K  ~ 


o 

K'' . 


It  may  lie  noted  that  what  I  liere  write  k  was  denoted  hy  k  in  “  Harmonics,”  and 
vice  versa. 

I  have  in  general  written  the  current  co-ordinates  v,  p,  f/),  and  the  ellijisoid  of 
reference  r,,,  so  that  the  s(piares  of  the  semi-axes  are 


/.:■ 


1-  +  /3\ 
f  -  /3  / 


1), 


I  now  propose  to  write  as  llie  s(piares  of  three  semi-axes  of  1lie  ellipsoid  of 
reference 

O  O  0/-1  o*o\  o 

C-COS"y,  C'(l  —K'Sury),  C". 


Comparing  these  two  we  see  that 


/,-  =  CK  sin  y,  and  Vr.  =  — : — . 

'  ’  /C  Rill  7 


For  the  current  co-ordinates  I  retain  (f)  and  write 


1 


=  sin  0. 


K  sm  ip 

The  three  roots  of  the  fundamental  ciiliic  are  therefore 


V 


o  •  o  I  ) 

AT"  snr  Y 


0  •  0  /I 

fX-  =  SllV  U, 


^  cos  2(^  1  ,  ^  i\ 

=  .0(1  -x-cosw/)). 


1-/3 


Tlie  rectangular  co-ordinates  x,  y,  z  are  therefore  now  expressible  as  follows  :  — 

X  =  — — ,  ,  cos  Q  (  1  —  sill''  d)-  cos  (b, 
sill  yjr  ^  /  r’ 

.  (1  -  /C~  siiF i/i)’  COS  e  sill  <f),  > . (8). 

.  =  sin^(l-.'^cos^</>)i 

sin  ip  '  T  /  j 
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O 

o 


0(5 


These  o’ive 

o 


y~ 


-  I  - - -2 

cos"  A|r  ^  1  -  ^  ' 


0  •  o 

c-  sill-  7 
sin-i/r 


At  the  surface  xfj  =  y,  and  we  have 


cos-  7 


+ 


r 


1  —  K~  sill-  7 


0 

= 


In  tlie  formulas  for  the  third  harmonics,  in  every  case  but  one,  and  in  two  out  of 
the  five  harmonics  of  the  second  degree,  there  occurs  a  factor  of  the  form  (w  —  con¬ 
stant)  ;  in  each  such  case  I  write  that  constant  in  the  form  q~/K~,  and  (/~  —  1  —  r/h 
'flius  q  will  have  a  difterent  value  for  eacli  harmonic. 

It  has  lieen  already  remarked  tliat  for  most  purposes  it  is  immaterial  by  what 
constants  tlie  several  functions  are  multiplied.  Although  it  would  be  easy  to 
determine  the  constant  in  each  case  so  as  to  make  the  function  aoree  with  its  value  as 

O 

defined  in  “  Harmonics,”  yet  I  shall  not  take  that  course,  and  shall  omit  factors  as 
being  in  most  cases  redundant. 

For  the  sake  of  completeness  I  will  give  the  first  and  second  liarmonics  in  the  new 
notation,  as  well  as  the  third. 

Since  the  harmonics  of  the  first  degree  are  expressed  by 

it  is  clear  that  in  the  new  notation 


(^)  =  Pi'  H  =  f*c>t  xp, 

(/x)  =  sin  0,  (^)  =  (1  —  K'  sin-  Oy, 

Cf(ff))  =  (f  —  K  -  COS-  cf)}',  (fp)  =  cos  (f), 


Pi'  (-) 


( 1  —  /c-  sin-  yp)- 
sin  yjr  ' 


Pi'  (h)  =  ^ . 

{(p)  =  sin  cp 


\\ 


It  appears  from  §  12  of  “  Harmonics”  that 

Po  (^)  =  +  w  Pa"  {^)  =  F-  +  ^-7, 

JJ  -2  7'  B  +  2 


here 


7 


In  accordance  with  the  notation  suggested  above,  let 


,  and  71-  =  1  -f  .3/3-. 


o 

'£ 

K- 


2  +  B 
•  (1  - 
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3U7 


.  .  1  —  . 

Then  substituting  for  y8,  we  find 

X  “j“  K "" 


and  for  both  cases 

Hence 


K'  =  q 


•")  0.0 
2  2  —  oy- 


1  —  22^ " 
t  —  2" 

Slid 


13.  (/^)  and  1^.2^  (/x)  =  -  (  1  -  sin-  6 
Co  {(j>)  and  C/  {(ji)  =  1  —  g/j  cos-  (f> 


O  0 

Avliere  -  '  •' 


5  I 


K-  =  1/-  - ,  and  f/-  —  ^[1  +  K-  d-  (1  —  with  ujiper 


( 


tirst  and  the  lower  sign  for  the  second. 


It  appears  from  (19)  and  §  7,  of  “  Harmonics”  that 

'  p  1/  \  ^ 

(")  -  ’ 

(/x)  =  sin  ^  (1  —  k'  sin-  6)\ 

Cd  {(f))  =  cos  (1  —  cos-  (f)f 


and  from  (2i)  and  (22)  that 


I3d  (.)  = 


(1  —  /C”  Slid 


Sild  ylr 

(g)  =  sin  6  cos  6, 

So^  {(f))  =  sin  (f){l  —  K~  cos- f/))" 

Lastly,  from  (25)  and  (2G) 


P/W 

P/  (ia) 
{4>) 


cos  )Jr(l  —  K"  sild  i/r 

sild  -yfr  ’ 

cos  d  (1  —  K~  sild  d)t 

:  sin  (f)  cos  (f) 


Turning  to  the  harmonics  of  the  third  degree,  we  found  that  in  the  two 


the  ty})e  is  UEC, 


^3;j  {d)  and  {u)  =  v{v'  -  ^  “f  J 

2  i;  2 


(10), 


dgn  for  the 


■  (11). 


•  (in)- 


.  (13). 


cases  where 
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It'  we  put 


4  + A 


we  iind 


and 


5(1—^) 

3  ^  -  5r 


=  9. 


•  o  i  ^  0 

o  —  4^^- 


Therefore,  with  tlie  above  alternative  form  for  (f, 

53.  M  and  i/-W  =  ~0^- 


^1^3  {fx)  and  (/x)  =  —  sin  ^  (  1  —  —  siiT  6 


C,{^)  and  =  ( 1  -  tIcos2<^)(1  -  K-^cos~cf>f 

9.~  / 


(14). 


Again  in  the  two  cases  where  the  type  is  OOC  Ave  found 

p=‘  (")  (a = ^  i. 


Putting 
we  find 
and 


T. 

o 

K" 


T  = 


K~ 


3  -  /3  +  2/U 
5(l-/3)  ’ 

|(L  +2,c2a:(I 

n  2  —  5(f 

Q' . - r  o  ■ 

1  —  4^' 


«=  +  4a)5) , 


'J'herefore,  A\'ith  the  above  alternative  form  for  (f, 

eus  (  I  —  ry- yi  11" -vlr ) 


P.;'  {^)  and  P;.®(/x)  = 


siir’  \lr 


Ps^  (p.)  and  (p)  =  —  [  I  —  K'  siir  0)-  1  —  t  •‘’in"  B  'j 


(^3'  {(f))  and  (iTs®  {(f>)  =  cos  ( 1  —  cos" 


(15). 


In  the  tAvo  cases  Avhere  the  type  is  OOS  Ave  found 

P3'  (v)  and  \^J^{p)  —  (h-  -  “  ')' 
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oU'J 


Piittiny; 
we  find 
and 


'C 


T  = 


K~ 


3  +  ^  +  2iL 
5(1  -/3) 

i(2  +  K-q^(4 

4  —  hrf 


T 


1  -  2c/ 


Therefore,  with  the  above  alternative  form  for  if, 

y,>  (v)  and  W  (■')  =  - tiiQ  - - 

1^3^  (/r)  and  (/r)  =  -  cos  0  (  1  —  ^  sim  6 )  , 


{(f))  and  {(f))  =  sin  (f){l  —  —  cos"  (f> 


(16). 


The  seventh  of  these  harmonics,  which  is  of  type  OES,  stands  1)y  itself.  We 
had 


This  gives  in  the  new  notation 

P/{-)- 

PsHi^)  ^ 

Su(</>)^ 


CO.S  a/t  ( 1  —  siir  yjr  , 
sin^  i/r 

sin  6  cos  ^  ( 1  —  K-  sin"  d)- , 
sin  0  cos  (f){  l  —  K  '  cos" 


(17)- 


The  formulm  (6)  to  (1/)  give  the  fifteen  sets  of  tliree  functions  constituting  the 
fifteen  harmonic  functions  of  the  first  three  deu'rees.  It  Avould  be  easv,  alth<iim'h 
somewhat  tedious,  to  find  the  coefficient  by  whicli  each  function  is  to  1)e  multiplied  so 
that  its  definition  may  agree  with  that  of  the  })revious  paper. 


§  3.  Ex'presaiom  for  the  Solid  Harmoiiics  in  Rectangidar  Co-ordinates. 

The  three  roots  of  the  original  cubic  equation  were  v’-',  f,  - — ^ ,  and  in  the 
new  notation  the  three  roots  of 


0) 


.1  .1  1  ,  /.)  -t  I 

•r-  I/-  d.'  1  .  ,  .  1  -  /c  -  cos-  (f) 

T—r  +  .s - r  H - —  <^~K~  sm'  y  tire  r  ,  Sill'  O,  - s - 

*  —  1  K~  W  —  i  ft)'  /f'Slli'gr  K~ 
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Hence  it  follows  that  we  have  the  identity 


1— K 


I  y"  I  '*  n  o  •  .1  o  n  •  0  i  •»  ,i„2  f  —  W")  (sill"  0  —  CO”)  1 - 5“ 

—  C'K'  siir  y  =  C-K'  sin-  y  - LI - L _ 

ro"  —  1/a:-  o)-  —  1  ft)-  (1/A-  —  ar)  (1  —  uy)w- 


—  ft)-) 


Putting  ft)'  =  -  , 

-,A  +  -TT  — - -.+0'  Sin- y  =  - -.-T-r  ( 1  —  '^)(l  —  -  sin- 1/)  (1  —  cos-  (p). 

(/ ~  K~  —  rr  fr  '  (K'  —  v")  Slin  \/r  q-  q~ 


This  expression,  together  A\  ith  those  for  x,  i  in  (8),  enables  ns  to  write  doAvn  the 
results  at  once.  As  before,  I  drop  the  several  factors  as  being  redundant  for  most 
})nrposes. 

From  (y) 


{v)  1^1  (/^)  Cl  {(p)  =  z  ,  Pi^  (v)  Pi^  (g)  {(P)  =  x,  1^1^  (v)  (g)  ((/))  =  ij 

From  (lU) 


(18). 


.T  /.■> 

T'l  ^ 


(z^)  ll-i  (g)  C-:  {<p)  and  (v)  (g)  iiix  {(/>)  =  <fx'  +  ^  f 

K  —  q 


+  0^7' sin' 7  •  (H^), 


where 
so  tliat 


7'  =  ;^  [1  -f-  k' d"  (1  —  k'V'-)^]  ,  and  k'  =  q- 


■_AT 

1  -  -p  ’ 


o  /o 

T'l 
-  7 


,  =  1  -  27A 


From  (11),  (1^)5  and  (13) 


Pi'  O)  Pi'  ()*)  C,'  (4>)  =  .fi ,  IPi’  (li)  IS,’  (fi)  Si’  {4>)  =  '/■■ .  P,’  (v)  Pc’  ((i)  Si’  {X)  =  •’■y 

.  .  .  (ilO). 

From  (14) 

^^3  {^)  1^3  (/^)  C3  {(p)  and  {v)  ^^3-  (g)  Cy-  {(p)  =  ■-  {q'x^  +  -J 


whei-e 

so  that 

From  (15) 


i  ir  -  q  -z' 

K”  —  7" 

4-  c-(fq  ~  sill'  y) 

5==f[l  +  «’:F{l  -tK’  +  «*)’],  and  = 


(-1). 


o  /a 

T'l  ~ 

a:'-  —  If 


,  =  3  -  47b 


Ps^  {^)  Po^  (/^)  {<\>)  and  P.d  {v)  PyS  (g)  (T/  (</,)  =  .r  [q\,r  +  4^.  V'  -  '/'z 

K  7 


+  (-Y7'' sin- y)  .  (LA’), 
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where 

so  that 
From  (16) 


f/  =  T  (1  4-  2k-  =F  (1  -  -f  iK^f) ,  and  /c"  = 


2  - 


r?' 


K"  — 


-  =  1  -  4r 


,  0  M3 

ru 


W  {-)  W  il^)  ^3^  {i>)  and  w  (-)  W  (^)  ^3^  {i>)  =  V  ir^  +  ?/  - 

+  G-q^q^'  sin-  y) 

o  ^  “  GQ" 


Avhere 
so  that 

Lastly,  from  (IT), 


i  (2  -h  /c~  4-  (d  —  K'K -)-)  and  /c'"  =  q 


\  -  2^^ 


(23), 


P.ROP/iriS/ (.*)  =  «/: . 

It  is  easy  to  verify  that  each  of  these  expressions  satisfies  Laplace’s  e(|uation 


(24). 


^  4.  The  Exqwession  for  the  Q-fimctions  in  Elliptic  Integrals. 


In  this  pajDer  1  drop  the  factors  (!H  and  E  whicli  Avere  found  to  be  necessary  when 
the  Q-functions  were  expressed  in  series. 

We  make  the  following  definition  : — 


(y,)  =  H9/(G))]~  [ 


ilv 


1  +  ^  y,  ) 

1  -  y 


and  a  similar  formnla  holds  for  P/  Q;. 

It  is  clear  that  p/  may  he  multiplied  by  any  constant  factor  without  changing- 
tire  resnlt  ;  hence  we  may  use  the  forms  which  have  been  found  in  §§  2,  3, 

The  notation  must  uoav  he  changed. 

We  have  1/ =  — r — r  and  ca  = — ^r  -^.  Therefore,  when  rjj  is  adopted  as  varialile, 
K  sin  ->|r  K  sin  7  ^  i.  ? 

the  limits  are  y  to  0,  and  the  sign  of  the  whole  is  changed. 


But 


ch  = 


cos  y{r 
K  sin-  p 


dxfj, 


and 


1  +  /Sf  _  C0S'v/r(l  —  /c-sild-v/r)'  . 

1  —  /3/  /c-foin-y- 


dv 


^  1)^  (M- 


iJL^A  — 

I  -  y 


d-p 

(1  -  K-sh-r-pf-  ' 


Therefore 
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In  accordance  with  the  usage  in  elliptic  integrals,  I  write 

=  1  —  K“  sin^  iff 

under  the  integral  sign,  or  1  —  K^sin^y  outside  the  integral 
I  shall  also  for  brevity  write 

A]^  =  1  —  (7'  sin~  xfj 

under  the  integral,  or  I  —  q~  sin~  y  outside  the  integral. 

We  have  then 


{Po)  (g-))  =  (^o)]'  • 


1  apply  this  formula  successively  to  the  several  functions,  as  given  in  (9)  to  (17), 
and  introduce  the  abridged  iiotation  just  defined,  hut  T  do  not  reiterate  the  special 
meanings  to  he  attached  to  tlie  symbol  <[  in  each  case. 

Since  Po  (^)  —  1’  have  (dropping  tlie  now  unnecessary  suffix  0), 


sin-  y  1 ^ 

p/  (^)  Q/  =  K  cot'  y  ['  dyjj, 


(c)  (Q^l(j/)  = 


K  A-  n  sin-  -v/r 


iQj  (i')  and  ia/(a)  ©/  (:.)  =  "  I  tAt  <'4, 

Sin  >y  j  Q  jij 

P.‘  (a)  Qd  (a)  =  "  f’  -"'Af-  J4,, 

^  \  \  /  .suP  y  JijCOS'-v/rA  ^ 

^^2^  (c)  (Q.d  (v)  =  ~~  j 

'  ^  ~  '  Slip 7  Jq  A’  ^ 


^  COS-  yA-  [y  sill^  ^jr  j 

P-r  (O  Q-=-  (0  =  fG, 

ja,  (a)  ©ae  and  5P3=(a)  ©3^  (a)  =  P'-  t  5^-^ 

sill  7  •'  0  “^1 


P3>(a)  Q,ae  and  P3=(a)  Q,3(„)  =  f’ 

103' (a)  ffi3'(a)and  ft3(a)  ©33(a)  d^, 

bill  'y  j  Q  ^ 

r-k  o  /  \  o  zc  COS-  vA-  (y  sill®  ylr 

P3'0^)€U=  :  c  ■  -T^V.dxl, 

sin®  7  J cos-  -v/rA  ’  ■ 


(25). 
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All  these  integrals  are  exj^ressible  in  terms  of  the  elliptic  integrals 

"=ri4- 

It  will,  however,  be  found  that  in  fact  the  coefficient  of  IT  vanishes  in  every  case. 
The  cases  of  f  =  0  and  f  =  1  are  very  simple,  and  we  have 

13, Q,  =  Av.Ar  - 


siir  y  \  K 

=  X  cot"  y  (\  A  tan  y  —  , 

'  1C 


Pi'Q,'  =  A-(-  f  F  +  ~E- 

sin-  y  \  K-  a:-/c  -  K  j 

It  is  possible  by  direct  differentiation  to  verify  the  following  results,  although  the 
verification  will  be  found  pretty  tedious. 


rsin^Ap 

I  ATa  = 


J  A/A 


(2  -  .-.ghr/  -  -  2r/)  2q'-^  -  1  1  Asmjrcosf 

-  r/)  2qY~  2q^q'^(K^ -cf)  ^  9 


2</\.^  -  2QAf  ’ 


f 


sin^  ^fr  T  .  1^.1  —  2k^  .  1 


c/Q  =  —  -  F  + 


w-)  /.I 

K-’fC 


E  +  - A  tan  xfj, 


cos®  -yjrA 

fsin^^fr  J  2  „  1  +  /c'®  „  sin -v/r  cos  a/t 

1^  #=  --A’d-  E-  -, 

f  siu^  Ip  7;  _  1  77  t  U  ^  I  tail  Ip  I  •  0  ,7 

)cos=fAU'/'-  *v.  [-  -  (I  +'<-)sii>->H- 


These  are  all  the  integrals  needed  for  the  harmonics  of  tlie  second  degree.  In  the 


case  of  the  first  we  have 


=  <r 


O  ‘■>x^2 

Z  — 


1  -  2^®  ■ 

Thus  the  coefficient  of  IT  vanishes  and  the  results  are 

/cAj^ 


aiid  ^2^^)  =  7^ 


1  -  2q-  _  1  -  2i/  (1  -  2q~)A  sin  7  cos  7 

siu*7L  2qY~  ^  "T  2i/®(/OAp 


(-)  {-)  = 


K  COS"'  7 


1  ^  ,1  -  2/^2  „  ,  1 
—  A  H - AA.-'  +  Ti  A  tan  y 

K 


0  /o 
K-'K  " 


siii*^  y  [_  fc 

a:A®  r  2  .  1  +  /c'®  sill  7  cos  7* 


}3o>  (,-)  ©»'  (v)  =  -  -  7  F  +  F 

T-  -  w  ~  \  /  Slid  7  /c‘  ® 


a:*a: 


K  cos®  7A® 


.-.A2  r  1 +y_  ^ 

0  /O  .0  /.t  ^  I 


si  id  7 


/c®/c'®  A 

tan  y{2  —  {1  +  K-)  sin®  7)' 


K~K  ■ 


k'-^A 


In  the  first  of  these  cf  =  -i  [l  +  k®  d-  (1  —  k'k'^)"]  and  k~  = 


2  -  39® 
2f 
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The  following  integrals  may  also  be  verified  by  differentiation  : 

rsm«t  _  r(4  -  ^  (3  -  4.r/)  _  (3  -  2r/)  - 

J  AfiA  2riY~  {k^  -  (f)  2/cY'2'“  2/dr/2'-(«'  -  2b  ^ 

A  sin -vir  cos  W  ,  . 

0  • 


+ 


^0/0/0  0\\; 
2'2 "  -  2")  -^1 


C  sin®  , 


-  if)  -  f(2  -J>f)  „  ,  if  -  1  s.  ,  1  +  2f-KH2r/^  1) 

-LJ-  1"  n.4.,/±  "l"  ir\  rs  !  ,  ,  r^  -tj 


22b'‘  -  2b 


'2rj^c/‘^ 


+ 


-  2b 

A  tan  t/t  a  sin  ^Jr  cos  -v/r 


/.■>  /  4. 

K'-q^ 


22'M/c=-2bAi 


o  •  (27), 


siid 

A7Af 


/cMl-22b-2Hd-52b 

22b'^(^^  -  2b^ 


22 Y“  -  «bl  -  22b 


.»  /.■>  I  r>  /■) 

22*2  *  "t 


- :aAA - 2AA  JT  I 

^  2/cbY~(«'-2b 

sin  -v/r  cos  xjy 


n  n  /.-)  o  rn  /  n  Ov 

2/<-a:  ~2"2  *  (^'  —  2") 
A  sin  -yjr  cos  t/t 


/c'2  (/c2  -  2-FA  22'^  ( -  2b-Ai- 


(28). 


r  sin®  W  ,  2  —  7-1  2(1  — K-K~)  „  sin  W  cos -vl/-  A  tan -v^  /on\ 

I  f  \3  ^  ^  ””  4  '4  ^  '4  \  ”*  '4  . \'"^/ 

J  COS"  /C^/C  "  K^/C  ^  K-fC  /C  ^ 


J  cos-  -v/f  A® 

Now  in  (26)  we  have  to  put 


K-  =  q- 


4  —  5q~ 


in  (27) 
and  in  (28) 


-  _  ^3  2  -  52-  _ 
^  1  -  42^  ’ 


,3  4  - 

9n2 


1-22^ 


Introducing  these  values,  and  taking  the  integrals  between  the  limits  y  and  0,  we 
find  : 

1  3, A  2  -  2fi^M72'~  -  1  -'1^  +  5?'-  -  1  r  ,  (Y~  -  0  A  sin  7  cos  7] 

....  (30). 


sin"  7  [_  LK-Cfq 


-<rl 


P,>Q3'  and  P/Q/  =  ^  ^ 


Sin"  7  [  Iq^q 


1  —  72*  —  (1  —  52“  —  22^)  sin-  7\  A  tan  7 

2)dw^  ;  ■ 


1^3 


T  ^  and  33  3a  3  -  _  (l-22b(2-32b  2  -  llgY!  ^ 

As  and  4^3  as  —  ,n,e 1  m  ..  2  /c^vi 


(31). 


sin"  7  L  bK-q^q'^  '  QK~K  '~q*q 

n  —  5q-  +  62^  -  2“  (2  —  ll2b'b  shi-  7\  sin  7  cos  7] 

fow  )  AAd  I  • 
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Ps'Qs'  =  ■  6 

Sin®  7 


K  cos^  7A^  r  1  +  /c 


4. 


F- 


2(1-  Fk'-) 


k*k'^ 


E 


,  /I  +  -  (1  +  «QsiiF7\tan7] 

+  (  UUI  j  ^'1  •  (^'U- 


2  '4. 
K'^K  ^ 


In  (30) 

/  =  |[1  +  (1  -  -f  An 

«  4  -  52^ 

In  (31) 

</  =  i[l  +  T  (1  - 

^  1-422 

In  (32) 

=  i[2  -f  T  (4  -  ^)^], 

0  .  4  -  522 

Bifurcation  of  Jacobi's  Ellfsoid. 


If  a  mass  of  liquid  be  rotating  like  a  rigid  body  about  an  axis,  x,  with  uniform 
angular  velocity  w,  the  determination  of  the  figure  of  equilibrium  may  be  treated  as  a 
statical  jiroblem,  if  the  mass  be  subjected  to  a  potential  ^or  (^3  _{_  zf 

The  energy  lost  in  the  concentration  of  a  body  from  a  condition  of  infinite  disper¬ 
sion  is  equal  to  the  potential  of  the  body  in  its  final  configuration  at  the  position  of 
each  molecule,  multiplied  by  the  mass  of  the  molecule  and  summed  throughout 
the  body.  In  the  proposed  system,  as  rendered  a  statical  one,  it  is  necessary  to  add 
-|-  z^)  to  the  gravitation  potential  before  making  the  summation.  If  A  denotes 
the  moment  of  inertia  of  the  body  about  x,  this  latter  portion  of  the  sum  is  ^Aor,  and 
is  therefore  the  kinetic  energy  of  the  system. 

If  dnii,  dm^  denote  any  pair  of  molecules  and  distance  between  them,  and 

E  the  energy  lost,  we  have 


(o~ 


If  the  system  had  been  considered  as  a  dynamical  one,  the  expression  for  the 
energy  of  the  system,  say  U,  would  have  resembled  that  for  E,  but  the  former  of 
these  terms  would  Iiave  presented  itself  with  a  negative  sign. 

It  is  clear  that  the  variation  of  ^A(J,  when  the  moment  of  momentum  is  kept 
constant,  is  equal  and  opposite  to  the  variation  of  the  same  function  when  the 
angular  velocity  is  kept  constant. 

The  condition  for  a  figure  of  equilibrium  is  that  U  shall  be  stationary  for  constant 
moment  of  momentum,  or  E  stationary  for  constant  w,  in  both  cases  subject  to  the 
condition  of  constancy  of  volume.  The  variations  in  question  lead  to  identical  results, 
and  I  shall  proceed  from  the  variation  of  E. 

2  s  2 
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It 


=  f. 


chi 


0  +  C") 


.2\i  ’ 


the  internal  potential  of  an  ellipsoid  of  mass  M  and  semi-axes  a,  6,  c  is 


w 


■  ,  'J?  cW  ,  7/2  ,-j2  tW 

'Vj/'  -  -  _1—  - 

a  da  b  db  c  dc 


Hence 


r 

j  -^12  0 


'P  d - 7~  + 

a  cm 


dm. 


Now  if  A,  B,  C  denote  the  principal  moments  of  inertia  of  the  ellipsoid  about 

x,  y,  z, 

I x\hn  =  ^{C  +  B  -  A)  = 


and  similar  formulae  hold  for  the  two  other  axes. 
Therefore 


I  [  *"/’»?  =  p/.  ■ 

J  -^13  ^ 


^  1  .  (/'P  ,  thi' 

'  cla  db  dc  , 


But  since  ’^P  is  a  homogeneous  function  of  degree  —  1  in  a,  h,  c,  the  sum  of  the 
three  ditferential  terms  is  equal  to  —  Hence  this  expression  is  equal  to 
Since 

iAco^^  =  +  c^)  coh 


we  have 


E  = 


If  E  be  varied,  whilst  ahc  and  w  are  constant,  it  is  stationary  if 


d'P  /d'P  2h  A  /c/^P  2c  o  w  _ 

+  ‘AiF  "  )  ^^  +  (  .7.  + 


da 


dM  /  '  \  fZc  '  33/ 


ha  ^  hh  he 

N  +  T  +  T  =  0. 

a  0  c 


Eliminating  S«,  86,  8c  we  have  the  well-known  conditions  for  Jacobi’s  ellipsoid 


2o3~b-  J^P  ,  d^f 

XV, p  ■=  a  ~ - 6 

33/  cla  db 


O  2 

Zco'^c'' 


cl'¥ 


33/  —  Act  ~  d€  ’ 


1  /  fZ^P  ,  /'P\  1  /  /^P  fZTA 

/2  da  ^  da)  ^  c2  fZa  ~  ^  dc)  ‘ 


(34) 
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If  we  add  together  the  first  two  of  these,  and  avail  ourselves  of  the  property  that 
^  is  homogeneous  of  degree  —  I,  we  easily  prove  that  the  stationary  value  of  E  is 


E  = 


+  a 


da 


Since  the  potential  of  the  ellipsoid  must  satisfy  Poisson’s  equation 


41so 


d^ 

'  I  '  1  " 

ada  hdb  cdc  ubc 


,  dT'  ,  dSir 


da- 


dc 


dc 


By  means  of  these  and  two  out  of  the  three  equations  (34),  we  may  eliminate  the 
diflerentials  of  and  writing  p  for  the  density  find 


u>~ 


(o  +  TV  +  -w)  —  6 


\a 


iTrp 


. (35)- 


I  do  not  happen  to  have  seen  this  form  for  the  angular  velocity  of  Jacobi’s  ellipsoid 
in  any  book. 

It  is  easy  also  to  show  that  the  stationary  value  of  E  may  he  written 


P  —  -9-1/3  _ 


+  +  1  +  _  4 


^  -  2 


W  + 

abc 


/I  .  1 


We  may  now  express  the  potential,  say  V,  of  tlie  system  entirely  in  terms  of  'V 

and  a  “  ,  for 
da 


V  =  f  J/ 


^  a  da  ^  V  3J/  d  I  da  ,  3if 


—  ^1/ 
—  4  m 


■  ,  d'^  (x^  1/  ^ 

+  “IT  (a*  +  P  + 


We  thus  verify  that  V  is  constant  over  the  surface  of  the  ellipsoid. 

Let  g  denote  the  value  of  gravity  at  the  surface.  Then  if  dn  be  an  element  of  the 


outward  normal,  g  —  — 


dV 

dn 


Since 


dx  px  dy  py 
dn  ~  cd  ’  ~  b^  ’ 


& 

dn 


pz 
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where 


if 


P 


■2  P 


dW  UP 


Now  clianofe  the  notation  and  write 


<j  -  -  |il/a  _  - 


¥ 


M  fhF 

a  -y- 

p  da 


Then 


Now 

and 


o  70/  n  TO  yn/o  t\  0  700 

«'  =  A-  (  Vcd  —  ^  ,  />-  =  /^T2^o'  ~  1 )  5  <^'  =  » 

dv 


fPF 


a- 


■>  y 

i 1)*’ 

■  -  -  'If  ■’_  1  +/3'r  'h 

l-yo 


i9o  (>')  =  1 .  Pi‘  (><)  =  ( —  id  . 

fOO 

Pd  (*^o)  (^0)  =  [Pd  (Gj)?  _  ; 


so 


that 


and 


a 


=  J.  Po  (Gj)  €0  (G))  ^ 

f  =-|p‘WQ.'W, 

?  =  d  Pi‘  (-0)  Qi'  {’'«) 


plo 


(36). 


We  may  note  in  passing  that  the  condition  for  a  Jacobian  ellipsoid  (the  last 
equation  of  (34) )  is  reducible  to  the  form 


/cA-  G  siii'^-vp 
siid7  J  ^  A=^ 


7  ,  tan-ip 

clip  =.  K  cot'  y  — 7 — 

J  A  -A 


chh. 


On  examining  the  series  of  functions  given  in  (25),  we  see  that  it  may  be  written 

P/  (^^o)  €2^  i^o)  =  (^0)  Qi^  (^)o  • 

This  agrees  with  M.  Poincake’s  equation  (l)  on  p.  341  of  his  memoir. 

We  will  now  suppose  that  the  body,  instead  of  being  an  ellijjsoid,  is  an  ellipsoidal 
harmonic  deformation  of  an  elli23Soid,  which  is  itself  a  figure  of  equilibrium  for 
rotation  co. 

The  addition  to  E  will  consist  of  three  parts ;  first  that  due  to  the  mutual 
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energy  of  the  layer  of  deformation  ;  secondly  that  due  to  the  ellipsoid  and  the 
layer  ;  thirdly  that  due  to  the  change  in  the  moment  of  inertia. 

If  a  subscript  I  denotes  integration  throughout  the  space  occupied  by  the  layer, 
U  the  potential  of  the  ellijjsoid,  and  dv  an  element  of  volume, 


iE  =  +  [  Updv  +  la.-  f  (if  +  #)  pdv. 

h  -'I  U 


If  I  denotes  the  thickness  of  the  layer  standing  on  the  element  da-,  the  first 
of  these  terms  is  |  -  . 

The  value  of  U  throughout  the  layer  is  equal  to  Vq  —  g^',  where 

Vq  is  the  constant  value  of  U  \  (jr  {if  +  2^)  over  the  surface  of  the  ellipsoid,  and 
is  the  distance  measured  along  the  normal  to  the  element  d^da-  of  volume. 


Hence 


\updv+  io."-  \(f  +  *2)  pdv  =  f_f  p  ( U  -  gC)  dCdo- 


Since  Vq  is  constant  and  the  total  mass  of  the  layer  is  zero,  this  is  equal  to 

-  ip 

It  follows  that 

1  _  f  Yij 

^p)^^  da. 


BE  =  Ip^ 


The  axes  of  the  ellipsoid  have  been  chosen  so  as  to  make  our  original  E 
stationary,  and  the  further  condition  to  be  satisfied  is  that  BE  shall  he  stationary. 

Let  us  suppose  that 

i  =  {9)  C' 

which  expression  shall  Ije  deemed  to  include  any  one  of  the  other  types  of  harmonic. 

Then  it  is  shown  in  (51)  of  “Harmonics”  tliat  the  potential  of  this  layer  at  the 
surface  of  the  elli|)Soid  is 

y  e  l$f  (pq)  (1^0)  Wf  {9)  ((^). 


Since  the  mass  of  an  element  is  j;ep  (p.)  Ct  {<f)  da,  we  have 


1  -2  r  _ 3  2 


k 

With  the  value  of  g  found  in  (36) 

Mp 


13/  (>'o)  Q/  {>'(.)  I  [13/  {g)  ®/ 


Ip  f  gfdiT  =  i  y  P,>  (v„)  Q,>  (a„)  I  92  (p)  e/  pdcr. 
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H  ence 

I  [Wfin-)  €/'(</>)]- i5c/or. 

Til  order  that  the  new  figure  may  l)e  one  of  eqnililjrium,  this  expression  must  oe 
stationary  for  variations  of  e.  It  follows  that  we  must  either  have  e  =  0,  which 

i/ 

leads  hack  to  Jacobi’s  ellipsoid,  or  else 

_  (V||) 

P ]f  l^o)  Qf  fPo) 

This  last  condition  is  what  M.  Poincare  calls  the  vanishing  of  a  coefficient  of 
stability.^  It  shows  that  if  Pq  and  /3  satisfy  not  only  the  condition  for  the  Jacobian 
ellipsoid,  namely,  (y,)  ==  ('hi)  Ql’  (Ej)^  also  this  equation,  we  have 

arrived  at  a  figure  which  belongs  at  the  same  time  to  two  series,  and  there  is  a 
bifurcation  at  this  point.  The  form  of  the  figure  is  found  by  attributing  to  e  any 
arbitrary  hut  small  value. 


8K=  - 


1  — 


PJ  (E))  QJ(''o)_ 


§  6.  71ie  Properties  of  the  Successive  Coefficients  of  Stabilitij. 

Corresponding  to  each  harmonic  deformation  of  the  ellipsoid,  there  is  a  coefficient 
of  stability  of  one  of  the  two  forms 

_  ^  _  Pj(ro)Qy  (yj 

PJl'^olQiPzy)  PJlJ'nlQiMz'n)  ' 

These  coefficients  may  be  written  it/  or  Kf  according  to  an  easily  intelligible 
notation.  Tlie  Jacobian  ellipsoid  is  defined  by  yj,  and  the  question  arises  as  to  the 
jiossibility  of  the  vanishing  of  the  several  TVs  as  y,  gradually  diminishes  from  infinitv, 
that  is  to  say,  as  the  ellipsoid  lengthens. 

An  harmonic  of  the  first  order  merely  denotes  a  shift  of  the  centre  of  inertia 
along  one  of  the  three  axes;  one  of  the  second  order  denotes  a  change  of  ellijiticitv 
of  the  ellipsoid.  Since  we  must  kee})  the  centre  of  inertia  at  the  origin,  and  since 
the  ellipticity  is  determined  by  the  consideration  that  the  ellijisoid  is  a  Jacobian, 
these  harmonics  need  not  he  considered,  and  we  may  begin  with  those  of  the 
third  order. 

I  shall  not  attempt  to  follov*  M.  Poincare  in  his  masterly  discussion  of  the  pro¬ 
perties  of  the  coefficients  of  stability,!  hut  will  merely  restate  in  my  own  notation 
the  principal  conclusions  at  which  he  has  arrived. 

*  ‘Acta  Math.,’  vol.  7,  1885,  p.  .32E  The  factors  -I  and  1  '2ii  +  1  (or  1  2i.  +  1,  if  /  is  the  degree  of 
the  harmonic)  whicli  occur  in  his  form  of  the  condition  are  included  in  mj"  functions. 

t  Sections  10  and  12  of  his  memoir.  T  Inu'e  to  thank  him  for  saving  me  from  making  a  serious  mistake 
in  this  portion  of  my  work. 


OF  EQUILIBRIUM  OF  A  ROTATINC4  MASS  OF  LIQUID. 


321 


1st.  The  equation 


W  Qi^  (^)  ”■  P*'  (^)  (^)  01’  {^)  Qi"  (i^)  =  0,  {i  >  2) 


is  not  satisfied  by  any  value  of  v  between  1  and  infinity,  if  or  P/  is  divisible  by 
1  + 


O 

- 


It  appears  from  the  forms  of  the  functions  as  given  in  §  4  of 


“  Harmonics  ”  that  the  P  functions  are  so  divisiljle.  These  functions  appertain  to 
the  types  EES,  OOC,  OES,  EOC,  and  therefore  the  ellipsoid  cannot  liifurcate  into 
deformations  of  these  types. 

2nd.  The  equation  has  no  solution  if  p,"  is  divisilde  by  (w —  l)h  We  again  see 
from  §  4  of  “Harmonics”  that  is  so  divisible  if  it  is  of  tlie  types  OOS,  EOS. 
Hence  the  ellipsoid  cannot  bifurcate  into  these  types.  The  only  ty])es  remaining 
are  EEC,  OEC. 


3rd.  The  equation  has  no  solution  if  any  of  the  roots  of  ^1/  (v)  =  0  lie  outside  tlie 
limits  +  1  to  —  1.  The  only  of  the  types  EEC,  OEC  which  has  all  its  roots  inside 
the  limits  +  1  to  —  1  is  the  zonal  harmonic  for  which  s  =  0. 

Hence  the  ellipsoid  can  only  bifurcate  into  a  zonal  harmonic. 

4th.  The  equation 


Pi'Qi'-l^ia  =  o  {i>2) 


must  have  a  solution  between  1  and  infinity  for  all  values  of  i 

It  follows  from  these  four  propositions  that  the  Jacobian  ellipsoid  is  .stable  for  all 
deformations  except  the  zonal  ones,  and  that  as  it  lengthens  it  must  at  successive 
stages  bifurcate  into  each  and  all  the  zonal  deformations. 

5th.  As  the  ellipsoid  lengthen, s,  the  first  coefficient  of  stability  to  vanish  is  that 
of  the  third  zonal  harmonic.  This  stage  is  the  end  of  the  stability  of  the  Jacobian 
ellipsoids,  and  there  is  almost  certainly  exchange  of  stability  vuth  the  pear-shaped 
figure  defined  by  this  hai-monic. 

6th.  It  has  not  been  rigoroirsiy  proved  that  there  is  only  one  solution  of  tlie 
equation  =  0  even  in  the  case  where  i  =  3,  but  M.  Poixgaue  believes  that  tliis 
is  almost  certainly  the  case. 

7th.  The  functions 


PJ  (^o)] 

or  > 

PJK)J 


X 


or  > 

P/  (^o) . 


have  always  the  same  sign  as  increases  from  pq  to  infinity,  provided  that  .v  and  t 
are  both  greater  than  zero,  and  i  greater  than  2. 

The  seventh  of  the  preceding  propositions  renders  it  easy  to  determine  the  relative 
magnitudes  of  all  the  3^’s  belonging  to  a  single  degree  i. 

In  what  follows  I  may  take  the  symbols  including  also  P,  Q. 
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O  O  o 


N 


O'W 


Uf  >  =  as, 

1:3/ (i^o)  ^/(g.)  <  =  >  <> 

If  we  express  tlie  iQ’s  in  terms  of  integrals  this  becomes 


a9,-(r)|9,'WP(w-l)*(w-!-!|)‘ 


>  0 


The  seventh  proposition  shoves  that  when  s  and  t  are  greater  than  zero,  and  i  is 
greater  than  2,  all  the  elements  of  the  integral  have  the  same  sign.  Hence  the 
(juestion  is  whether. 

^  ^ 


Therefore  Ave  liave  to  arrano-e  all  the  w  in  descendino'  order  of  mao;nitnde, 

and  shall  thereby  obtain  the  non-zonal  3a’s  in  ascending  order. 

I  wish  first  to  show  that  these  coefficients  may  to  a  great  extent  be  sorted  by 
considering  the  inequality. 


^ V  (^o)  ^ 

l?(ib  ^  ^  Ho?') 


.  1,2,  : 


SnpjAOse,  if  possible,  that  Avhereas,  for  the  ellipsoids  defined  by  ^8,  a,  zf,-„ 

m^o)  .  Woy)  ,  Mfo)  .  Pfi O'o) 

IV  (^)  HVV  ■ 


Then  there  must  be  some  value  of  /3  for  which 


5ywww  =  zy«w(>'») 

for  all  A^alues  of  a  greater  than  a,,. 

It  is  almost  obAuous  that  there  is  no  one  value  of  /3  which  renders  this  equation 
possible ;  but  consider  for  example  the  case  of  s  =  2,  /  =  0. 

Now 

(^)  =  —  ^90^3  H  +  =  P3  +  ^'7:^3^  (Gi)- 

It  we  substitute  this  in  the  equation  Ave  find 

WWP3(0  =  P,,=  W 

This  can  only  be  satisfied  by  a  =  Pq,  and  hence  the  hypothesis  is  negatived. 
Similarly  the  assumption  of  other  Axrlues  of  and  t  leads  to  an  impossibility. 

Thus  Ave  may  consider  the  P  functions  in  place  of  the  P  functions. 
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Consider  the  inequality 

(^^o)  ^  ^  (^o)  n  ,  o  ,•  , 

ly(z^)  ^  ^  ^  ^  ^• 

If  the  inequality  is  determined  for  any  value  of  p,  it  is  determined  for  all  values. 
Now  Avhen  p  is  very  large 

2il 


PdW  = 


p\ 


2il 


2‘  il  i  —  s  —  1 


2‘  il  i  —  si 
Hence  our  inequality  becomes 

(i-.srPd(.o)>  =  <pru-o)- 

This  inequality  is  of  the  same  kind  for  all  values  of  p^).  Now  P/ involves  the 
factor  {pff  —  1)^®  and  P/'*'  ^  (vq)  involves  (t-y  —  Putting  therefore  1  +  e, 

the  left-hand  side  involves  and  the  right  It  follows  that  unless  5  is  equal 

to  i  the  left-hand  side  is  greater  than  the  right ;  but  5  is  necessarily  equal  to  ^  —  1 
at  greatest. 


Therefore 


PF  (pq)  PcyiyM 
IV  C)  ^  PF+Vv' 


Hence  K’s  with  smaller  5  are  less  than  those  with  greater  s. 

It  remains  to  discriminate  between  the  two  sorts  of  P-functions  which  occur  in 
ellipsoidal  harmonic  analysis  ;  that  is  to  say  we  must  determine 

^  Pf  (^o) 

W(y  pfo  * 

•  fC 

Since  the  /8  of  “  Harmonics”  is  equal  to  . - ;;;  in  the  ])resent  notation,  when  /3 

and  K  are  small  we  have  by  the  formulse  of  that  paper 

py (.) -f  \K%,.vr^{p)  +  \K%_.vr~{p)  + . . . , 


p,‘M  = 


(■'-  -  i/«n> 

- 1)* 


r'(>')  +  yr'<A.«P"F>')  + 


_  0 


When  p  is  very  great  and  k  very  small  p/  =  P/,  so  it  suffices  to  determine  the 
inequality 

>  =  <  Pii^o) ; 

and  this  may  be  considered  for  any  value  of  Pq  greater  than  unity.  By  taking  Pq  very 
large  and  k  very  small  the  inequality  becomes 

(V  _  ]  ^ 

I  >  =  <  K. 


or 
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l>ut  K  <  1,  hence  the  tir«t  sign  holds  true  and 

M'hence  1a/  <  K/. 

Thus  it  follows  that  order  i 

IV  <  Kd  <  IV  <  Kd  .  .  .  .  <  IV  <  Kf . 

The  order  of  magnitude  of  these  coefficients  is  therefore  completely  determined. 

iVs  confirmatory  of  the  correctness  of  this  I'esult  it  may  be  mentioned  that  1  lind 
that  when  y  =  69°  50'  and  k  =  sin  73°  56', 

1^3^  =  T765,  K./  =  -2990,  =  ‘4467,  K.-  =  '4550,  =  -5719,  =  -5876. 

When  y  -=  75°  and  k  =  sin  81°  4'  (another  Jacobian  ellipsoid)  the  numbers  run 
•130,  -224,  -460,  *465,  '604,  -614. 

We  see  that  tor  the  liarmonics  of  higher  order  the  ellipsoid  is  more  stable  than  it 
was  and  for  those  of  lower  order  less  stable. 


§  7.  The  critical  Jacobian  Ellipsoid. 

From  a  number  of  preliminary  calculations  1  saw  reason  to  believe  that  the  critical 
ellipsoid  would  be  found  within  the  region  comprised  l)etween  y  =  69°  48'  and 
69°  50',  and  sin“^  k  =  73°  52'  and  73°  56'. 

If  Ave  write 

,V  ■  -I  N  T  /h  ,  «^Bhr7C0,s~7\  /cViu 7 cos 7 (1  +  «:Vin- 7) 

J  iy,  sm  ^  k)  =  7.,  1  +  - - .  0  -  —  (2F  —  It) - 777- - o  •  -n-7: - ’ 

^ '  ’  K  ~  \  1  —  Sin-  7  /  '  '  /c  -  ( 1  —  K-  sun  7)’ 

w  liere  the  amplitudes  of  E  and  F  are  y  and  their  moduli  k,  tlie  existence  of  the 

Jacobian  ellipsoid  is  determined  by 


f{y,  sin  ^  k)  =  0.-" 


The  coefficient  of  stability  is 


-  P.'eO  Q.'U') 

The  form\dce  for  computing  liitg  are  given  in  ^  4. 

The  values  of  E  and  F  are  from  Legendre's  tables. 


*  See  ‘  Roy.  Sue.  Froc.,’  vul.  11,  p.  323,  where  the  foi'iiiuhi  is  reduced  to  ;i  i'orni  eonveiiiciit  for 
computHtion. 
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Now  1  find 

f{()d°  48',  73°  52')  =  +  -0001 91  ;  /(G9°  50',  73°  52')  =  +  -001319. 

/(69°  48',  73°  56')  =  -  -001186  ;  /(69°  50',  73°  56')  =  -  -000031. 

ii.(69°  48',  73°  52')  =  +  -001058  ;  it.  (69°  50',  73°  52')  =  -  -000885. 

it3(69°  48',  73°  56')  =  +  -000655  ;  It.  (69°  50',  73°  56')  =  —  -000765. 

By  interpolation  we  get  the  following  results  : — 

The  Jacobian  ellipsoid  is  given  Ijy 

(y  —  69°  48')  -  -59642  (sin-'  k  -  73°  52')  +  -33091  =  0. 

The  vanishiiii'’  of  the  coefficient  of  stability  is  niven  hv 

O  1/  O  t/ 

(y  -  69°  48')  +  -041625  (sin-i  k  -  73°  52')  —  1-0890  =  0. 

In  these  equations  the  minute  of  arc  is  the  unit. 

Solvino-  them  I  find 

to 

y  =  69°  48'-997  =  62°  49'-0, 
sin-V  =  73°  54'-225  =  73°  54'-2. 

With  these  values  1  hnd  that  the  three  axes  o,  b,  c,  where  abc  =  a’^  are 

^  =  -650659, 

/, 

=  -814975, 

a 

-  =  1-885827. 
a 

The  last  place  of  decimals  in  these  is  certainly  doubtful. 

The  fornuda  for  w’  is  given  in  (35). 

2 

Now  T  =  -  (p^)  (pq),  k  =  CK  sin  y,  (c^)  (ly)  =  kF. 

Then  since  a  =  c  cos  y,  h  = 

_ 24  A  cot  7  —  j  ^  A-‘  +  secW 

'lira  1  +  A" - ^ - 

r  1-  ^  1  +  ^-2  ^  se(.2.^ 

In  this  formula,  E’,  y,  A  must  correspond  with  values  interpolated  amongst  tliose 
used  in  obtaining  the  solution. 

From  this  I  hud 

=  -1419990  =  -14200. 

'lirp 
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PEorp:ssoii  g.  h.  darwin  ox  the  pear-shaped  figure 


Ill  the  paper  on  tlie  Jacobian  ellipsoid  referred  to  above  the  moment  of  momentum 
is  tabulated  by  means  of  /x,  where  the  moment  of  momentum  is  (f77p)ia^p,.  The 
formula  for  /x  is  given  in  (25)  of  that  paper,  and,  moditied  to  suit  the  j^i'esent 
notation,  is 


IX  =  ~  {A  cos  y)  “  ( 1  +  A~) 


or 


\47rp 


For  the  critical  ellipsoid  I  find  /x  =  '3 8 9 570. 

The  following  table  gives  the  numerical  values  for  a  number  of  Jacobian  ellipsoids, 
lieginning  with  the  initial  one  and  terminating  just  beyond  instability.  The  last  line 
gives  the  corresponding  values  for  the  critical  ellipsoid. 


Jacobi’s  Ellipsoids. 


7- 

,sin  'k. 

cos  ^A. 

fl/a. 

4/a. 

rjix. 

p.. 

0  t  tt 

0  / 

0  / 

54  21  27  .  . 

0  0 

0  0 

•6977 

1-1972 

1-1972 

•18712 

30375 

55 . 

17f 

•697 

1-179 

U216 

•18706 

•304 

57 . 

34f 

284 

•696 

1-123 

1-279 

-186 

•306 

60 . 

49  7 

40  54 

•6916 

1-0454 

1-.3831 

•1812 

•3134 

65 . 

64  19 

54  46 

•6765 

•9235 

1-6007 

•1659 

•3407 

70 . 

74  12 

64  43 

•6494 

•Sill 

1-899 

•1409 

•3920 

69  49 

73  54 

64  24 

65066 

•81498 

1  -88583 

•14200 

•38957 

*  I  have  been  criticised  with  respect  to  paper  on  JacobTs  ellipsoid,  from  which  these  results  arc 
extracted,  Iry  M.  S.  Kruger  (Xienw  Archief  voor  AViskunde,  Tweede  Reeks,  Derde  Deel  and 
‘  Ellipsoidale  Evenwichtsvoi'inen,’  Ac.,  Thesis  for  Degree  of  Doctor,  Leiden,  J.  AV.  van  Leeuwen, 
Hoogewoerd  89,  1896),  l)ecause  I  wrote  it  in  ignorance  of  certain  previous  work,  especially  of  a  paper 
by  Plana  (‘Ast.  Xachr.,’  36,  n.  851,  c.  169).  Rut  I  cannot  but  congratulate  myself  on  mj^  ignorance, 
since  it  appears  that  Plana  gave  a  number  of  numerical  residts  which  were  wholly  wrong.  xV  knowledge 
of  that  paper  would  no  doubt  ha^■e  caused  me  much  further  trouble. 

Aly  pa2)er  gives  a  number  of  solutions  of  the  irroblem  which  I  believe  to  be  correct.  Ujifortunately 
the  methods  of  the  pajrer  are  clumsy,  and  thei'c  are  several  mistakes.  The  formula  for  w-  used  in  this 
present  paper,  is  much  better  than  that  given  there. 

The  complicated  formula  on  p.  325  is  susceptible  of  reduction  to  a  simple  form,  for  on  substituting  for 
7  its  approximate  form  (i)  we  have  simjjly 

7  -  6  =  Ik-  sin  8  cos  S, 

where  6  =  51°  21'  27". 

The  final  numerical  result  was,  howc\er,  nearly  right,  for  I  now  find 

sin  -a  =  sin  (7  -  6), 

whereas  I  had  '9266528.  The  sin  x  is  ihc  same  as  the  k  used  here. 

The  formula  at  the  top  of  p.  326  which  is  reproduced  as  (22)  on  j).  828  is,  1  think,  illusory,  for  if  in  the 
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Ill  order  to  determine  the  question  as  to  whether  or  not  it  is  possible  that  =  0 
should  have  another  solution  than  that  found  in  the  next  section,  I  liave  computed 
the  value  of  this  coefficient  for  the  Jacohian  ellipsoid  y  =  75°,  k  =  sin  81°  4'M,  and 
find  it  to  he  —6  •627,  From  the  manner  in  winch  the  numbers  in  the  computation 
present  themselves,  it  is  obvious  that  for  more  elongated  ellipsoids  3^3  will  always 
remain  negative,  and  will  become  numeiically  greater.  I  have  therefoi-e  not  thought 
it  necessary  to  seek  for  an  algebraic  proof  that  there  is  no  second  root  of  the 
equation. 

Very  long  Jacohian  ellipsoids  tend  to  become  figures  of  revolution,  and  the  coeffi¬ 
cients  of  stability  tend  to  assume  the  forms 

Pi  (z^)  Qi  {v) 

IVWQd(v)' 

The  forms  of  these  functions  are  well  known,  and  I  think  that  fair  approximations 
to  the  incidences  of  the  successive  figures  of  bifurcation  might  he  derived  from  the 
vanishing  of  this  expression. 

For  example 


V  —  {v'  —  1)  loo 


+ 1 
V  -  1 


Pr  (^)  Qi  (^)  =  -ih 


{2,5v^  -  3(V  H-  3)  log 


z.  +  1 


-  1/ 


-  p  (21z."-  ll)(35z^^-30zv'  +  3) 


I  have  not,  however,  attempted  to  solve  the  equation  found  by  equating  these  two 
expressions  to  one  another. 

Even  when  i  =  3  and  y  =  69°  49'  (the  critical  Jacobian)  this  rough  approximation 
makes  the  coefficient  of  stability  very  small,  hut  it  is  to  be  admitted  that  and 

P3Q3  differ  very  sensibly  from  {y)  (i^)  and  ^3  [v)  ©3  {v),  although  in  such  a 

way  that  the  errors  compensate  one  another. 


first  term  ve  put  y  =  6  +  -fK-sinScos  8  (as  is  clearly  allowable  in  approximation)  the  term  with  coeffi¬ 
cient  K-  or  sin  -a  disappears.  This  shows  that  it  was  necessary  to  proceed  in  the  approximation  as  far  as 
in  order  to  obtain  a  residt. 

The  methods  of  approximation  adopted  on  pp.  326-7  are  of  doubtfnl  propriety,  but  will,  I  think,  lead  to 
nearly  correct  results.  There  is,  however,  a  mistake  towards  the  bottom  of  p.  327  which  runs  on  to  the 
end.  M.  Kruger  correctly  points  out  that  the  second  line  of  formula  (24)  p.  329  should  run 


4  cos -a 


Q—  log«  cot  (|-  -  U/) .  (-y-  +  3  tan  -y  -1-  tan  -^y)  -  -  V  tan  -y  -  tan 


4,, 


Sin  y 


Lastly,  on  p.  335,  line  13,  for  C  =  0-3573,  read  C  =  0-5379  ;  and  on  p.  336,  line  7,  for  1-3573,  read 


1-5379;  and  for  -  =  1-696,  read -  =  4-65. 

a  a 
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§  8.  The  2:)€aT-sha'ped  Figure  of  Equilibrium. 

By  (21)  the  normal  disjilacement  hn  for  the  third  zonal  harmonic  deformation  may 
he  written 


hn  —  e 


-  (3  -  MFir  -  dq-<r  siid  7] 

-  rsin^Y)  (.-,’2/cos^7  +  ?/-  'Ah+  r)’  ’ 


.subject  to  the  condition 


V- 


+  .V  1  O  ^ 

^ 

ITie  expre.ssion  ha.s  l>een  arranged  .so  tliat  when  :c  =  ?/  =  0,  ’  =1  c.  we  have  hn  =  e. 
Hence  +  e  and  —  e  are  the  normal  displacements  at  the  .stalk  and  blunt  end  of  the 
]*)ear  respectively. 

Tn  the  section  y  =  0,  this  may  he  written 


hi  — 


c  cos  7  (*d  —  Crq~) 


/-■>  •  0/0  0^*0  \h  * 


The  nodal  points  are  given  by  -  =  i  9  =  i  ‘75805^. 


Tn  the  section  x  —  0,  since  F  =  cr\ - ^ 

—  4^- 


hi  =  c 


A(4-%2) 


o  o 
CFK'^ 


it  may  be  written 

/  o  o  o  o\ 

•t  {k~z~  —  c-q~) 

(c-  —  /c-.r  Bin-  7)- 


The  nodal  ]’)oints  are  given  Ipv  -  =  4  “  =  4  ‘788980. 

C‘  K 

The  section  .'j  =  0  is  obviously  another  nodal  line  for  all  sections. 

By  means  of  these  fornudfe  it  is  easy  to  compute  the  normal  displacements  from  the 
surface  of  the  critical  Jacobian. 

Tlie  figure  opposite  showing  the  three  sections  x  —  0,  y  =  0,  ^  =  0,  is  drawn 
from  these  formulm,  the  dotted  line  heino’  the  critical  Jacobian  and  the  firm  line  the 
pear.  The  scale  of  the  normal  displacements  is,  of  co\irse,  arbitrary. 

Comparison  with  M.  PoixoAEi'fs  sketch  shows  that  the  figure  is  considerably  longer 
than  he  supposed. 

In  this  first  approximation  the  positions  of  the  nodal  lines  are  Independent  of  the 
magnitude  of  c,  and  they  lie  so  near  the  ends  that  it  is  impossible  to  construct  an 
exaggerated  figure,  for  if  we  do  so  the  blunt  end  acquires  a  dimple,  which  is  ab.surd. 
It  might  have  been  hoped  that  .such  an  exaggeration  would  afford  us  some  idea  of  the 
mode  of  development  of  the  pear. 
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PROFESSOR  G.  H.  DARWIN  ON  THE  PEAR-SHAPED  FIGURE 


M.  SoHWARZSCHiLD  has  remarked*  that  it  is  not  absolutely  certain  that  the 
principle  of  exchange  of  stability  holds  with  reference  to  this  figure,  and  that  we 
cannot  feel  absolutely  certain  that  the  pear  is  stable  unless  we  can  prove  that  the 
moment  of  momentum  is  greater  than  in  the  critical  Jacobian. 

With  reference  to  this  objection,  M.  Poixcare  writes  to  me  as  follows  : — 

“  Faisons  croitre  le  moment  de  rotation,  que  j’aj^pellerai  M,  Deux  hypotheses  sont 
possibles. 

“  Ou  bien  pour  M  <  (the  moment  of  momentum  of  the  Jacobian),  nous  aurons 
une  seule  figure,  stable,  a  savoir  rellq3soide  de  Jacobi,  et  pour  M  >  Mg  trois  figures, 
une  instable,  fellipsoide,  et  deux  stables  (d’ailleurs  egales  entre  elles),  les  deux  figures 
pyriformes. 

“  Ou  bien  pour  M  <  Mg,  nous  aurons  trois  figures  d’equilibre,  deux  pyriformes 
instables,  une  stable,  Fellipsoide,  et  pour  M  <  Mg  une  seule  figure  instable,  Fellqisoide — 
auquel  cas  la  masse  fluide  devrait  se  dissoudre  par  un  cataclysme  subit. 

“  II  y  a  done  a  verifier  si  pour  les  figures  pyriformes,  M  >  ou  <  Mg.” 

It  seems  very  improbable  that  the  latter  can  be  the  case ;  but  this  opinion  is  not  a 
proof 

Since  is  stationary  for  the  initial  pear,  a  small  change  in  the  angular  velocity 
will  certainly  produce  a  great  change  in  the  figure  of  the  pear.  If  this  investigation 
has,  in  fact,  its  counterpart  in  the  genesis  of  satellites  and  planets,  it  seems  clear  that 
the  birth  of  a  new  body,  although  not  cataclysmal,  is  rapid. 


§  9.  Summary. 

It  is  possible  by  the  methods  explained  in  my  previous  paper  on  “  Harmonics  ”  to 
form  rigorous  expressions  for  the  ellipsoidal  harmonics  of  the  third  degree.  Accordingly 
in  §  1  I  proceed  to  form  those  functions.  In  §  2  the  notation  is  changed  with  a  view 
to  convenience  in  subsequent  work,  and  for  the  sake  of  completeness  the  harmonics 
of  the  first  and  second  degrees  are  also  given.  In  §  3  the  corresponding  solid 
harmonics  are  expressed  in  rectangular  co-ordinates  x,  y,  z.  In  §  4  I  find  the 
Q-functions,  the  harmonic  functions  of  the  second  kind,  and  express  the  results  in 
terms  of  the  elliptic  integrals  E  and  F.  It  appears  that  both  the  P-  and  Q-lunctions 
of  the  third  degree  of  harmonics  occur  in  three  pairs  which  have  the  same  algebraic 
forms,  and  that  in  each  pair  one  of  them  only  differs  from  the  other  in  the  value  of  a 
certain  parameter.  There  is,  lastly,  a  seventh  function  which  stands  by  itself;  this 
last  corresponds  to  the  solid  harmonic  xyz. 

In  §  5  the  equations  for  Jacobi’s  ellipsoid  are  determined  by  the  consideration  that 
the  energy  must  he  stationary,  and  the  superficial  value  of  gravity  is  found  in  terms 
of  the  appropriate  P-  and  Q-functions.  I  then  proceed  to  find  the  additional  terms 

*  “  Die  PoincaiAsche  Theorie  des  Gleiehgewichts,”  ‘  Aiinalen  der  K.  Sternwarte,  Miinchen,’  Bd.  HI. 
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in  the  energy  when  the  mass  of  fluid  is  subject  to  an  ellipsoidal  harmonic  deformation. 
This  section  is  a  paraphrase  of  M.  Poincare’s  work,  but  the  notation  and  manner  of 
presentation  are  somewhat  diflerent.  The  additional  terms  in  the  energy  are  shown 
to  involve  a  certain  coefficient,  which  is  called  by  M.  Poincare  a  coefficient  of 
stability.  It  is  clear  that  when  any  coefficient  vanishes  we  are  at  a  point  of  bifurca¬ 
tion.  and  the  particular  Jacobian  ellipsoid  for  which  it  vanishes  is  also  a  member  of 
another  series  of  figures  of  equilibrium. 

In  §  6  the  principal  properties  of  these  coefficients,  as  established  by  M.  Poincare, 
are  enumerated.  He  has  shown  that  the  ellipsoid  can  bifurcate  only  into  figures 
defined  by  zonal  harmonics  ;  that  it  must  do  so  for  all  degrees,  and  that  the  first 
bifurcation  occurs  with  the  third  zonal  harmonic.  The  order  of  magnitude  of  the 
coefficients  of  the  several  orders  and  of  the  same  degree  is  determined.  A  numerical 
result  seems  to  indicate  that  as  the  ellipsoid  lengthens,  it  becomes  more  stable  as 
regards  deformations  of  the  third  degree  and  of  higher  orders,  and  less  stable  as 
regards  the  lower  orders  of  the  same  degree. 

In  §  7  the  numerical  solution  of  the  vanishing  of  the  coefficient  corresponding  to 
the  third  zonal  harmonic  is  found,  and  it  is  shoAvn  that  the  critical  ellipsoid  has  its 
three  axes  proportional  to  ’GSOGG,  *81498,  1 ‘88583,  and  that  the  square  of  the  angular 

0)^ 

velocity  is  given  by  — =  ‘14200.  A  short  table  is  also  given  showing  the  march 

of  the  axes  of  the  Jacobian  ellipsoids  from  their  beginning  on  to  instability  at  this 
critical  stage.  The  nature  of  the  formula  for  the  third  zonal  coefficient  of  stability 
seems  to  show  that  it  can  only  vanish  once — a  point  which  it  appears  that 
M.  Poincare  found  himself  unable  to  prove  rigorously. 

A  suggestion  is  made  for  the  approximate  determination  of  the  bifurcations  into 
the  successive  zonal  deformations,  but  no  numerical  results  are  given. 

In  §  8  the  nature  of  the  pear-shaped  figure  is  determined  numerically,  and  the 
reader  may  refer  to  the  figure  above,  where  it  is  delineated.  It  will  be  seen  to  be 
longer  than  was  shown  in  M.  Poincare’s  conjectural  sketch. 

If,  as  M.  Poincare  suggests,  the  bifurcation  into  the  pear-shaped  body  leads 
onward  stably  and  continuously  to  a  planet  attended  b}"  a  satellite,  the  bifurcation  into 
the  fourth  zonal  harmonic  probably  leads  unstably  to  a  planet  with  a  satellite  on 
each  side,  that  into  the  fifth  to  a  planet  with  two  satellites  on  one  side  and  one  on  the 
other,  and  so  on. 

The  pear-shaped  bodies  are  almost  certainly  stable,  but  a  rigorous  and  conclusive 
proof  is  wanting  until  the  angular  velocity  and  moment  of  momentum  corresponding 
to  a  given  pear  are  determined.  To  do  this  further  approximation  is  needed. 
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PoiKCAEE,  11.— SuT  la  Stabilite  de  I’fiquilibre  des  Figures  Pyriformes 
affectees  par  une  Masse  Fluide  en  Eotation. 

Phil.  Trans.,  A,  toI.  198,  1902,  pp.  333-373. 

Fluide_  en  rotation— figures  d’equilibre  affectees  sous  Faction  de  la 
grayitation  et  de  la  force  centrifuge  par  une  masse. 

PoiycAEE,  H.  Phil.  Trans.,  A,  yol.  198,  1902,  pp.  333-373. 
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J’ai  piiblie  autrefoi.s  dans  le  Tome  7  des  ‘  Acta  Mathematica  ’  un  memoire  sur 
Tequilibre  d’lme  masse  Tuide  en  rotation.  C’est  a  ce  memoire  que  je  renverrai 
sonvent  dans  la  suite  en  ecrlvant  simplement  ‘  Acta.’  Dans  ce  memoire  je  decris  en 
particnlier  une  figure  d’equilibre  jjarticuliere  qui  est  pyriforme,  et  (.[ue  pour  cette 
raison  on  pent  appeler  la  poire  (pear-shaped  figure). 

Cette  figure,  est-elle  stable  ?  La  question  ne  pent  pas  etre  regardee  comme  entiere- 
ment  resolue.  En  efiet,  comme  I’a  fait  remartjuer  M.  Schwarzschild,  le  princi})e 
de  Techange  des  stabilites  ne  pent  pas  etre  applicpie  a  ce  cas  sans  modification. 

La  condition  de  stabilite  pent  etre  presentee  sous  deux  formes  differentes.  Soit  U 
I’energie  potentielle  de  la  masse  fiuide  (ou  plutot  ce  que  M.  Darwin  appelle  I’energie 
perdue),  m  la  vitesse  de  rotation,  J  le  moment  d’inertie.  La  quantite 

U  -I- 


doit  etre  minimum,  m  etant  regarde  comme.  donne.  *■ 

La  condition  est  necessaire  et  suffisante  pour  la  stabilite  seculaire,  si  on  suppose 
que  la  masse  est  entrainee  par  frottement  par  un  axe  de  rotation  qui  la  traverse  de 
part  en  part  comme  dans  les  experiences  de  Plateau.  Elle  est  suffisante,  mais  elle 
n’est  plus  necessaire,  si  on  suppose  que  la  masse  est  isolee  dans  I’espace  {cf.  ‘  Acta,’ 
pp.  293,  295,  307,  369). 

Void  la  seconde  forme.  Soit  g  =  o)J,  le  moment  de  rotation  de  la  masse  ffiiide, 
la  quantite 


devra  etre  minimum,  g  etant  regarde  commie  donne. 

La  condition  aussi  enoncee  est  necessaire  et  suffisante,  si  on  suppose  la  masse  isolee 
dans  I’espace. 

Cela  pose,  considerons  la  serie  des  ellipsoides  de  Jacobi,  et  d’autre  part  la  serie  des 
(a  306.)  5.4.1902. 
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figures  pyriforiues.  Nous  aurons  ime  figure  de  lufurcation  qui  appartiendra  a  la  fois 
aux  deux  series,  et  que  nous  appellerons  le  Jacobien  critique. 

Les  figures  pyrifoi’iues  n’adiuetteut  .pas  le  plan  des  xij  pour  plan  de  symetrie ;  on 
doit  done  regarder  conuue  distinctes  deux  de  ces  figures,  symetriques  rune  de  Tautre 
])ar  rapport  a  ce  j^lau.  De  sorte  que  les  figures  de  la  serie  pyriforme  sont  symetriques 
deux  a  deux,  a  I’exceptioii  Ifieu  eiitendu  dii  Jacobien  critique,  qui  admet  le  plan  des  xij 
pour  plan  de  symetrie.  11  est  clair  (jue  pour  deux  figures  symetriques  les  valeurs 
de  ctj,  de  et  de  U  sont  les  memes. 

L’ensemble  des  deux  series  j^eut  etre  represente  schematitpiement  par  une  droite 
representant  les  ellipsoides  de  Jacobi,  et  jDar  une  courbe  ayant  cette  droite  pour  axe  de 
symetrie,  et  representant  les  figures  pyriforiues.  Le  point  d’intersection  de  la  droite 
et  de  la  courlie  represente  alors  le  Jacobien  critique,  et  deux  points  symetric[ues  de  la 
courbe  representent  deux  figures  symetriques. 

Cela  pose,  si  nous  suivons  la  s6rie  des  Jacobiens  en  allant  du  moins  allonge  an  plus 
allonge,  nous  savons  que  o  va  en  decroissant,  tandis  que  ojJ  =  g  va  en  croissant. 

Si  nous  suivons  la  serie  pyriforme,  il  est  evident  que  quand  nous  atteindrons  le 
Jacobien  critique,  w  atteindra,  soit  un  minimum,  soit  un  maximum,  et  il  en  est  de 
meme  de  coJ. 

Si  nous  adoptons  le  premier  critere  de  la  stabilite  fonde  sur  les  minima  de  la 
fonction  U  +  le  principe  de  I’echange  des  stabilites  entendu  comme  il  dolt  I’etre, 

nous  enseioue  ceci. 

O 

La  condition  necessaire  et  suffisante  jiour  la  stabilite  sdculaire,  si  Ton  supposait  la 
masse  entrainee  par  la  rotation  d’un  axe  fixe  comme  dans  les  experiences  de  Plateau, 
serait  que  o  soit  maximum,  c’est-ii-dire  plus  grand  pour  le  Jacobien  critique  que  pour 
les  autres  figures  pyriformes. 

Si  oi  est  maximum,  on  aurait  pour  une  valeur  donnee  de  co  superieure  au  maximum 
une  seule  figure  d’equilibre,  un  Jacobien  stable ;  pour  une  valeur  donnee  de  o> 
inferieure  au  maximum  on  en  aura  trois,  un  Jacobien  instable  et  deux  figures 
pyriformes  stables. 

Si  au  contraire  oj  est  minimum,  on  aurait  pour  une  valeur  donnee  de  w  superieure 
au  minimum  trois  figures  d’e(}uili])re,  deux  pyriformes  et  instables,  et  une  ellipsoidale 
et  stable  ;  pour  une  valeur  inferieure  au  minimum  on  n’aurait  plus  qu’une  figure 
dfiquilibre  ellipsoidale  et  instable. 

Si  maintenant  nous  supposons  la  masse  isolee  dans  I’espace,  la  condition  reste 
suffisante,  mais  elle  n’est  plus  necessaire.  Pour  avoir  une  condition  necessaire  et 

o 

suffisante,  il  faut  avoir  recours  au  second  critere  fonde  sur  les  minima  de  U  —  '^y 

Le  principe  de  fechange  des  stabilites  nous  apprend  alors  que  la  condition  necessaire 
et  suffisante  de  la  stabilite  seculaire,  e’est  que  w  J  soit  minimum,  e’est-a-dire,  plus 
petit  pour  le  Jacobien  critique  que  pour  les  autres  figures  pyriformes. 

Si  o)  J  est  minimum  on  aura  pour  une  valeur  donnee  de  loJ 


L’EQUILIBEE  des  figures  pyriformes. 
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inferieure  an  minimum  :  1  Jacobien  stable, 

superieure  an  minimum  :  1  Jacobien  instable,  2  figures  pyiiformes,  stables  et 
symetriques  rune  de  Tautre. 

Si  (x)  J  est  maximum  on  aura  pour  une  valeiir  doniiee  de  w  J 

inferieure  au  maximum  :  1  Jacobien  stable  et  2  figures  pyiiformes,  instables  et 
symetriques  I’liiie  de  I’autre, 
superieure  au  maximum  ;  1  Jacobien  instaiile. 


La  question  a  resoudre  est  done  de  savoir  si  co  /  est  maximum  on  minimum  ;  mais 
elle  ne  peut  etre  resolue  que  par  un  calcul  complique.  Supposons  qu’une  masse  fluide 
honiogene  en  rotation  se  refroidisse  lentemeiit,  elle  prendra  successivement  (dans  la 
premiere  hypotliese  w  J  minimum)  la  forme  d’lm  ellipso'ide  de  revolution  de  plus  en 
plus  aplati,  puis  celle  d’lm  ellipsoide  de  Jacobi,  puis  celle  d'une  poire. 

Si  au  contraire  on  venait  a  reconnaitre  que  to  J  est  maximum  et  non  miniinum, 
on  devrait  conclure  que  cette  masse  apres  avoir  pris  la  forme  de  divei's  ellipsoides  de 
revolution,  puis  de  divers  ellijiso'ides  de  Jacobi,  et  avoir  atteint  finalement  celle  du 
Jacobien  critique,  subira  tout  a  coup  une  deformation  enorine  et  une  serie  d’oscilla- 
tions,  par  une  sorte  de  catastrophe  subite. 

Diverses  raisons  contribuent  a  rendre  la  premiere  hypothese  beaucoup  vraisem- 
blable  ;  iieanmoins  jusqu’ici  la  preuve  n’est  pas  faite,  et  je  declare  tout  de  suite  que 
je  ne  I’apporte  pas  encore  dans  le  present  travail. 

Mais  quelle  que  soit  fhypothese  cjui  doive  triompher  un  jour,  je  tiens  a  inettre 
tout  de  suite  en  garde  centre  les  consequences  cosmogoniques  qu’on  pourrait  en 
tirer.  Les  masses  de  la  nature  ne  sont  pas  homogenes,  et  si  on  reconnaissait  que 
les  figures  pyriformes  sont  instables,  il  pourrait  neanmoins  arriver  qu’une  masse 
heterogene  fiit  susceptible  de  prendre  une  forme  d’equilibre  analogue  aux  figures 
jiyriformes,  et  qui  serait  stable.  Le  contraire  j^ourrait  d’ailleurs  arriver  egalement. 

A  la  suite  d’une  correspondance  que  j’ai  eue  avec  M.  Darwin,  nous  nous  sonnnes 
mis  I’un  et  I’autre  a  etudier  la  question,  et  pendant  qu’il  ecrivait  deux  memoires  sur 
ce  sujet,  et  que  dans  I’lin  de  ces  memoires  il  determinait  les  axes  du  Jacobien  critique, 
j’obtenais  des  resultats  qui  sont  I’objet  du  present  travail.  J’ai  forme  I’inegalite 
qui  doit  etre  satisfaite  pour  qu’il  y  ait  stabilite,  mais  je  ne  I’ai  pas  traduite  en 
chiffres,  parce  C|ue  je  me  defie  de  mon  habilete  arithmetique,  et  que  je  ne  suis  pas  un 
calculateur  assez  sur. 

Les  notations  dont  je  fais  usage  different,  malheureusement,  beaucoup  de  celles  de 
M.  Darwin  ;  elles  se  rapprochent  de  celles  de  mon  memoire  des  ‘  Acta  ’  sans  etre 
tout  a  fait  identiques,  parce  que  je  rapporte  ici,  pour  jilus  de  symetrie,  les  coordonnees 
elliptiques  a  rellipsoide  : 


.1'“ 


—  a~ 


+ 


tr 


o  in 

r  —  h- 


+ 


—  ra 


=  1, 
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et  non  jDlns  a  I’eHipsoide 


corame  le  faisaient  Liouville  et  Lame,  et  comme  je  I’ai  fait  moi-meme  dans  le 
memoire  des  ‘  Acta.’  (Je  suppose  de  plus  ci?  >  Ir  >  au  lieu  de  supposer  h~  <  c~.) 

Les  indices,  que  j’attribue  aux  fonctions  de  Lame,  ne  sont  pas  non  plus  les  memes 
que  dans  les  ‘  Acta.’  Les  fonctions  que  j’ap^^elle  ici 


Ai,  Ao,  Ag,  A4,  Ag, 

s’appelaient  daiis  les  ‘  Acta’: 

Ao,  Ai,  Abo,  ^3,0- 

C’est  la  fonction  Pi'3,0  =  Rj,  qui  est  la  plus  imj^ortante,  parce  que  c’est  elle  qui  sert 
a  definir  la  figure  pyiiforme ;  on  la  designe  quelquefois  sous  le  nom  de  “  third  zonal 
harmonic.” 

Les  fonctions  L  sont  toutes  egales,  soit  a  un  polynoine  entier  en  p-,  soit  a  un  pared 
polynome  multiplie  par  fun  des  trois  radicaux 

soit  a  un  pareil  polynome  multiplie  par  deux  de  ces  radicaux,  soit  a  un  jjareil  polynome 
multiplie  j^ar  ces  trois  radicaux. 

Cedes  de  ces  fonctions  qui  sont  egales  a  un  polynome  en  p'  seront  ce  que  nous 
appellerons  plus  loin  fonctions  de  Lame  paires  et  uniforines. 


►Soit 


Calcu  Is  F)  'Sliviin  a  h  'cs. 


+ 


1 


hequation  de  rellipso'ide  de  Jacobi  de  hifurcation  que  j’a})pelle  Eq  ;  soient  p,  p,  v  les 
coordonnees  elliptiqiies  deduites  de  cet  ellipsoide  ;  de  sorte  que  p  =  p^  est  rec[uation 
de  Eq  en  coordonnees  elliptiques. 


[*  In  the  paper  in  the  ‘  Acta  ’  there  is  a  slight  inconsistency  in  the  notation  adopted,  for  in  one  jDart  of 
the  paper  the  first  of  the  double  suffixes  to  the  R’s  denotes  the  degree  of  the  harmonic,  while  in  another 
part  it  is  the  second  which  has  that  meaning.  Thus,  for  example,  RA.o  is  sometimes  written  E'o,2-  Further 
Ido  not  find  that  Eu  is  used  explicitly  in  that  paper. 

It  may  be  convenient  to  point  out  the  identities  of  the  E’s  used  here  with  mj’  notation,  as  used  in 
“  Ellipsoidal  Harmonics  ”  and  “  The  pear-shaped  Figiu-e  of  Equilibrium.”  The}’  are  as  follows  : — 

Rj  =  9-  constant;  Eo  =  PJ(r);  R3  =  ILOOl  ^4  =  ^2 Of  =  ISsC). 

The  identities  of  the  S  functions  which  occur  l^elov’  are ; — 

Si  =  <00  O'),  So  =  3QdO'),  S3  =  5(00  O'),  fo  =  5(0;  (r),  S5  =  7(03fr)-— H.  Darwin.] 
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On  aura  : 

de  meme  pour  et  z^. 
On  en  deduit : 


d’ou  : 


0  _  (p-  —  -  cC~) 

~  (a2  _  (a2  _  cO 

dx  /  (/j?  —  cd)  (v"  —  cd) 

dp~  P  'V  (p3  -  «3)  (,,2  _  52)  (ff2  _  c2)  ’ 


.//pZ  [dp  i  0/p  /  (p2  -  «0  (p2  _  52)  _  c2) 


d’oil  pour  le  carre  d’un  element  d’arc  quelconque  : 


Akip-  +  Bhip-  +  CAIv\ 

ou  B  et  C  sont  formes  avec  p.  et  v  comme  ^4  avec  p. 

II  vient  alors  pour  AF  I’expression  suivante  : 


^SCaF=  rF 


d  IBCdV 


d  p  \  A  dp 


d  iACdV\  d  (ABd_V'^ 

I  + 


dp  {  B  dp  j 


C  dv  j 


Nous  designerons  les  fonctions  de  Lame  par  des  indices. 

i?,  se  reduit  a  une  constante  ;  iF  a  (p^  —  F) ;  et  sont  les  deux  polynomes 
du  j^remiFe  degre  en  p~  •,  R^,  est  la  troisieme  “zonal  harmonic.”  II  faut  remarquer 
quc  les  indices  choisis  ne  sont  pas  les  memes  que  dans  le  onenioire  des  ‘  Acta.’ 

Les  fonctions  correspondantes  S,  M,  N  porteront  les  memes  indices. 

RP  et  SP  seront  les  valeurs  de  R,  et  Si  pour  p  =  Pq. 

Nous  introduirons  les  varialdes  elliptiques  6,  6^,  d.^  par  les  equations 


dd  = 


_ Ff _ 

(P'-F-(P- 


6i  et  0.^  etant  formes  avec  p  et  p  comme  0  avec  p. 
II  vient  alors  : 


_ 1 _ 

(p3  _  j;3)  _  j,3)  • 


Forniules  relatives  an  Rotentiel  d’une  Simqole  Coitcia 
Le  potentiel  ii  I’exterieur  aura  pour  expression 

V  =  tHRBMN, 

les  H  etant  des  coefficients  quelconques,  et  a  I’interieur 

F  tHRSmN. 
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Si  nous  considerons  inaintenant  les  derivees  dV idn  estimees  suivant  la  normale  :  si 
nous  convenons  de  representer  par  des  lettres  accentuees  les  derivees  prises  par 
rapport  a  6,  il  viendra,  puiscpie  /  =  dQjdn  : — 

A  I’exterieur 

'^4-  =  tHR'S'UIN 

(in 

et  a  I’interieur 

'hi 

La  difference 

tII{RS'  -  Sir)  JMN 

represente  47rS,  8  etant  la  densite  de  la  simple  couclie,  et  connue 

Sir  -  RS'  =  2;?  +  1 

on  aura 

47rS  =  SJl{2n+  })UIN. 

Si  d  one  la  densite  a'  pour  expression 

SBlMiW 

le  potentiel  a  la  surface  aura  pour  expression 

SB  ,  -  ;  irSHIN. 

'■In  +  1 


Fo)'mides  relatives  au  Potentiel  d’une  Double  Couclie. 

Le  potentiel  a  I'exterieur  aura  pour  expression 

V  =  SUSilliV 

et  a  I’interieur 

r  =  SD.PilDV 

les  coefficients  etant  differents.  Comine  la  derivee  dV^dn  tlevra  etre  continue  on 
aura  : 

SIIS'MN  =  SllyR\,MN. 

Posons  II  =  PR'ij,  Hi  —  KS'^i  ;  la  difference  entre  les  deux  valeurs  de  T"  pour 
P  =  PQ  «era  : 

-  SKMN{Ri;Sii  -  S,;Rii)  =  +  SKMNdln  +  1). 

Ce  sera  —  4778,  8  etant  la  densite  de  la  double  couche. 
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Energie  de  la  Simple  Couche. 


Cette  enei’D’ie  est 

o 

[ir.sv/o- 

da  etant  I’element  de  surface. 


Si 

cela  fera 


8  =  tBlME,  V  =  SB  ,  ^  RSMN 

’  2?i  +  1 


27rY- 


2/1  4  1 


B^Es\l}ENhl(T. 


Energie  de  la  Doiihle  Couche. 

Je  ne  calculerai  ici  qu’une  portion  de  cette  energie,  a  savoir  I’integrale 

etendue  a  tons  les  elements  dr  de  I’espace  sauf  eeux  (p.d  sont  compris  entre  les  deux 
surfaces  infiniincnt  voisines  qui  co'nstitiient  la  double  couche.  Cette  portion  est  egale  a 
iir 


Si 


8  =  tBi 


^  y  N 

Cl  on 


-  Si?  -—-  B'S’MNl, 

(In  2a  +  1 


■Irrt,  ^  -B^R'S'\lM~Ndla. 

2n  4  1 


JJef  radon  de  la  Poire. 

Bar  les  differents  points  de  7fo,  je  mene  des  lignes  normales  aux  ellipsoides  homo- 
focaux  a  Eq,  c’est-a-dire  des  lignes  /r  =  const.,  v  =■  const.,  et  je  les  prolonge  juscjii’a 
la  rencontre  avec  la  surface  de  la  poire.  Sc)it  da^^  un  element  de  surface  de  E^^  et  dv  le 
volume  engendre  })ar  les  lignes  ainsi  nienees  par  les  differents  points  de  dcr^,  le  rapport 

dvjda-Q 

sera  une  fonction  de  g  et  de  v  cpie  je  pourrai  developper  en  serie  de  Lame  sous 
la  forme  : 


dvldcTQ  =  Xl^iMiNi , 
2x2 
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Ce  sont  les  coefficients  ^,qui  definissent  la  forme  de  la  poire. 

Parmi  ces  coefficients,  je  remarque  : — 

1.  qui  est  nul,  parce  que  le  volume  de  la  poire  est  egal  a  celui  de  ce  qui 
s’ecrit  \dv  =  0. 

2.  ^5,  qui  est  du  premier  ordre. 

3.  ^3  et  qui  sont  du  second  ordre. 

4.  Les  autres  qui  sont  du  second  ordre,  si  la  fonction  IM,-  est  paire,  uniforme,  et 

d’ordre  superieur ;  et  negligeables  dans  le  cas  contraire. 

Assez  frequemment,  et  quand  il  n’en  pourra  resulter  aucune  confusion,  je  sup- 
primerai  I’indice  0  oX  j  ecrirai  simplement  da  et  dvjda  au  Hen  de  da^  et  dv  claQ. 


Definition  de  la  Simple  Conche  C. 

Je  considere  la  conche  attirante  formee  par  tons  les  petits  volumes  dv,  et  situee 
par  consequent  entre  la  surface  de  la  })oire  et  celle  de  E^j.  Je  suppose  que  Ton 
concentre  toute  la  masse  attirante  situee  dans  cette  couche  sur  la  surface  de  E^ ;  nous 
aurons  ainsi  une  simple  couche  attirante,  la  deiisite  de  la  matiere  sur  relement  da 
etant  precisement  dvjda. 

L’attraction  de  cette  simple  couche,  (pie  j’appelle  S,  est  ii  tres  peu  pres  egale  a  celle 
de  la  couche  C. 

Je  jniis  considerer  rattraction  due  a  la  couche  C  nioiiis  fattraction  due  h.  la 
couche  2 ;  elle  pent  etre  consideree  comme  due  a  une  matiere  attirante  en  partie 
positive  et  en  partie  negative  ;  c’est  ce  que  j’appellerai  la  matiere  comprenant  la 
couche  C  prise  positivement  et  la  couche  2  changee  de  signe. 


Calcul  du  Potentiel. 

Le  potentiel  V  pourra  etre  decomposee  en  trois  parties  : 

7=  Fi+  F3. 

Fj  potentiel  de  Eq  ;  Fo  de  2  ;  T"3  de 
Void  quelle  est  I’expression  analytique  de  F^  et  de  Fo. 
Pour  F^ ; — 

k  I’exterieur  de  E^ 

F,  =  +  Affi,3IpY,  , 

a  rint(3rieur  de  E^ 
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les  A  et  les  A'  etant  des  coefficients  constants  et  IT  le  premier  inembre  de 
I’equation  de 

Ptappelons  qne  est  continue  ainsi  qne  ses  derivees  du  premier  ordre  ;  d’oti  Ton 
pent  conclure  d’abord  : 


A,S,^  =  ,  A,S^^  =  A^B^  ,  A,S,^  =  A/B/^ . 

Je  puis  poser  de  meme  : 


^  +  B,BaU,N,  +  B,B,  M,B',  + 


et  j’anrai  entre  les  coefficients  B  et  A'  les  relations  snivantes  : 


^3'  ~i~  ^3  —  ^-1.  +  ^ 

=  4  ;  Ao'AB  =  A  =  -  47r  ;  A^  +  ttB^^ 


=  0 


Quant  a  Fo  nous  aurons  : 
a  I’exterieur  de  /q, 


a  rinterieur  de  Aa 


Fa  =  S 


477 


+  1 


47r 


v,  =  t  . 


Cafcul  de  I’Energie. 


L’energie  totale  comprend  : — 

1.  Lenergie  duo.  d  V attraction  de  Eq  sur  lui-ineme. 

2.  L’energie  due  au  mcnient  d’inertie  de  Eq. 

Ces  deux  parties  ensemble  forment  Wq. 

3.  Jj’energie  de  Eg  g)ar  rapport  d  1  (plus  I’energie  de  rotation).  Cette  somme 
est  mdle,  car  elle  est  du  premier  ordre  par  rapport  aux  et  les  tenues  du  premier 
ordre  doivent  disparaitre  puisque  Eg  est  une  figure  d’equilibre. 

4.  L’energie  de  S  par  rapport  d  lui-mSme,  qui  est,  d’apres  le  memoire  des  ‘  Acta,’ 
p.  318  : 

2,7s  ^  n,  =  ^iumM<r. 

5.  Lenergie  de  Eq  par  rapport  d  fH,  plus  I’energie  de  rotation  de^  •,  on  en  connait 
les  termes  du  premier  ordre,  cjui  sont  nuls ;  ceux  du  second  ordre,  qui  d’apres  le 
memoire  des  ‘Acta,’  p.  317,  sont  : 

—  '2TTt\^i^BASA^i, 

mais  il  taut  pousser  le  calcul  plus  loin  ;  soit  done 
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ette  energie,  oii  cJt  i-epresente  Felement  de  volume  de  IH,  de  sorte  que 


cIt  —  dd  dOi  dd^x/ —  J  •  {i-d  —  p')  {p~  —  p~)  (U~  — 


Soit  f/o-y  un  element  de  la  surface  de  Eq,  dcr  relement  correspondant  de  la  surface 
d’un  ellipsoi'de  E  homofocal  a  Eq  (je  considfere  deux  elements  comme  correspondants 
quand  ils  out  memes  coordonnees  elliptiques  p.  et  v). 

Soit  dk  im  element  de  la  courbe  g  =  const.,  const.,  compris  entre  deux 
ellipsoi'des  E  et  E'  infiniment  voisiiis  et  homofocaux  a  Eq  ;  nous  aurons 


f/r  =  dkdcr  = 


cWda 


D’autre  part  Ida-  —  /odo-, 


o> 


on 


ir  -  (r  -  ’ 


ipd  - 


Si  nous  posons 


dO  =  du 


(y  _  y)  (y  _  .q 


Ikln 


et  que  nous  considerions  uu  instant  comme  fonction  de  ii  ;  nous  remarquerons  d’abord 
que  dr  =  du  dcr,,. 

Developpons  P  pai-  la  formule  de  MacLaurix  : 


P  =  P 


0 


4*  \u 


o 


(dF 

(hd 


+  W 


chd 


11  va  sans  dire  que  la  varial)le  auxiliaire  ii  a  ete  definie  de  facon  a  s’annuler  jwur 
p  =  Pq^  et  que  dans  P  et  ses  derivees  oji  a  fait  p  —  Pq.  Notre  varialde  u  variera  done 
de  0  a  dv/dtr  quand  on  passera  de  la  surface  de  Pjq  a  celle  de  la  poire. 

Alors  nous  avoirs  })our  la  portion  de  I’energie  envisagee  : 


[pduda,, = + qA  + iijp 

Le  premier  terme  est  mil  (})uis(pie  [du  =  0),  le  second  nous  doniierait  le  ternie  du 
second  ordre 


doiit  j’ai  deja  donne  I’expression  d’apres  le  memoire  des  ‘  Acta.’ 

Le  troisieme  va  nous  donner  des  termes  en  £•,  et  le  quatrieme  un  terme  en 
Je  commence  par  rechercher  les  derivees  de  P  par  rapport  a  u,  en  fonction  des 
derivees  dp/dO,  d^p/dd". 
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(Jn  a 


dP  __dFd6  _ilP  _  1 

dn  ~  dO  d~a  ~  dd  ’  dn  ~  ’ 

dd^r  _  dV  d^  d^  [dd  -2 

dv?  ~  dO  d^-  \d  J 

d'^p  _  dP ^  <pe 

did  ~  de  ^  ■'  de-  Ft  dP 


pour  p  =  p,-, 


d^  /dd^ 
d&^  \du) 


Tout  ce  que  je  veux  retenir  pour  le  uioiuent  c’est  que  (W/du,  cPdjdiP,  (FOUhP  S(.)iit 
des  fonctions  de  p,"  et  de  r-  synietriques,  paires  et  unifonnes  (je  veux  dire  par  ce 
dernier  mot  (pi’elles  ne  changent  pas  quand  p”  ou  r-  tournent  autour  des  valeurs 
siiigulieres  6’’,  ou  c®).  Leur  developpeinent  en  series  de  Lame  iie  coutiendra  done 
que  des  fonctions  de  Lame  paires  et  uniformes.  II  en  sera  de  )neme  pour  dp'du, 
d-p/did,  ddpjdid  qui  entrent  dans  les  formules  : 


dp 

dd 


dl^dp  _  dU^ 
do  dn  ’  did 


dPdip  ,  d-^P/dp.^ 


dp  dn-  dfd  ^dn)  ’  ■ 


(I  ids). 


Nous  supposons  Iden  entendu  dans  les  formules  (I)  et  (i  bis)  qu’on  remplace  partout 
p  par  p^  a  la  tin  du  calcid. 

line  autre  difiicidte  provient  de  ce  que  P  ifa  })as  la  meme  ex|)ression  analytique  a 
f  interieur  ou  a  I’exterieur  de  Pq. 

►Si  la  couciie  etait  tout  entiere  a  I’interieur  de  7f,,  (ce  cpii  ne  pourrait  avoir  lieu  que 
si  on  renoncait  a  fliypotliese  Jdr  =  O)  nous  ])ourrions  reduire  P  ii  IT,  a  un  facteur 
constant  pres,  nous  aurions  en  effet : 

/'  =  /I’l-I/,  V,  +  (AJ  +  n 

le  premier  terme  se  reduit  ii  une  constante  qui  n’a  pas  de  derivees. 

II  est  aise  de  voir  que  (/iT/c/p  se  reduit  ii  un  terme  en  p  ;  de  sinde  que 


dll  _  dm  _  _  p 

dp  ^  dp-  ’  d p-^ 


Nos  integrales  se  reduiraient  done,  ii  un  facteur  constant  pres,  a 


pp  , 

Fd  + 


\du 


+ 


dm  [doY 


dp-  \ila 


da 


Pp  I  o  'if 

!hd  ^  dn  did 


J’ecris  da  au  lieu  de  (/(Tq,  en  supprimant  I’indice  0,  devenu  inutile. 

Remarquons  que  les  quant  ites  entre  crochets  sont  les  derivees  premiere  et  seconde 
de  p  dp/du 

Remarquons  en  outre  que 


d^dp 

dp  dn. 


■hr 
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pjdu  est  })ro])ortionnel  a  /,  et  par  consequent  dPjdp 


■?n__  /  7  n 
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Les  termes  qui  nous  interessent  sont  ; — 

1.  Dans  {dvldo-y  les  termes  M^N,  qui  donnent 


II  suffira  de  prendre  les  fonctions  MiN,  qui  sont  paires  et  uniformes,  puisque  les 
develojDpements  de  l^drPjdp"  n’en  contiennent  pas  d’autres.  Si  on  se  borne 

aux  formules  precedentes,  oil  P  est  regarde  comme  proportionnel  a  IT,  nous  pourrons 
poser 

rlP  _  1 


;1/q  etant  une  constante  ;  si  nous  developpons  alors  : 


eii  serie  de  Lame,  on  aura,  pour  les  termes  en  question  : 

Malheureusement  toute  la  masse  m  n’est  pas  a  I’interieur  de  c’est  done 


d~F 

qu’il  faudrait  developper  ;  et  cette  expression  n’est  egale  a  M, 

pour  les  points  interieurs  ii 

2.  Dans  {dv/daY  le  terme  ^ MY'E'd  ce  qui  donne  : 


»i,(dl)-'^AVrque 


Nous  reviendrons  sur  tons  ces  points  plus  en  detail. 
6.  L’energie  de  %  par  rapypovt  a  fH. 


C’est 


etendu  a  fH,  e’est-a-dire  etendu  a  C  en  supprimant  ensuite  les  termes  du  second  degre  ; 
cela  fait,  puisque 


b  2  d  u  dcr  — 


ilv 


do"  -|“ 


d-r 

dF 


cela  fait,  dis-je,  puisqu’on  doit  suppiimer  les  termes  du  second  degre  : 
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Les  derivees  dVJdii,  etc.,  se  calculeraleiit  comme  dP/du,  etc,,  et  on  y  ferait  a  la  fin  du 
calcul  p  =  Pq. 

Les  termes  C[iii  nous  interessent  sont : 
dansidv/daf  et  ‘ 

dans  {dv/daf 

Quant  a  V„  nous  devons  distinguer  le  cas  ou  ^  est  interieur  a  et  celui  on  est 
exterieur  a  Eq. 

Dans  le  premier  cas  les  termes  interessants  sont ; 


1 Y  £  d<r 

+  -  f  ,S,  da 


,C  .  r,„c,  IM'-r 


du) 


d<T. 


Dans  le  second  cas  ils  deviemient  : 


277 

W  +  1 


Si  ^  est  en  partie  exterieure  et  en  partie  interieure  a  E^^  il  faudra  employer  uiie 
formule  mixte. 

7.  L’energie  de  iEl  par  rapport  a  iH. 

Pour  I’obtenir  il  faut  calculer  le  potentiel  de  et  d’abord  revenir  sur  I’etude  du 
potentiel  d’une  double  couche.'^' 

Considerons  une  double  couche  tres  mince,  mais  non  infiniment  mince.  Elle  se 
compose  de  deux  surfaces  attirantes,  E  et  S',  tres  peu  difFerentes  rune  de  I’autre.  Je 
considere  une  serie  de  courbes  que  j’apjDelle  C,  de  facon  que  par  chaque  point  de 
I’espace  passe  une  courbe  C  et  une  seule.  Ordinairement  on  jjrend  pour  les 
courbes  C  les  normales  a  S.  Dans  les  applications  qui  vont  suivre,  je  prendrai 
les  courbes  /x  =  const.,  v  =  const. 

Deux  points  de  E  et  de  S',  se  trouvant  sur  une  inenie  courbe  C,  sont  dits  corre- 


*  Je  prie  le  lecteur  de  bien  renaarquer  que  pendant  quelques  pages,  et  jusqu’a  nouvel  avertissement, 
beaucoup  de  lettres  n’ont  plus  la  meme  signification  que  dans  ce  qui  preckle  et  dans  ce  qui  suit. 
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spondants.  L’liypotliese  qui  sert  de  detiiiition  a  la  double  couche,  c’est  que  les  masses 
attirautes  qui  se  trouvent  sur  un  element  de  S  et  sur  Telemeut  correspoudant  de  S' 
sont  egales  et  de  sigiie  contraire. 

Cela  pose  soit  M  uii  point  de  S,  Ji'  le  point  coirespondant  de  S',  soient  Fet  V  le 
potentiel  de  la  double  couche  en  M  et  en  M'.  11  s’agit  d’evaluer  la  ditierence 

V-  V'. 

1,  Dans  le  cas  oil  la  double  couche  est  infiniment  mince,  on  a  par  uii  theoreme  bien 
connu  : 

F  -  F  =  47r8  .  .  cos  y 

8  etant  la  densite  de  la  matiere  au  point  JI,  MM'  la  distance  des  deux  points 
correspondants  M  et  J/',  y  Tangle  de  la  courbe  C  avec  la  normale  a  S. 

Jo  rappelle  d’ailleurs  que  si  la  courbe  C  est  normale  aux  deux  surfaces,  c’est-ii-dire 
si  y  =  0,  la  dei'ivee  normale  dVjdn  est  continue,  meme  quand  on  franchit  la  double  * 
couche ;  et  que  par  consequent  cette  derivde  a  memo  vadeur  a  des  infiniment  petits 
pres  en  deya  des  deux  surfaces,  et  au  dela  des  deux  surfaces. 

2.  Supposons  maintenant  que  la  double  couche  soit  tres  mince,  mais  non  infini¬ 
ment  mince.  Nous  la  decomposerons  en  une  infinite  de  doubles  couches  infiniment 
minces.  Pour  cela  entre  S  et  S'  nous  I'eroiis  passer  une  infinite  de  surfaces 
Si,  So,  ...  ,  S;;  {n  tres  grand).  Soit  E  un  element  de  S,  et  E^,  E.^,  .  .  .  ,  E,„  E'  les 
elements  correspondants  de  S],  So,  •  •  .  ,  S,,,  S'.  Nous  avons  sur  E  une  masse  jj.  et 
sur  E'  une  masse  —  /x.  Placons  sur  Ey  une  masse  —  /x  et  une  masse  /x  qui  se 
detruiront  ;  faisons  de  memo  pour  E.^,  Fg,  .  .  .  ,  E,,.  Associons  la  masse  —  p  de  Ey 
avec  la  masse  p  de  E,  faisons  de  meme  pour  tons  les  autres  elements  de  E,  nous 
obtiendrons  une  double  couche  forniee  par  les  deux  surfaces  S  et  S^ ;  je  Tappelle  Ky. 

De  meme  en  combinant  la  masse  —  /x  de  Ah  avec  la  masse  /x  de  Ey,  j’aurai  une  seconde 
double  couche  que  j’appelle  Ab,  et  ainsi  de  suite  jusqu’a  la  double  couche  Ab  due  aux 
masses  —  /x  de  A„  et  /x  de  E,i_y,  et  ii  la  double  couche  Ab+j  due  aux  masses  —  /x  de  E' 
et  /X  de  E^. 

La  double  couche  proposee  est  done  remplacee  par  n  -p  1  doubles  couches  ele- 
mentaires. 

Soit  alors  v  et  c'  les  potentiels  aux  points  M  et  M'  d’une  double  couche  elemen- 
taii'e  K ;  soient  E  et  P'  les  points  oil  la  courbe  C  qui  joint  M  a  M'  perce  les  deux 
surfaces  de  cette  double  couche  elementaire  K.  Soient  w  et  id  les  potentiels  de  K 
aux  points  P  et  P\  Soit  dl  un  element  de  la  ligne  C,  et  dvjdl  la  derivee  du 
potentiel  de  K  le  long  de  cette  ligne,  nous  aurons  : 

w  —  iv'  =  47rS^  .  PP'  cosy^, 

8^  etant  la  densite  au  point  P  et  y^  Tangle  de  C  avec  la  normale 
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Je  puis  done  ecrire 


r3f 

V  —  V  =  cos  Yi  — 

J  31 


dv 


31  d/ 


cll 


parce  que  I’arc  PP'  est  tres  petit  rapport  a  MM' ,  a  la  condition  d’attribuer  sur 
cet  arc  a  dvjdl  la  meme  valeur  qu’au  point  P  eii  dehors  de  la  double  couche. 
On  pent  observer  que  si  da-  est  un  element  de  la  surface  S,  dai  I’eleinent  correspondant 
de  la  surface  a  laquelle  appartient  P,  on  aura : 


Sc?(T  = 


Nous  pouvons  done  ecrire 


v=i:v, 


V'= 


V 


d’oii ; 


V-V'  =  47rS^PP'  cos  n  ^  Xqy  d7, 

'  flO-i  Jjl/ 


Le  premier  terme  est  de  I’ordre  de  SPP'  =  MM'.  Le  second  est  de  I’ordre  de 

(Ip 

{MMf  ;  car  dr/dl  est  de  I’ordre  de  PP'  et  ^  -  de  I’ordre  de  ^PP' =JMM'.  Nous 

pousserons  raj)proximation  jusqu’a  [MM’y.  Si  comme  nous  le  siq3posons  la  courbe  C 
est  normale  a  S,  Tangle  sera  de  Tordre  de  MM’ ;  nous  pourrons  done  remplacer 
cos  par  1,  Terreur  commise  sur  V—  F' sera  de  Tordre  de  [MM'Y’.  Maintenant 

^  ~  sera  sensiblement  constant  et  egal  a  dV/dn,  c’est-ii-dire  a  la  derivee  de  V  estimee 

suivant  la  normale  an  point  M  et  du  cote  exterieur  a  la  double  couche  comprise  entre 
les  deux  surfaces  S  et 

Appliquons  cela  a  Tevaluation  du  potentiel  de  fH,  et  pour  cela  revenons  encore  a 
notre  double  couche  %%’ ;  soit  M"  un  point  de  C  compris  entre  M  et  M’ ;  soit  v"  le 
potentiel  de  la  double  couche  elementaire  K  au  point  i¥",  V”  =  Sv"  le  potentiel  de  la 
double  couche  totale. 

Supposons  d’abord  que  M"  soit  entre  P'  et  ilP,  no\is  aurons  : 


V 


d’ou 


—  =  —  yrc//  ;  w  —  V  —  —  \ 


P'  cll 


dv 
dl 


dl 


V  -  v"  =  477S1PP'  cos  yi  -  f' 

Si  M"  est  entre  M  et  P,  nous  aurons  simplement  : 

„  dv 

V  —  V  =  —  \ 

J  .V 

Nous  aurons  done  encore 

T"  -  V"  =  47rSXPP'cosy,  Vy7  dl, 

]  M  cll 


dl 


2  Y  2 
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mais  avec  cette  condition  qne  dans  le  premier  terme  du  second  membre  la  sommation 
ne  doit  etre  etendue  qn’anx  doubles  conches  elementaires  comprises  entre  M  et  M". 
On  aura  comme  plus  haut : 


^dv  d  V 
^  dl  ~  dll  ’ 


cosy^  =  1. 


D’autre  })art  : 


d’oii  nous  tirerons 


_  MP 

da,  ~  Zl/J/' 


da 


V-  V"  =  477S  .  d/dr  +  27r8-, 


MM' 


da 

da 


,  -  1 


-  y'drir 

dn 


Nous  poserons  d’ailleurs 


da 

da' 


-  1  =  k 


de  fagon  que  h  soit  fini,  et  que 

.  V  -  V"  =  47r8  .  MA'F  +  27ThZ{A[My  - 

Si  le  point  AL"  est  an  dela  de  Al\  on  aura 

V  -  V"  =  i7rSA^A^  +  277/.'S(d/d/d2  - AfAl" 

dn 

et  s’il  est  en  decii  de  Af : 

dV 

V  -  V"  =  -  d/df 

dn 


Cela  pose,  partageons  la  couch e  C,  qui  est  comprise  entre  la  surface  de  Eq  et  celle  de 
la  poire,  en  couches  infiniment  minces  par  une  serie  de  surfirces  tres  rapprochees,  que 

j’appelle  N,-,,  A^,  yU . ;  Aq  coincidera  avec  et  A,^  avec  la  surface  de  la 

poire.  J’appelle  la  couche  comprise  entre  et  Aj,.  Je  suppose  que  Ton  concentre 
la  masse  de  Op  sur  E^  en  suivant  les  lignes  fx,  v  =  const.,  qui  jouent  ici  le  role  que 
jouaieiit  tout  a  I’heure  les  courbes  0.  J’appelle  Sp  la  simple  couche  ainsi  obtenue. 
Alors  S  est  la  soimne  de  toutes  les  simples  couches  Sy,.  L’attraction  de  Cp,  moins 
celle  de  est  I’attraction  d’une  double  couche  Dp,  et  il  est  clair  que  est  equivalent 
a  I’ensemble  de  ces  doubles  couches. 

Soit  V  le  potentiel  due  a  Tune  des  doubles  couches  Dp,  soit  Sy,  la  densite  de  Sp 
en  un  point  AI  de  Eq  ;  soit  P  un  point  de  Ap  et  AI”  un  point  quelconque  de  fB,  AP 
un  ])oint  de  la  surface  de  la  })nire.  Les  cpiatre  points  A/,  P,  Af  et  AI''  sont  suppose 
situes  sur  une  meme  courhe  jx,  v  =  const.  Si  alors  c  et  v"  sont  les  valeurs  de  r  en 
AT  et  en  AI",  nous  aurons  : 

d  ?' 

v-v"  =  iirSpAlAl"  +  2TTl%AlAr~  -  -A  d/d/" 

‘  ^  dn 
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si  M"  est  entre  M  et  P  ;  et 

v-v"  =  i7T^,MP  +  277vhp{MPf  -  MM" 
si  P  est  entre  M  et  M". 

Soit  V  =  Xv  et  V"  =  Xv"  les  valeurs  du  potentiel  de  en  M  et  en  M” ,  nous 
aurons  ; 

rlV 

-  V"  =  477 [X'S.MAP  +  X"S,MP]  +  277/v  [Z'8/MM"f  +X"S/MP)-^]-  ^MM". 

Ct'iV 


Nous  remarquerons  dans  les  parentheses  du  second  membre  deux  signes  de 
sommation  dilferents  X'  ^t  X" ;  premier  X'  s’etendra  a  toutes  les  doubles  couches 
situees  entre  M"  et  la  poire,  le  second  a  toutes  les  dou1)les  couches  situees  entre 
J/'' et  I’ellipsoide  Nous  conserverons  le  signe  ^  pour  les  sommations  etendues  k 
toutes  les  doubles  couches. 

Posons  alors  MP  =  I,  de  sorte  que  —8//o- qui  represente  la  masse  de  la  partie  de  la 
couche  Cp  qui  correspond  a  Telement  da  sera  dapdl,  dap  etant  I’element  de  Ap  qui 
correspond  a  c/cr ;  or 


d’oii  enfin 


(la 

(l(7„ 


—  1  =  Jd^  d’oii  : 


da 
I?  a,, 


1  +  Id 


=  I  -  M, 


hp=  —  {I  —  kl)dl. 


^'8p  .  MM"  =  MM'  .  -  MM')  -  {\k{MM"f  -  MM")~\ 

X"SpMP  =  lk{MM"f  -  \{MM")- 
X"8{MPf  =  ik{MAP')^  -k,{MM"f 
et  si  nous  posons  un  instant  pour  abreger 


MM'  =  e ,  MM"  =  i 

il  viendra  ; 


ou 


V  -  V"  =  iwc  (Pjs  -  €  -  ike  +  0  +  (U'C  -  ic)  +  STTi-r'  a  -  e) 

-  i 

I’  -  F"  =  4,r(ir  -  {«)  + 

L’energie  de  sur  sera  represeutee  par  I’integrale  ; 

lf(F"-  V)dr, 


dV 
di  n  ’ 


etendue  a  tous  les  elements  dr  de  C. 
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Or  si  par  M"  je  fais  passer  Tune  de  ces  surfaces  tres  pen  different es  de  L,  et  qui  me 
servaient  tout  a  I’heure  a  definir  mes  doubles  couches,  si  j’appelle  dcr"  I’element  de 
cette  surface  correspondant  a  dcr,  nous  aurons  : 


et 


dr  =  da'dlMM"  =  da”di 
da”  =  da  {I  -K). 


L’integrale  a  chercher  est  done  : 

'2„  (U  -  if)  +  W.  (f  e  -  f  ■=  -  if)  -  (U  -  if)  +  U 

et  elle  doit  etre  prise  par  rapport  a  ^  entre  0  et  e  ;  on  trouve  ainsi ; 

fvre^  —  Irrhe^  +  :^e'  ^  U/cr  . 


Pour  rendre  la  formule  comparalde  a  cedes  qui  precedent  il  faut  exprimer  e  et  en 
functions  de  dvjda  et  de  da/du,  d0jdu,  etc. 

Nous  avons  d’abord 


ou  : 


dv  dr  =  da  (1  —  JcQ  d^  =  e  —  , 

J  0 


ch 

dcr 


.  r,  f  dr  d 


-  {da)  +  [da 


et  pour  I’integrale  de  I’energie  : 

jdo- 


/d.\3  ,  Ad’Y  ,  ,drdh-Y 


o 

\  7  ' 

^  \da/ 


Observons  que  le  calcul  a  ete  fait  dans  I’liypothese  on  la  surface  de  la  poire  est 
exterieure  a  cede  de  Eq.  Dans  I’liypothese  contraire,  il  faudrait  changer  le  signe  des 
deux  premiers  termes  et  ecrire 


\cia 


dvV  ,  ,  fdv'd  ,  ,  dv/dvy 

+  iAU) 


Il  reste  a  calculer  /r.  Reprenons  la  lettre  I  dans  son  sens  pidnitif,  de  sorte  que 


1  = 


(p~  —  /x~)dp~  -  v-y 

dO  _  P 
du  ~  /„  ■ 
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Nous  savons  que /j  est  defiui  par  la  relation 


da" 

da 


si  nous  reprenons  les  notations  employees  })lus  haut,  nous  devious  ecrire  it  au  lieu  de  L 
da  au  lieu  de  da"  et  da^  au  lieu  de  da,  et  notre  relation  deviendra 


da 

da, 


on  a  done  : 


et  enfin,  puisque  sur  Eq  on  a  /  =  I 


1 

1— 1 

il 

or 

:  4-^  ^ 

dW 

p~  da 

dir 

=  lo 

+ 

II 

1  d^0^ 

da 

da„ 


'0 

r’ 


Cela  })ose,  dans  notre  integrale  les  terines  qui  nous  interessent  sont  ; — 

1.  Dans  {dvjdaY  les  terines  3  MdJEd  qui  donnent : 

.  Mo- 

(j’ecris  da  en  suppriniant  I’indice  0  devenu  inutile). 

2.  Dans  [dojday  le  teriiie  d  Md  Nd  qui  donne  : 


dM^Ndda. 


3.  Entin  dans  {dvjdaY  dV/du  le  terme  interessant  se  calculera  en  supposant  tons 
les  ^  nuls  sauf 

C’est  la  portion  de  I’energie  de  la  double  couche  que  nous  avoirs  calculee  au  ddbut 
de  ce  travail ;  nous  n’avons  done  qii’a  apjiliquer  la  formiile  etablie  au  debut. 

D’aqires  eette  formiile,  si  8  =  S-Bd/iV  est  la  densite  de  la  double  eouelie,  eette 
portion  de  I’energie  sera  : 


Mais  iei 


Si  done 


-  -l^S^JYiYMNhlo  . 

im^NY  = 


alors  la  portion  ehereliee  de  renergie  sera  : 


*  Je  puis  done  ici  reprendre  toutes  les  notations  du  debut  de  ce  travail,  et  que  j’avais  abandonnees 
monientairement,  ainsi  qu’il  est  exjilique  dans  la  note  de  la  page  345.  On  observera  que  k  est  une 
constante  generalement  negative. 


Hb2 
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Unification  des  Fornudes. 

Une  difficulte  provient  de  ce  que  quelques-unes  des  forinules  precedeiites  ont  une 
forme  analytique  differente  suivant  que  Telement  da  de  la  surface  de  Eq  est  au-dessous 
ou  au-dessus  de  la  poire.  II  est  permis  toutefois  de  prevoir  (ju’il  doit  y  avoir  com¬ 
pensation,  et  que  dans  la  formule  finale  nous  retomberons  toujours  sur  la  meme  forme 
analytique.  II  reste  a  voir  comment  se  fait  cette  compensation. 

Les  termes  d’oii  provient  la  difficulte  sont  (outre  ceux  dus  a  Taction  de  IH  sur 

fR):- 

1.  L’energie  de  E^^  sur  iPf  dont  Texpression  est  : 


2.  L’energie  de  S  sur  IB  dont  Texpression  est  : 


1 


J’observe  que  Fj,  dV-^/du,  Fg  sont  continus  quand  on  franchit  la  surface  de  Eq  et 
qiTil  L'u  est  de  meme  de 

F-V,  =  W  i  f  + 


et  de  toutes  ses  derivees.  Si  done  j’appelle 

dv?  ’  du^  ’  du  ’  l.v? 

les  sauts  brusques  subis  par  d'VJdu^  quand  on  franchit  cette  surface,  du  dedans  an 
dehors,  la  difterence  entre  les  deux  forinules  qu’il  s’agit  de  comparer  sein  : 

pour  Taction  de  Eq  sur  IB,  et 

23our  Taction  cle.S  sur  IB. 


Calcul  de  D 


d^V, 

du? 


Nous  nous  servirons  pour  ce  calcul  de  Tequation  suivaiite  : — 

Zf  A  F^  =  in  , 

puisque  A  Fj  =  0  a  Texterieur,  et  —  in  a  Tinterieur. 
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Or  si  nous  nous  rappeions  I’expression  de  AF^  et  que  le  D  de  dFj/dp,  (FFj/dp,", 
dVJdv,  d~VJdv'  est  mil  ;  ainsi  que  celui  de  dV-^/dp,  il  vient : 


d’oii 


Done 


ABC.I)M\  =  D 


A.  ^IZi\ 

dp) 


BC 

A  dp^  ’ 


==  AWaV,  =  iTrA'i 

dp- 


ddp  ^ 
dv?  dp 


Calcul  de  D 


cl]A 

du^ 


dP  Y 

Calculous  d’abord  D  —rr  !  l^our  cela  nous  nous  servirons  de  : — 

do'^ 


d'’-^  =  0. 

dp 


Si  nous  observons  que  : 


rlfi?  tJn  diiVp 


et  de  inline  pour  les  derivees  correspondantes  par  rapport  a  v,  je  puis  ecrire  : 

1  d  IBCdVX 
^  iBC  dp  \,  A  dp  ) 

Mais  d’ailleurs  on  a  ; 

Adn  ^ 

I  L 


D  =  D-- 

dp  dp  l_ABC  dp  \  A  dp  /_ 


A  1  7  ^ 

Aap  =  -j  —  duj  , 


BC  =  IIj, 

H  etant  independant  de  p  ;  nous  pouvons  done  ecrire  : 

^9^  99.1  _  99 d 9 .  _J_  9 (99 dJ9\  _  99 (99 —-i%9  [99] 

A  dp  P  d%h  ’  ABC  dp  \  A  dp  )  H du\  P  du  j  duXPd^i) 


—  — 


0  =  D 


du 


d’ou  enfin 


7  an 9L  ( 1 
°  d%P  \Pdu 


D 


9Zi 

did 


^  0 

P  d\d  Pdu  did  ’ 


4:(U 

(du 


47r  =  d"  1  Stt/;  , 


2  z 
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Calcul  de  D 


clV^_ 

du 


D’apres  la  propriete  fondamentale  des  surfaces  attirantes,  on  a  : 


cl  V„  rlv 


Calcul  de  D 


du^ 


Pour  ce  calcul  nous  nous  servirons  de 


0  =  D^V„  =  D 


1  d  iBCdVX 


_ABC  dp  \  A  dp  )_ 


0  du  \Mu 


d’oli  enfin, 


1  D  — -  -  —  D  =  0 

r-  ^  'chd  Mv  ^  du  ~ 


^  dv2dl  ^  ,  dv 

^  dv?  ~  da  Idu  '  da  ■ 


En  resume  la  difference  entre  les  deux  formules  qu’il  s’agit  d’identifier  sera 

1.  Pour  Taction  de  E  sur  iB 

'2  + A  j  (22  2  = s-  f(l2" + 4- 1 


2.  Pour  Taction  de  sur  jP 

d(l2  2 "" + *1(222 

3.  Pour  Taction  de  fB  sur  P?l 


I  2  (2) + (2)‘ + i  2'(2)]  -  f  (2f  -  (2T+  *  f  (2)1 


=  t^f(2(2+*’^^K2'^- 


sod  au  total  zero. 

Nous  pourrons  done  enq^loyer  indifferemment  Tune  on  Tautre  formule  sans  nous 
inqui^ter  de  savoir  si  la  poire  est  au  dessus  ou  au  dessous  de  Tellipsoide,  pourvu  que 
Ton  se  serve  des  formules  correspondantes  pour  le  calcul  de  toiis  les  termes. 

Nous  choisirons  desormais  Thypotliese  interieure. 


l’Equilibee  des  figures  pyriformes. 


355 


Gy'ou'pement  des  For  nudes. 


Nous  allons  maintenaiit  grouper  ensemlDle  les  tenues  de  meme  forme,  afin  d’addi- 
tiouner  leurs  coefficients. 

Nous  avons  d’abord  a  envisager  les  termes  en  ^,-^5 ;  le  premier  que  nous  trouvons 


est 


Nous  avons  pose 


f— ^  — 

Jf/p2  rhi. 


P 


clp 

du 


d?F  _  Iln 

~  F  ’ 


etant  une  constante.  Nous  avons  d’autre  part  : — 


dp  dp  d6 
du  dd  du 


-  cdrifP  ~  ipfifP  -  .b-  {pd  -  Fnpd  - 

p  (p- —  fd)  {p^  —  v~) 


M  I 

P  d) 


en  designant  par  f  (p)  une  fonction  de  p  et  par  If^  ce  rpie  devient  I  pour  p  —  p^.  Nous 
deduisons  de  la  : — 


'L(  'F 

du\  du) 


-  P'i  \ 


+f(p) 


21  dljdu 


ff  m  Of  I  \ 
/“2  \P) 


Idl/du 


et  pour  p  =  p^p. 


d  i 
du  \P 


du' 


Qu’est-ce  maintenant  que  dljdu  pour  p  =  p^^l 
On  trouve 

dl  _  dl  dp  _f(p)  F  d  __  .fip)  I  dl 

du  dp  du  p  dp  /„  p  dp 
Calculous  encore  la  derivee  seconde  : 

I 


ii 

du? 


N  ous  venons  de  trouver  ; 

pF 

du  \Pdu)  p  Id  p  Id  ' 

On  trouve  de  meme  : 

(U  fdrf  dH 

F\-l  .  l¥F  _  yi\ilp  4.  FI  \dp)  2/3  dp^ 

dA<'  ad  ~  dp  \  p  }  p  i»  V  p*  pd  V  p’-  y  p*  V 

2  z  2 
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ou  pour  p  =  Pq 


B  H) = f  l(f  )'■ + -  Wi  *  5  Wl)'+  'S: 


Posons 


ft'  t ' 

Po  --  =  Si ;  u,  -  =  13. 

p  p 


et  13  serout  des  constantes  de23endant  seulement  de  p  et  faciles  a  calculer. 
aura,  pour  p  =  p^^ 


On 


gp 


Or  nous  avoirs  pose  plus  haut  : 


et  nous  avoirs  troiive  que  le  coefficient  clrerche  etait  egal  a  nous  avons  pose 

un  pen  plus  loin  : — 

Ell  rapproclraiit  toutes  ces  fornrules,  nous  trouvons  : — 

,,  =  g,A  +  Bf . 

Nous  avons  trouve  ensuite  coiiime  ternie  en  : 

cW 


dTT 

i 


I  /"jy/v,sv,-v,|  ii.:s,da  +  rfo-. 


Si  nous  observoris  que  cWjdu  se  reduit  a  I  pour  p  —  nous  trouverons  pour  le 
coefficient  en  question  : 

77/3/0,  ( R!Si 


H-  -f*  1 

Enfin  dans  I’energie  de  IH  sur  jB  nous  avoirs  encore  un  ternre  en  ^5,  qui  a  pour 
coefficient : 

-  27T^)^MPNPMiNPdo-  =  -  277^0,. 

Je  prends  le  signe  —  parce  que  j’ai  adopte  Tlrypotlrese  d’apres  laquelle  est 
interieur  a  Eq. 

Err  reunissant  tons  ces  ternres,  je  trouve  que  le  coefficient  delrnitif  de  est 
13, filial  +  yTT  R'^S-  +  ^  ^  aS';  +  277^  +  130,  . 
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Remarquons  encore  que  nous  avoirs  trouve 


(IP  dp  p  dp 
Tp'Pi~  Pi  ~ 


4:7r 


31  ^  ^ 


Nous  pouvons  en  deduire  : 


=  —  f  TtR.^S.-,  —  ;  33  =  ~  3  TT  /l^oSo  ^ 


Je  rappelle  que  n’est  autre  chose  que  le  volume  de 

Passons  maintenant  aux  termes  en  ;  le  premier  que  nous  rencontrons  a  pour 
coefficient  I’inteerrale  : 


He 

24 


Supposons  que  Ton  veuille  developper  en  serie  de  Lame  la  fonction 


et  soit 


les  r,  etant  certains  coefficients,  qui  naturellement  dependront  de  p,  nous  en 
deduirons  : — 

ilLW  3  =  V  MiN, 

dp  ^  °  dp 


=  2 1?  w 


II  est  clair  alors  que  nous  aurons  pour  le  seul  coefficient  qui  nous  interesse,  qui  est 
Fj  et  que  je  design ei’ai  simplement  par  F  : — 


n,r,  =  n^r  =  ; 

n,  ^  =  4 f  -  M^N-^do- ;  n,  =  4 

dp  \  dp  ^  °  ^  dp- 


\dp 


ild"  (I 

Cela  nous  montre,  en  rapprochant  de  I’expression  de  y  -  [^p  que  si  nous  posons 


pour,  abreger  : 

iP.  — 

24:  p  dp  \  p  /  -  4to  \  p"  p 

le  coefficient  du  terme  envisage  en  it  sera 


-  0,1  „  .7„  (  „  ]  ’  -  48  I  p^J’  “  48  p2 


CiFQ,  +  m,  n,  +  %  n,. 
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Vient  ensiiite  comme  terme  en  ^5^ 


cIvj 


da. 


Pour  le  calcul  de  ce  coefficient,  il  nous  faut  d~6jdid,  quant  a  [ddjditf  c’est 
Or  nous  avons  : 

^  ^  ^  ^  _  9/  / 

du  /g  ’  did  /f)  dp  dn  dp  p 

ce  qui  nous  donne  en  definitive  pour  le  coefficient  cherche  : 

Enfin  dans  leuergie  de  ^  sur  iP,  nous  avons  deux  termes  en  ffi, le  premier  a  pour 
coefficient 


^  7J-  /3q/  4  Y  4^/  _ _ ^  o 


(je  prends  le  signe  —  a  cause  de  rhypothese  interieure)  et  le  second 

/3rM'iS'i 


—  -J-ttN 


2n  +  1 


o 


En  reunissant  tons  'ces  termes,  nous  trouvons  finalement  pour  le  coefficient 
de  ^5 : — 

^1+ 


Observons  cjue  est  egal  a  au  facteur  constant  pres  qui  est  egal 

d’apres  requation  de  Lame  a  un  polyiibme  connu  du  second  ordre  en  p'.  D’ailleurs 
est  egal  au  facteur  ^  pres  a  R.2S.,,  qui  figure  dans  I’expression  de  ITo,  et  cela 
parce  que  le  coefficient  de  stabilite  correspondant  a  R^  doit  sfiimuler  pour  I'ellip- 
soide  Eq. 

Calcul  du  Moment  d’lnertie. 


rn,  + 


dp  ’’ 


Le  calcul  de  J  est  plus  facile  ;  nous  avons  en  eftet 
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I’integrale  etant  etendue  a  tous  les  elements  dr  de  la  poire ;  le  moment  d’inertie  de 
I’ellipsoide  Eq  sera 

^0  =  \{y^  +  d'!' 

I’integrale  etant  etendue  a  tous  les  elements  dr  de  rellipsoi'de,  et  la  difference  J  —  Jq 
sera  la  meme  integTale  etendue  a  tous  les  elements  de  la  couche  comprise  entre 
I’ellipsoide  et  la  poire.  Posons 


Q  —  —  Qq  +  It  ~  4-  . 


Nous  aurons 


j-j,= \Qdud.  =  |(c„ + « g)  dud.  =  [c„  %  d.  +  i  (;^Y 

II  nous  faut  done  calculer  Qq  et  dQ/du,  nous  avons  pose  plus  haut 

()  =  +  B.EJl.iY,  +  A,  n. 

Pour  p  =  Pq,  n  est  nul  ;  de  sorte  que  : 

(,)o  =  B,B,^M,N,  +  B,R^]\LN,  + 

Comme  les  fonctions  R  ne  sont  definies  qu’ii  un  facteur  constant  pres,  nous  pouvons 
sup230ser  que  =  1,  et  que  le  coefficient  de  p"  dans  R.  et  dans  R^  est  egal  a  1. 

On  trouve  d’autre  part  : 


d’oii  : 


dQ 

dp 

dQ 

dM 


-  2/7 


-(/Y- Id) {id -Id)  (/j-c^)Qd -dy 

p  [(53  _  (d)  (IP  -d)  (d  -  (d)  {d  - 

■(^2_d)(d-ld)  (^-d){id-(d) 

“T 


Jld  -  rd)  (Id  -  C-)  '  (c~  -  id)  (d  -  ld)_  • 

Cette  expression  pent  facilement  se  mettre  sous  la  forme  : 

dQ 


dv. 


=  +  CJM,N„ 


oil  les  0  sont  des  coefficients  numeifipies  faciles  a  determiner. 

Nous  trouvons  d’abord  : 

I y„  £  do-  =  )ldo  ( B  tm.Ni 


d'ou 


I  da  =  ^,B,R^X.,  +  =  ^ARy^n,  +  ^,B,Ry>n 

(car  nous  savons  que  est  nul). 
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Passons  an  calcnl  de 


Nous  pouvons  reduire  [dv/dcrY  au  terme  unique  ; 

Le  terme  cherche  se  rednit  done  a  : 


1  \mYNY  {C,M,N,  +  C,M,N,  +  C\M,N\)  da 

e’est-k-dire  a : 

de  sorte  qne  finalement : 

J  =  Jo  +  . 

Le  calcnl  des  coefficients  et  est  aise. 

Si  en  effet  Oj,  h^,  Cj,  sont  les  trois  axes  d’nn  ellipsokle,  on  sait  qne  son  moment 
d’inertie  est  ; 

=  %  «lWc,  +  c,*) 

d’ou  : 

1  /7  ^  I  _  4:77  /  Ci  I  0  I  0\  _  477  ,  il  ^  i  o 

*,;=  16  <''>■  +  rfS.  =  16  +  “U  *.  =  15  (''I*  + 

Si  nous  ajontons  a  I’ellipsoide  nne  conche  infiniment  mince  d’epaissenr, 

Z^gMgA^g, 

la  figure  reste  ellipsoidale,  mais  les  trois  axes  subissent  des  accroissements 


(3, 


oil  Md''\  N^''  {i  =  1,  3)  sont  les  fonctions  /,  d/g,  iVg,  oii  on  a  fait  respective- 

ment : — 

Pour  i  =  1  fx  ~  h  p  =  c  p  =. 

t  =  2  p  =  a  V  —  c  p  =  Pq 

^  =  3  p  —  a  p  =  h  pz=p^ 


On  voit  alors  que 


B.Rda.  =  'I- 

^  ^  da^ 


Pd/g^'bXV'-^  +  ~  /'Wg'^bVg^^^ 
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Dans  les  derivees  dJjda^,  etc.,  on  a  fait  Men  entendu 

«]  =  ==  \/(po^  -  Cl  =  V  (po"  -  c^)- 

On  trouverait  de  meme  I’expression  de 


Conditions  de  la  Stahilitc. 


Soit  I’energie  de  gravitation  de  la  masse  envisagee,  J  \e  moment  d  inertie,  w  la 
vitesse  angidaire  ;  Tenergie  totale  sera  : — 

U  +  icoV 

Soit  6jf,  la  vitesse  angidaire  de  I’eHipsokle  critique  Eq  et  posons  : 

1F= 

ct)^  =  o}q  -j-  2e 

notre  energie  totale  sera 

IF  +  eJ. 


Nous  avoirs  trouve  plus  haut  le  developpement  de  IFet  celui  de  J  jusqu’a  I’approxi- 
mation  qui  nous  convient  ;  nous  avoirs  d’abord  : 

JV=  1F„  + 


Nous  avoirs  appris  a  calculer  les  coefficients  Gi,  Hq,  et  Qi ;  nous  remarquerons  ; 
(1)  que  les  G,  ne  sont  autre  chose  qiie  les  coefficients  de  stabilite  ;  (2)  que  G-^  est  nul, 
et  qii’il  en  est  de  meme  de  Q-^  ainsi  que  de  tons  les  coefficients  Qi  qui  ne  se  rapportent 
pas  a  line  fonction  de  Lame  paire  et  uni  forme.  Coinnie  TJq  se  compose  de  deux 
parties  qui  joueront  un  role  assez  different,  j’ecrirai  : 


//o  =  //  + 

=  [€i  +  -h-^  rn,  + 


2«+l  '■ 


dr  ,  dff 

^«s+3i,~n 


d  2 


Nous  avoirs  d’autre  part  : 


J  =  Jq-\-  70^^  +  73^3  +  74^1 


et  nous  avoirs  apjrris  plus  haut  a  calculer  les  coefficients  y. 

On  obtiendra  les  equations  qui  definissent  la  poire,  en  ecrivant  que  les  derivees  de 
I’energie  sont  nulles  ;  on  trouve  ainsi  : 
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1 .  Par  la  derivee  par  rappoi-t  a  : 

+  ey,)  +  —  0 

2.  Par  la  derivee  par  rapport  a  ^3  : 

2  ^3^3  +  ^3^5~  +  eys  =  0 

3.  Par  la  derivee  par  rapport  a  : 

+  ey4  =  0 

4.  Par  la  derivee  par  rapport  aiix  autres  ; 

2d4,£.  +  =  0 

Le  rapprochement  de  ces  diverses  equations  donne  ; 


Qf/i  ^474' 


2-^0  ^  -Gi\  ^ 


2G.^  2G, 

La  qnantite  dont  il  faut  determiner  le  signe,  c’est  : 


=  0. 


0) 


.7  —  13  =  c<j,j  (.7  —  7‘q)  +  ;7  '^^o- 

Wa 


Or 

Posons  alors 

d’oh 


Q/y-i  QiJi] 


2G,  2G,, 

QiJi  _  rji 


73' 


74“ 


I  , 

2G.,^  2GJ- 


2<?3  2G^ 


Qr 


t  d;;,  -  2E  -  2H' 
± _ 2Gi 


T 


(A) 


C)n  voit  (pie  la  ([iiantite  dont  il  faiit  determiner  le  signe  sera  : 


«•/  -  CO„J„  _  rj,  .  fJ^  _  li  ^ 

r  U7  2(?3  •' 


^  —  o.H  —2H']. 
2GJ  2G,  ' 


Il  est  aise  de  verifier  que  cette  formule  (A)  est  homogene  ;  voici  ce  que  j’entends  par 
la.  Les  fonctions  de  La:\ib  M,  ne  sont  definies  qu’a  mi  factenr  constant  jii'es,  et  nos 
formnles,  pour  avoir  un  sens,  doivent  etre  homogenes  par  rapport  a  chacun  de  ces 
facteurs  constants  arlntraires.  L’integrale 

O,  =  [uViV/Vo- 

est  (ividemment  proportionnelle  a  la  cpiatrieme  puissance  de  ce  factenr,  puisque  ce 
f'acteur  entre  (igalement  dans  37  et  dans  iV,. 
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Nous  devons  done  verifier  que  la  formiile  (A)  est  homogene  par  rapport  a  f);,  et 
en  particulier  par  rapport  a  fig.  Pour  ecrire,  par  exemple,  qu’nne  qnantite  (B)  est 
proportionnelle  a  la  a®  puissance  de  fl,  et  a  la  puissance  de  fig,  j’ecrirai  ; 


Je  trouve  ainsi  : 

/focfip  n/. 

f3,n.  = 

d’ou 

De  meihe : 

d’oii 

r,n,  =  [i=V/jV/V,iV,<Zo-o:nJn,* 

et 

oc  figm/ 

dr  (/d’ 

r  =  Tr  oc  —  oc  —  CC  fl-. 

^  dp  dp2 

On  trouve  ensuite  : 

(),oc^,n,Gcn-yfi,- 

// oc  rOg  oc  Og^  ;  i/'oc/3,AQ,  ocflg3;  GiOzfi, 

et  enfin 

0" 

s  ocas 

Gi 

-  2H  -  2H' crM,K 

Les  coefficients  appeles  })lus  liaut  et  Cj,  dans  le  calul  de  J  sont  proportionels  it 
flUu  ce  qui  donne  : 


CC  C;/3,fl/  CC  /3,  ^5  ; 

Ys  *^^3^3  ^  \/  B3  j  Yi  ^ 

et  enfin 

Qiji  /S/Hiv/fl; 

n, 

D’autre  part : 

T  OCflg. 

et 

do  fli 

—  oc  —  oc  -  oc  1 

Gi  fli 

7*  0  0 

AT  „  7 

0)0^  2G,  2G, 

de  sorte  que  finalement  le  second  meinbre  de  notre  formule  (A)  est  liomogene  et  de 
degre  1  par  rapport  a  fig  et  ne  contient  pas  les  autres  fl^, 

3  A  2 
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Determination  des  Integrales. 


Dans  les  coefiicients  et  les  fomiules  qiii  precedent  eiitrent  diverses  integrales,  et 
nous  devoirs  chercher  a  les  calcnler. 

1.  Les  axes  de  rellipsoi'de  Eq  etant  supposes  connns,  on  formera  aisement  les 
diverses  fonctions  i?,-,  ce  n’est  qu’nne  aftaire  de  calcnl  algebri(|ue  ;  on  a  a  resoudre 
diverses  equations  algebritjues,  et  ces  ecjuations  sont  dn  second  degre  pour  toutes  les 
fonctions  de  Lame  d’ordre  0,  1,  2,  3,  et  })our  quelqiies  uues  de  cedes  d’ordre  4  et  5. 

Les  fonctions  Ri  etant  forniees,  on  aura  immediatement  les  valeurs  Rp,  qui  corre¬ 
spondent  h  p  =  Pq  et  aussi  cedes  des  derivees  success! ves  RP,  R"i,  etc. 

2,  Dans  nos  equations  figureiit  les  integrales  Si ;  or  le  calcul  de  ces  integrales 
se  raniene  a  celui  des  integrales  definies  : 


1 


Quelle  est  la  forme  de  la  fonction  —  ,qui  figure  sous  le  signe  J?  Nous  aliens 

I’exprimer  en  fonction  de  rargument  ediptique  6,  et  nous  emploierons  la  notation  9  et 
6  de  Weierstrass.  Soit 


Ri  =  ndi'; 


rii  etant  le  prodnit  de  0,  1,  2,  on  3  des  facteurs  >/{p~—  cr),  \/{p^—  d'), 
n';  un  prodnit  de  facteurs  de  la  forme  p^—\t.  Nous  poserons  : 


d’oii 


p^  — *  ed  =  9  {6)  — ■  ;  p^  =  9  [0)  —  ;  p^  —  d'  =  9  {6)  —  ; 

^1  ^  I 

p2  _  p  =  cd  —  rq  =  —  Cg  =  (a-  +  ¥  +m). 


Nous  avoirs  d’aideurs  comme  on  salt : 


9  (ojj)  =  e^,  9  (wo)  =  e.2,  9  (wg)  =  Cg. 

La  valeur  zero  de  rargument  6  correspond  a  p  =  co  ,  et  nous  appederons  6q  et  Ei-, 
les  valeurs  qui  correspondent  ii  p  =  Pq  on  a  p  = 

Considerons  alors  la  fonction  l/Rp  comme  une  fonction  doublement  periodique,  et 
decomposons-la  en  elements  simples.  Les  elements  simples  seront ; — 

1.  Un  terme  constant. 

2.  Des  terines  en 

F  {$  —  wj),  q  {6  -  to.),  9  {6  —  oig) 

provenant  des  facteurs  x/{p^  —  (d),  v/''(p'’  —  ¥),  y/ {p'  ~  peuvent  exister 

dans  Ri. 
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3.  Des  termes  eu 

C  (^  +  O  —  4“  “1“  ^-c) 

proveiiant  des  facteurs  —  X/. 

IjBS  coefficients  de  ces  divers  termes,  said'  le  terme  constant,  penvent  se  determiner 
par  nil  calcnl  pnrement  algebriqiie. 

Quant  an  terme  constant,  c’est  ime  fonction  lineaire  non  liomogene  des  C(q))  ibnction 
lineaire  dont  les  coefficients  petivent  se  calciiler  algebricjuement. 

L’inteuTale  indefinie  contiendra  done  des  termes  eii 

O 

0,  eue.),  1(0 -CO,),  ae-co,), 

C  —  eQ  +  C  +  eQ 

ce  ({ui  donnera  dans  I’integrale  definie  des  termes  en 

do  ;  do^  (eQ  ;  ^  (do  —  fa),)  +  i  (fa),)  =  ^  (do  -  fa),)  +  p, ; 

Le  calcnl  de  S,  se  ramene  done  an  calcnl  de  ces  diverses  qiiantites.  Cdimaissant  Sj, 
on  anra  immediatement  S'i  et  S"i  par  les  formnles 

=  2n  +  1  ;  R"^Si  -  =  0. 

4.  Nons  avons  eiisnite  les  integrales  doubles  : 

n,  =  \lM?N?d<r. 

did  est  nn  polynome  entier  comm  en  P(dj)  ;  est  le  nieme  iJolynome  en  F(do) ; 
nous  avons  d’ailleurs  ; 


Ida  =  ddid6,2\/''  —  i  (d^  “  p.~)  —  dd-^dd'^y/  —  1  [p  (d.^)  —  P  (dQ  ]  . 


Quant  aux  limites  d’integration,  elles  sont  donnees  par  les  eipiations 


d’oii 


>  ^  ’  >  >  I/'  >  c", 

cq>P(di)>m>F(dQ>e3 


ce  tpii  montre  qn’il  faut  faire  varier  6^  depuis  fajj^  —  jusqn’a  (o^  +  fa)g  et  djj  depuis 
faig—  fai^  jusqu’a  fa)3+  fall  le  long  des  cotes  convenables  du  rectangle  des  periodes. 

Les  limites  etant  constantes,  I’integrale  double  se  ramene  a  une  combinaison 
d’integrales  simples  ; 


f) 


MMOi  I  (do)  de..  -  f  .¥dddo  I  di,%  (dQ  dO, 
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Ces  integrales  simples  se  calculent  d’une  facon  tres  simple.  On  pent  par  im  calcul 
algebriqne  decomposer  et  en  elements  simples,  c’est-a-dire,  en  polynome 

dojit  les  termes  sont  des  multiples  de  P(^i)  et  de  ses  derivees.  Parmi  ces  termes  nous 
retiendrons  seulement  le  terme  constant  et  le  terme  en  Le  premier  donnera 

comme  integrales  W]  et  wg,  le  second  -17^  et  a  uu  facteur  numerique  pres. 

Le  calcul  de  H,-  est  ainsi  ramene  a  celui  des  periodes  cj  et  77. 

5.  Nous  avoirs  ensuite  les  integrales 


nA=  [  =  ,/-  I  .  I  -  9 (0,)]<W,de,. 


Ici  encore  M,  est  un  polynome  entier  en  et  Ni  est  le  meme  polynome 
en  ^(^-2).  On  a  d’ailleurs  ; 


( Po  -  P'")  (Po“  -  [p  (^1)  —  P  ( ^0)]  [p  ( ^2;  —  P  ( ^Cld  ' 


N  otre  integrale  double  se  ramene  encore  ii  une  combinaison  d’integrales  simples. 


n;/3,  =  y-1. 


f  J\YiYip  (0,)  dW, 
P(^i)  —  p(^^o).'  P(0)  -  P(^o) 


r  N^N^dP, 

(P,) 

*  P  (^0)  -  P  {Pq)  . 

P  (dj)  P  (do)_ 

Le  calcul  se  fait  de  la  meme  maniere.  Chacime  des  fonctions  sous  le  signe  |  doit 
cti-e  decomposee  en  elements  simples,  ces  elements  sont  une  constante ;  P(^i)  ou  ses 
derivees,  et  enfin  : 


p'  (^0) 

P(^l)  —  p(^^o)' 


T^es  coefficients  de  cette  decomposition  pouvant  se  calculer  algebriquement, 
rintegration  introduira,  outre  les  periodes  co  et  y,  deux  transcendantes  nouvelles, 
qui  sei'ont 


—  (^0) 


4^  (^0) 


+  1^'g 


CO, 


COo 


S((Oi  +  COg 


^0)  ^<r>i  +  W3  +  ^0) 

^0)S((Oi  -  COg  -h 


+  log 


S  (cOg  —  Ct>j  —  Qig)  ^{ci)g  +  0);  + 
S{cOg  +  Wj  —  Pq)  S  {cog  —  Wj  +  Pq) 


i:[ui  se  ramenent  d’ailleurs  toutes  deux  a  et  a  {(^o)* 
6.  Nous  avons  ensuite  I’integrale 


qui  est  la  derivee  de  la  precedente  par  rapport  a  p.  (Ici  p  est,  bien  entendu,  pris 
egal  a  p^.) 

Elle  depend  des  derivees  par  rapport  a  p  des  quatre  integrales  sinqrles  qui  tigurent 
dans  I’expression  ci-dessus  de 
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La  derivee  de  chaciine  de  ces  integrales  simples  se  calcnle  d’ailleurs  aisement. 
Chacuue  de  ces  integrales  est  ime  somme  de  produits  on  I’un  des  facteiirs  est 

1,  r];,  on  77;6'o  —  ftj/C  (^n)^ 

et  oil  Taiitre  facteur  est  un  coefficient  calculable  algebriqnement. 

La  derivee  de  ce  coefficient  par  rapport  a  Pq  sera  ainsi  calculable  alge])ric[uement, 
et  quant  a  la  derivee  du  premier  facteur  elle  sera  : 


0  0  0  mi  _ Po  [vi  -  (^o)] _ 

0,  (Jj  oil  ^  ^  7 ■'’\  /  •'*  '^\i  * 


II  ne  s’introduit  done  aucune  transcendante  nouvelle. 
7.  Considerons  maintenant  I’intenrale  : 


Nous  aurons 


d’oii : 


n^r  =  v/  -  1  . 


l*  = 


n^r  =  \pu*N,kla. 


[p  (^i)  -  P  ( -  9  ( ^od" 


r  1 

r  Nddie.jde. 

Ndde, 

'  MdioiOdde,  1 

[  j  b.  (p,)  -  (w. 

b(^2)-p(^u)p 

-  p(ffi)]-. 

On  opereralt  toujours  de  la  meme  maniere  en  decomposant  cliaque  fonctlon  sous 
le  signe  J  en  elements  simples.  Les  elements  simples  seront  lei,  outre  une  constante 
9  {6^)  et  ses  dtbdvees  ; 


et 


9  (dj  +  6^)  +  9  [6^  —  d,|)  —  29  (d^i). 


L’integration  introduira  done  les  menies  transcendantes  ipie  dans  le  cas  de  fbyS,  et 
en  outre  (par  rintegration  du  dernier  element  simple  que  je  viens  de  citer)  ; 

Ap,  —  Ao),9  (d,), 

ce  qui  n’est  pas  une  transcendante  nouvelle. 

7.  II  ne  nous  reste  plus  i[ue  les  integrales 


qui  sont  les  derivees  de  la  precedente. 

En  raisonnant  comme  dans  le  cas  de  d^i/dp,  on  verrait  que  ces  integrales  n’intro- 
duisent  pas  de  transcendante  nouvelle. 

Le  calcul  de  ces  transcendantes  ne  pent  presenter  de  difficulte  si  Ton  emploie  les 
formules  de  Weierstrass  reunies  et  mises  sous  une  forme  si  commode  par  les  soins  de 
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M,  ScHWAEZ.  On  n’a  qn’a  employer  rles  series  tres  convergentes  procedant  suivant 
les  puissances  de  la  qnantite  qiie  Jacobi  apjielle  q  et  Weieestrass  h.  D’aiUeurs  dans 
le  cas  de  I’eHipsoide  la  valeur  de  q  est  si  petite  que  Ton  pourrait  s’arreter  an 
premier  terme.  Ainsi  dans  le  calcul  de  /3/,  de  F,  de  leiirs  derivees  et  de  ft;,  on  ne 
rencontrera  aiicnn  obstacle ;  car  il  ne  s’introdnit  qu’im  petit  nombre  de  trans- 
cendantes  : 

"35  ^n- 

Le  calcul  ne  serait  pas  tout  a  fait  aussi  facile  pour  de  sorte  que  dans  ce  cas,  on 
pourrait  recourir  avec  avantage  aux  developpements  donnes  par  M.  Daewix  a  la 
fin  de  son  memoire  “  Ellipsoidal  Harmonic  Analysis,”  et  qui  precedent  suivant  la 
([uantite  qu’il  appelle  /3. 

Si  les  axes  de  I’eHipsoide  jacobien  critique sont  comme  la  calcule  M.  Daewix  dans 
son  second  memoire 

0-65066;  0-81498;  1-88583 
on  trouve,  sauf  erreur  de  calcul  de  ma  part  : 

ojjTri 

/q  =:  c  W3  = 

C0i  =  0-53790;  W3  =  t  X  0-90528  ; 

7^1  =  1-1956;  773  =- 7  X  0-9080  ; 

Sq  =  0-27501  ; 

C{0,)  =  0-71640. 


Nouvelle  Expression  dc^  Conditions  de  Stahilite. 


La  determination  de  cliacune  des  integrates  ne  presente  done  aucune  difliculte,  et 
le  calcul  serait  en  somme  facile  si  ces  integrates  n’etaient  eii  nombre  infini. 

Rappelons  le  resultat  obtenu  plus  liaut.  La  qooive  sera  stable  ou  instahle,  suivant 
que  V exqyression 


AH- 


l_fJc 
T 


2G, 


2G 


X 


2(L 


2II  -  2ir 


sera  positive  ou  negative. 

Or  ]ious  pouvons  tout  de  suite  I’emarquer  que  parm.i  les  (piantites  (jui  figurent  dans 
cette  expression 

A,  A,„  wy,  y3,  II 


ne  dependent  C[ne  d’un  nomlire  fini  (I’integrates,  tandis  cpie 


et 


IE  =  hnt 


o 

2a  +  1 
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dependent  d’une  infinite  d’integrales,  Toute  la  difficulte  provient  done  du  calcul  de 
la  quantite 

O'- 

Z=t^-  2H'. 

Heureuseinent  il  ne  s’agit  pas  de  calculer  la  valeur  exacte  de  cette  quantite,  mais 
de  reconnaitre  si  elle  satisfait  a  une  certaine  inegalite.  Pour  etudier  cette  inegalite, 
il  faut  que  nous  mettions  en  evidence  le  signe  de  plusieurs  de  nos  quantites. 

Commencons  par  les  coefficients  de  stabilite  G-.  Si  nous  suivons  la  serie  des  ellip- 
soides  de  MacLaitrin,  tons  ces  coefficients  sent  d'abord  negatifs.  Le  coefficient 
Gn  changera  de  signe,  tons  les  autres  restant  negatifs,  quand  iious  arriverons  a 
rellipsoide  de  bifurcation,  qui  est  en  meme  temps  un  ellipsoide  de  MacLaurin  et  un 
ellqjsoide  de  Jacobt.  Mais  a  partir  de  cet  ellipsoide  de  bifurcation,  on  abandonne 
la  serie  des  ellipsoi'des  de  MacLaurix  pour  suivre  celle  des  Jacobiens. 

Pour  cette  serie  le  coefficient  G^  est  egalement  negatif,  en  vertu  du  pi’incipe  de 
Techange  des  stabilites  convenablement  interprete.  Pour  les  premiers  Jacobiens 
jusqu’au  Jacobien  critapie,  tons  les  coefficients  G^^seront  done  negatifs  sauf  (to.  Pour  le 
Jacobien  critique,  tons  les  Gi  sont  negatifs  sauf  (t-^,  qui  est  nul,  et  ffo,  qui  est  positif, 

Determinons  ensuite  le  simie  de 


■I 


F  _  Eo  _  _ 
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Je  renverrai  a  mon  memoire  du  Toine  7  des  ‘  Acta,’  et  au  paragraphe  intitule 
Stabilite  des  Ellipsoides.  J’ai  explique  dans  ce  paragraphe  que  tons  les  Jacobiens 
sont  stables  si  Ton  assujettit  (a  titre  de  liaison)  la  figure  de  la  masse  fluide  a  rester 
ellipsoidale,  e’est-a-dire  si  Ton  assujettit  tous  les  a  etres  nids  sauf  et 

J’ai  expose  en  meme  temps  la  condition  de  la  stabilite,  qui  avec  notre  notation 
actuelle  s’ecrit 

]E_  TPo  -  (.7  -  ./o)"- <  0, 

on  comme  il  s’agit  de  petites  deformations 


“  (7  -  7o)-^  <  0. 

—  ‘’7/1 


En  supposant  tous  les  £  mils  sauf  ^3  et  ^4,  et  remplacant  IE—  IEq  ei  J  —  Jq  par 
leurs  valeurs,  nous  trouvons 


ce  qui  entraine  1’ inegalite 
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q",  Jq,  et  Go  sont  positifs  et  G^  negatif,  I’inegalite  change  de  sens  quand 

03  * 

par  “  Go  G^,  ce  qui  donne 
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ou  enfin 

r  <  0. 

JViTi' 

4d:/q 


<  0 


Passons  a  la  dedermination  de  signe  de  2\  Pour  cela  nons  aliens  envisao;er  le 
coefficient  (r-  pour  nn  ellipsoide  de  Jacobi  tres  pen  different  dn  Jacohien  critique. 

Soit  E'q  cet  ellipsoide,  et  +  e  la  valeur  de  Jeo'  correspondante.  Nous  pourrons 
considerer  e  comme  definissant  Tellipsoide  E'^ ;  nous  supposons  e  tres  petit. 

Soit  ensuite  S  une  surface  peu  differente  de  Eq  et  de  Eq.  Soit  da  un  element  dela 
surface  de  E'^,  et  V  la  quantite  qui  joue  par  rapport  a  E'^  et  a  da'  le  meme  role  que  I 
par  rapport  a  et  a  da.  Par  les  differents  points  de  da'  je  mene  des  courbes 
normales  aux  ellipsoides  homofocaux  a  E'q)  ios  prolonge  jusqu’a  leur  rencontre 
avec  S.  Soit  dv'  le  petit  volume  ainsi  forme.  Je  supposerai  que  la  surface  S  ait 
ete  definie  de  telle  sorte  que  Ton  ait 

dd!dE  =  ; 

■q  etant  un  coefficient  constant  tres  jietit,  et  XE  les  fonctions  qui  jouent  par 

rapport  a  E'^  le  meme  role  que  M-^  et  X^  jiar  rapport  a  Eq. 

Soit  maintenant  da  un  element  de  Eq,  par  da  menons  des  courbes  p  =  const. 
V  =  const,  prolongees  jusqu’a  S,  et  soit  da  le  petit  volume  ainsi  engendre.  Nous 
poserons 

drjda  =  mM,X, 

de  sorte  que  les  coefficients  pourront  servir  a  definir  la  forme  de  S.  II  est  clair 
que  les  sont  des  fonctions  de  e  et  de  r},  de'S'eloppables  suivant  les  puissances  de  e  et 
de  17. 

Pour  €  =  0,  I’eHipsoide  E\  se  reduit  a  Tfo;  tous  les  £  s’annullent  a  I’exception  de 
qui  se  reduit  a  77. 

Pour  77  =  0,  la  surface  S  se  reduit  a  if,/  ;  alors  ^3  et  sont  des  quantites  du 
premier  ordre,  e  etant  regarde  comme  de  premier  ordre,  tandis  (jue  les  aiitres  seront 
du  deuxieme  ordre. 

8i  done  e  et  77  sont  regardees  comme  des  quantites  du  premier  ordre,  (en  excluant 
les  valeurs  i  —  3,  4,  5)  sera  du  deuxieme  ordre,  jiarce  que  tous  ses  terines  contien- 

(IP..  (1^ 

dront  en  facteur  soit  e',  soit  €77 ;  ^3  et  se  reduiront  a  et  a  b  a  des  quantites 
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pres  dll  deuxieine  ordre ;  I'g  se  reduira  a  p  a  des  cpiaiitites  pi'es  dii  deuxienie 
ordre. 

N oils  de voiis  calciiler  I T  +  eJ. 

Dans  ce  qiii  va  siiivre,  nous  negligerons  les  qiiaiitites  dii  qiiatrieme  ordre  et  en  ])liis 
£■’  et  Dans  ces  conditions  nous  pouvons  negliger  d’abord  tons  les  monomes  du 

qiiatrieme  ordre  par  rapport  aux  et  arreter  le  developpemeut  de  W  suivant  les  puis¬ 
sances  des  ^  au  troisimne  ordre  inclusivement.  Nous  pouvons  egalement  negliger 
les  monomes  du  troisieme  ordre  multiplies  par  e,  et  })ar  consequent  arreter 
le  developpemeut  de  suivant  les  puissances  des  ^  au  deuxieine  ordre  inclu¬ 
sivement. 

Nous  negligerons  en  outre  :  les  (^  ^  3,  4,  5)  qui  sont  du  (piatrieme  ordre  ;  les 
monomes  du  troisieme  ordre  en  I'g  et  qui  sont  au  qiiatrieme  ordre  pres  egaiix  a  uu 
multiple  de  e® ;  les  termes  en  (i  ^3,  4,  5  ;  /i,  j  =  3,  4,  5),  qui  sont  du 

qiiatrieme  ordre;  les  termes  en  e£;  {i  =1=  3,  4,  5),  qui  pourraient  tigurer  dans  eJ^,  parce 
qn’ils  contiennent  e"  en  facteur  et  })ar  consequent  sont,  au  (piatrieme  ordre  pres, 
egaux  a  un  multiple  de  e®  plus  un  multiple  de  e-y. 

Dans  ces  conditions  nous  devons  conserver  les  termes  suivants  : 


dans  ID: 
dans  eJ  : 
d’oii : 


ID  =  IFo  -f 

eJ  =  e./,j  -p  +  eyg^g  -f  ey^^^, , 


W  4-  oJ  =  ( llq  +  eJy)  -f  Dg^g^  -I-  +  (?3^g~^3  -P  +  eyo^g^  +e73^^;3  + 

Pour  y  =  {),  cette  expression  se  rdduit  a 

IP,;  =  (  Ti;  -p  eJ^)  -p  G^g^g-  +  -P  ey^fi, , 

et  ses  dtuiviies  doivent  s’annuler,  ])uis(pie  le  Jacobieii  est  une  ligure  d  c([uilibre.  Un 
aura  done  : 

-Gg^g  -p  eyg  =  -P  fcy^,  =  0 

d’oii,  a  des  quantites  pres  de  I’ordre  de  e',  on  de  ey, 

^  ~ 

Conmie  se  rediiit  a  y,  jiour  e  =  <>,  on  aura 


■2G, 


e . 


„■+ +  ..4)  +  PI  +  4)  +  -  if  - 1-) 
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en  negligeant  G,  e'-y,  erf,  y‘K  Pin  laisant  y  =  0  il  vient 


;-!7‘2 


PIJOFESSEUR  IE  POINCARE  SUR  LA  STABIEITE  DE 


D’aiitre  part,  coniine  -q  joue  par  rapport  a  E\  le  meme  role  qiie  par  rapport  a 
oil  aura  avec  la  meine  approxlinatiou 


0) 


ir+e.y=:  ir,.+  t4V 


tr'-  etaiit  le  coellicient  de  staliilite  relatif  a  I’eHipsoide  E',,  et  an  ”  tliird  zonal 
liarinoiiic.” 

On  aura  done  ; 

(L7:;  _ 

2(L  2G, 


O'  =: 


oro 


or. 


tSi  nous  suppo.sons  que  est  plus  allonge  quei^Q,  e  sera  negatif,  puisque  les  \dtesses 
de  rotation  vont  en  diminuant  dans  la  serie  des  Jacobiens.  D’ailleurs  (?'-  sera  positif, 
jiuisque  le  coefficient  de  stabilite  a  passe  du  negatif  au  positif  quand  on  a  franclii 
I’ellipsoide  critiijue.  Done 

T  <  0. 


lleveiions  aux  conditions  de  stabilite  de  la  poire. 
Eosons 


A'  =  27/  +  27/ 


/  x.''  ^ 


Ur 


20,  ' 


y  _  -Al  _  7:f  _  7l' 
2(0  20,  ■ 


Nous  avoirs  ti’ouve 


+  or  =  0, 

se  rapportant  a  la  poire  et  non  plus  a  E\^. 

D  _  rn  E  J 


)'<(»,  T<{) 


Pour  la  stabilite,  il  suffit  que  m  soit  maxiniuni,  c’est-ii-dire  ([ue  e  soit  negatif;  il 
I'aut  et  il  suffit  (pie  wJ  soit  niininnnii,  cAst-ii-dire  (pie 

C(l>7  —  ^  • 

<  >r  e  <  0,  ecpiivaut,  puisque  T  est  nfgatif,  il 

X  <  0  , 


(J’e.st  done  la  une  condition  sujjisante  de  la  stabilite. 

Supposons  inaintenant  A'  >  0  ;  alors  T  sera  negatif,  XY/T  positif,  et  coJ  —  ai„./„ 
iifgatif ;  il  v  aura  done  instability. 

O  ’  o 

Eu  rysiiiiKi  la  condition  necessaire  et  suffisante  ])our  la  stability,  e’est  ([Ue 


A’<(i,  ^ 
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oU 


JCr,- 


Oil 


7<0. 


2/7  _ 

2  “  2«  +  1  “  2U,- 

Si  nous  observoiis  que  R'l  est  positif,  S"/  iiegatif,  les  Gi  iiegatils  sauf  6rg,  nous 
verroiis  que  tons  les  tenues  du  })remier  menibre  soiit  positlfs  sauf 

2i/  et  - 

Si  done  il  y  a  instabilite,  e’est-a-dire  si  I’inegalite  precedent©  n’a  pas  lieu,  il  sutfira 
pour  le  constater  de  calculer  un  nombre  fini  de  ternies  du  premier  menibre.  Si  au 
contraire  il  y  a  stabilite,  on  ne  pourra  s’en  assurer  qu’en  calculant  la  somme  des 
termes  })()sitits  du  premier  menibre  qui  sont  en  nombre  intini,  ou  en  evaluant  une 
limite  superieure  de  cette  somme. 
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PI.  2.  Corona,  as  photographed  with  4-inch  Cooke  lens,  16  feet  focal  length,  5  seconds 
exposure. 

PL  3.  Do.,  40  seconds  expo.sure. 
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ON  THE  TOTAL  ECLIPSE  OF  THE  SUN,  MAY  28,  1900. 

Part  I. — General  Arrangements. 

By  Sir  Norman  Lookyer  K.C.B.,  F.R.S. 

Objects  of  the  Expedition. 

The  discussion  of  the  series  of  photographs  taken  with  the  prismatic  cameras 
employed  in  the  last  three  eclipses  indicated  that  continued  work  with  this  form  of 
spectroscoj)e  should  Ije  undertaken,  with  the  view  (l)  of  obtaining  data  strictly 
comparable  with  the  previous  photographs,  and  (2)  of  extending  the  inquiry  into  the 
comparative  lengths  of  the  various  arcs. 

For  the  first  jDurpose  it  seemed  desirable  to  repeat  the  Indian  work  with  the  6-inch 
camera  having  two  prisms  ;  while  for  the  second  an  instrument  of  longer  focus  was 
necessary. 

Representations  as  to  the  importance  of  the  latter  instrument  were  made  to  the 
Royal  Society,  and  ultimately  the  purchase  of  a  Taylor  triple  lens,  of  6  inches  aperture 
and  20  feet  focal  length,  was  authorised. 

With  these  instruments  it  was  hoped  to  obtain  a  very  complete  record  of  the 
spectra  of  the  chromosphere  and  corona,  and  to  obtain  data  relating  to  the  distribu¬ 
tion  of  different  substances. 

For  comparison  with  the  spectroscopic  pictures  of  the  corona  given  by  the 
prismatic  cameras,  it  was  considered  desirable  to  attempt  to  secure  direct  photo¬ 
graphs  of  the  corona  with  instruments  having  lenses  of  focal  lengths  nearly  the  same 
as  those  of  the  prismatic  cameras,  and  arrangements  were  accordingly  made  to  use 
coronagraphs  of  16  feet  and  8  feet  focal  length  for  this  })urpose.  Other  coronagrajjlis, 
of  shorter  focal  length,  were  also  provided,  in  case  sufficient  assistance  should  he 
available  to  enable  them  to  be  used,  more  particularly  with  the  view  of  photographing 
the  coronal  extensions. 

Some  importance  was  also  attached  to  visual  telescopic  observations  of  the  inner 
corona,  in  order  to  determine  whether  the  filamentary  structure  observed  in  the 
eclipse  of  1871,  at  a  time  of  maximum  sun-spots,  was  also  a  feature  of  the  inner 
corona  at  a  time  of  sun-spot  minimum. 

A  comprehensive  programme  of  observations  of  the  general  phenomena  of  the 
eclipse  was  also  arranged. 

The  Observiny  Station  and  Preparations. 

The  observing  station  selected  for  my  party  was  determined  upon  from  information 
supplied  by  the  Hydrographer,  Rear-Admiral  Sir  W.  J.  L.  Wharton,  R.N.,  K.C.B., 
F.R.S.  Santa  Pola  appeared  likely  to  meet  the  requirements  of  a  man-of-war;  and 
without  such  assistance  as  a  man-of-war  can  render,  the  manipulation  of  long  focus 
prismatic  cameras  in  eclipse  observations  in  a  strange  country  is  impracticable. 

VOL.  oxcvni. — A.  3  c 
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Santa  Pola  lies  very  near  the  central  line  of  the  eclij^ise,  and  good  anchorage  was 
available,  protected  from  the  North  and  West  winds. 

Before  leaving  England,  I  communicated  with  Professor  Fraxcisco  Ixiguez  e 
Iniouez,  Director  of  the  Madrid  Observatory,  and  Mr.  Jasper  W.  CuMiNriXG, 
H.M.  Vice-Consul  at  Alicante.  These  gentlemen,  together  with  Dox  Jose  Eoxmati 
Mas,  a  large  landed  proprietoi',  and  father  of  the  Mayor  of  Santa  Pola,  very  kindlv 
made  all  tlie  necessary  preliminary  arrangements  with  the  local  authorities,  who  had 
also  been  instructed  1)y  the  Spanish  Government,  after  representations  had  been 
made  by  the  Foreign  Office,  at  the  request  of  the  Royal  Society. 

As  a  result  of  the  Ptoyal  Society’s  application  to  the  Admiralty,  H.M.S.  “  Theseus,” 
commanded  by  Captain  V.  A.  Tisdale,  R.N.,  was  told  off  to  meet  the  expedition  at 
Gibraltar,  and  convey  the  observers  to  Santa  Pola. 

The  expedition  consisted  at  first  of  Dr.  W.  J.  S.  Lockyer,  from  the  Solar  Physics 
Observatory ;  Mr.  A.  Fowler,  the  Demonstrator  in  Astronomical  Physics,  from  the 
Royal  College  of  Science ;  and  Mr.  Howard  Payx,  who  joined  a.s  a  volunteer.  I 
subsequently  received  orders  to  accompany  and  take  charge  of  it. 

As  the  interval  between  the  arrival  of  the  expedition  a,t  Santa  Pola  and  the  day  of 
the  eclipse  was  somewhat  short,  owing  to  the  dates  of  sailing  of  the  Orient  Line 
steamers  to  Giliraltar  l)eing  once  a  fortnight,  it  was  considered  desirable  that  some¬ 
one  should  go  on  in  advance  to  select  a  site  for  the  camp  and  arrange  matters 
generally  with  the  local  authorities,  and  also  find  the  necessary  accommodation  for 
the  party. 

Mr.  Payx  therefore  proceeded  to  Alicante  overland,  and  on  his  arrival  j)laced 
himself  in  communication  with  Mr.  Jasper  W.  Cummixg,  the  British  Vice-Consul, 
who  had  previously  been  apprised  of  his  mission.  Mr.  Cummixg  afforded  every 
assistance  in  his  poAver. 

From  Santa  Pola,  a  small  seaside  town  of  about  5000  inhabitants,  the  shore 
stretches  away  nearly  due  west  for  many  miles  in  a  flat  sandy  plain  covered  with  low 
scruli,  the  open  sea  being  to  the  south. 

After  a  very  cordial  welcome  l.y  the  Mayor,  Mr.  Payx  Avent  over  the  sites  Avhich 
had  previously  been  offered  for  the  use  of  the  expedition  through  the  Vice-Consul, 
and  finally  selected  a  spot  on  the  open  shore  about  half  a  mile  Avest  of  the  toAvu. 

The  reasons  for  the  selection  of  the  site  Avere  that  the  south  and  Avest  horizons 
AAnre  unobstructed  ;  that  the  ground  Avas  slightly  higher  in  eleAurtion,  and  consequently 
drier  ;  that  it  Avas  at  a  sufficient  distance  from  the  toAvn  to  be  Avell  clear  of  the  houses 
and  their  surrcAundiiigs  ;  tliat  it  Avas  close  to  a  large  bathing  establishment  built  on 
piles  in  the  sea,  Avhich  could  l)e  used  as  a  lauding  place  for  boats  from  the  ship  and  so 
avoid  the  toAvii  pier  (Avhich  Avas  some  distance  UAAny)  ;  and  also  because  there  Avas  a 
coast-guard  post  on  the  spot,  and  the  men  stationed  there  could  keep  an  eye  on  the 
camp  until  the  arrival  of  the  civil  guards  promised  Iw  the  authorities. 

With  the  assistance  of  the  municipal  authorities,  Mr.  Payx  Avas  enabled  to  make 
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aiTangements  for  the  supply  of  workmen  and  building  materials  for  the  foundations 
of  the  stands  for  the  instruments,  and  also  to  arrange  for  the  landing  and  transport  of 
the  packages,  some  eighty  in  all. 

Facilities  were  also  given  for  the  landing  of  all  articles  for  the  camp,  duty  free,  and 
without  examination,  on  handing  in  a  list  to  the  Director  of  Customs.  Authority 
was  aJso  obtained  for  keeping  the  telegraph  station  open  day  and  night  during  the 
stay  of  the  expedition  ;  indeed,  nothing  could  exceed  the  kindness  of  the  authorities, 
who  were  obviously  anxious  to  alford  every  assistance  in  their  power. 

As  there  were  no  bricks  to  be  obtained  in  the  town,  they  were  ordered  by  telephone 
from  Alicante,  and  were  brought  over  the  next  day. 

After  Mr.  Gumming  had  left  for  Alicante,  the  Mayor  and  the  local  authorities 
accompanied  Mr.  Payn  to  the  camp,  and  assisted  him  to  set  out  the  limits  and  the 
positions  of  the  various  instruments,  the  Mayor  good  humouredly  driving  the  first 
peg.  A  meridian  line  was  set  out  roughly,  and  by  dark  all  the  measiu’ements  vmre 
completed.  A  good  many  inhabitants  came  out  from  the  town  to  witness  the  rather 
unusual  sight  of  the  chief  authorities  engaged  in  manual  labour. 

The  meridian  line  was  checked  the  same  night  by  an  observation  of  the  Pole  Star. 
When  this  line  was  afterwards  tested  with  the  ship’s  instruments  by  Mr.  Andrews, 
the  Navigating  Lieutenant  of  the  “  Theseus,”  it  was  found  to  lie  correct.  The  local 
deviation  was  14°  west. 

The  other  observers,  who  had  left  England  on  the  11th  of  May  by  R.M.S. 
“  Oruba,”  of  the  Orient  Line,  on  arriving  at  Gibraltar,  at  once  went  on  board 
H.M.S.  “  Theseus,”  and  left  for  Santa  Pola,  which  was  reached  just  before  noon 
the  following  day.  May  17.  I  was  glad  to  find  that  great  interest  had  been  shown  in 
the  expedition  on  board  before  our  arrival,  and  that  lectures  on  the  work  to  be 
undertaken  had  already  been  given  by  the  Chaplain,  the  Rev.  G.  Brooke- 
Robinson,  M.A. 

Assistants  were  at  once  forthcoming  to  take  part  in  working  the  prismatic  cameras, 
and  also  for  manipulating  several  cameras  which  I  had  brought  out  to  be  used  by  the 
ship’s  company  in  obtaining  photographs  of  the  corona.  Observing  parties  in  charge 
of  officers  of  the  ship,  to  make  observations  along  several  lines,  were  at  the  same 
time  organised. 

On  our  arrival  at  Santa  Pola,  the  following  local  officials  came  on  board  with 
Mr.  Payn  : — Srs.  Francisco  Bonmati  Mas,  Mayor  of  Santa  Pola ;  Antoine 
Bonmati  Mas,  Vice-Mayor  of  Santa  Pola  ;  Jose  Bonmati  Mas,  Municipal  Councillor  ; 
Jose  Salinas  Perez,  Municipal  Councillor  ;  Eladio  Ponce  de  Leon,  Secretary  to 
the  Mayor ;  Michel  Sempere,  Justice  of  the  Peace  ;  Jose  Hernandez,  Cajitain  of 
the  Port ;  Geronimo  Agnati,  Administrator  of  Customs ;  Eduard  Fernandez, 
1st  Lieutenant  of  Coast  Guards  ;  Tomas  Bueno,  Medical  Officer. 

Work  on  the  piers  for  the  instruments  was  commenced  on  the  day  of  arrival.  The 
erection  of  the  instruments,  huts,  and  tents  was  commenced  on  the  following  morning, 

3  C  2 


380 


SIR  NORMAN  LOCKYER  AND  OTHERS 


May  18,  and  the  evening  of  May  21  the  principal  instruments  were  reported  in 
approximate  adjustment.  Drills  were  begun  on  May  22,  and  were  carried  on  several 
times  a  day  up  to  the  day  of  the  eclipse. 

By  j^ermission  of  the  Captain,  three  of  the  officers  of  the  “  Theseus,”  Lieutenants 
Axduews,  B.N.,  Doughty,  E.N.,  and  Pattrtck,  B.N.,  occupied  quarters  on  shore  to 
superintend  the  work  of  the  parties  in  the  canq:).  On  board  the  Chaplain  gave 
instructions  in  sketching  coronas  and  recording  stars,  using  for  this  purpose  a  lantern 
which  had  been  placed  at  the  disposal  of  the  expedition  by  the  Orient  Steam  Naffiga- 
tion  Company. 

The  weather  was  very  favourable  for  the  work  of  the  expedition,  hut  at  times  the 
landing  and  embarking  of  parties  from  the  ship  was  rendered  difficult  by  strong  sea 
breezes  and  the  consequent  surf 

Both  day  and  night  the  instruments  vnre  carefully  guarded  by  a  detachment  of 
“  Guardias  CUviles,”  told  off  for  the  purpose  by  the  Spanish  authorities. 

The  distribution  of  the  various  instruments  is  shown  in  the  accompanving  jDlan 

(%■  1). 


Local  Conditions  of  Eclipse. 

According  to  the  Admiralty  chart,  the  latitude  and  longitude  of  the  place  of 
observation  are  38°  iL  20"  N.  and  0°  33'-66  W.  respectively.  For  this  point,  the 
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times  and  position  angles  of  contact  derived  from  the  formulae  given  in  the  ‘  Nautical 
Almanac  Circular,’  No.  17,  were  as  follows  : — 

Beginning  of  totality.  May  28  4h.  12m.  51  As.  G.M.T. 

End  of  totality.  May  28  4h.  14m.  10'5s. 

Duration  of  totality,  Im.  18'8s. 

Position  angle  of  first  contact,  87'’  3'‘5  from  N.  towards  VV. 

„  „  last  „  93°  47'-3  „  N.  „  E. 

The  experience  of  the  Indian  Eclipse  of  1898  suggested  that  the  duration  of 
totality  given  was  too  long,  and  for  the  practical  working  during  the  eclipse  tlie 
adopted  time  was  7  5  seconds,  so  that  there  would  be  no  chance  of  spoiling  the  corona- 
graph  plates  by  exposing  them  after  totality.  The  face  of  the  eclipse  clock  was 
graduated  accordingly. 

The  sun’s  altitude  at  mid-totality  was  calculated  to  be  33°  23',  and  the  amplitude 
2°  25'  north  of  west.  The  apparent  semi-diameter  of  the  sun  and  moon  were  respec¬ 
tively  15'  48"'l  and  16'  5"’9,  and  the  relative  motion  per  second  0"'447.  At 
mid-totality  the  north  point  of  the  sun’s  disc,  direct  view,  was  57°  44'  to  the  right 
of  the  vertex,  and  as  the  sun’s  axis 'was  17°  west  of  the  nortli  point,  the  sun’s  north 
pole  was  74°  44'  to  the  right  of  the  vertex.  The  heliographic  latitude  of  the  centre 
of  the  sun’s  disc  being  —0°  56',  the  direct  view  was  as  represented  in  the  accompanying 
diagram ;  the  points  of  contact  with  reference  to  the  sun’s  axis  are  also  shown, 
and  for  2nd  and  3rd  contacts  they  also  represent  very  nearly  the  disposition  Avitli 
regard  to  the  vertex. 


Verbeco 


Fig.  2.  Illustrating  direction  of  sun’s  axis  at  time  of  totality,  and  position  angles  of  contacts. 

Time  Arrangements. 

The  arrangements  for  tiie  time  service  were  similar  to  those  made  for  the  Indian 
eclipse  of  1898.  Green wicli  time  was  ascertained  by  reference  to  the  ship’s  chrono- 
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meters,  and  for  the  count  of  time  during  totality  the  eclipse  clock,  which  has  heen 
described  in  my  previous  reports  on  eclipse  exjreditions,  was  utilised. 

The  arrangements  for  securing  signals  at  definite  intervals  before  totality  were 
identical  with  that  employed  in  Lapland  and  India.  An  image  of  the  sun  projected 
by  the  finder  of  the  6-inch  two-prism  prismatic  camera  was  viewed  on  an  adjustable 
screen,  marked  in  such  a  way  that  it  w'-as  easy  to  see  when  the  cusps  subtended 
angles  of  90°  and  55°,  which  occurred  respectively  at  16  seconds  and  5  seconds  before 
totality.  The  signals  “  Go ”  at  the  commencement  of  totality,  and  “  Over”  at  the 
end,  were  given  by  myself  from  observations  made  with  the  4-inch  Cooke  telescope. 

The  complete  system  of  signals  was  as  follows  : — 

1.  “  Pdse  up,”  10  minutes  before  totality— 

Observers  turn  hacks  to  sun. 

Clocks  to  be  wound. 

Stops  and  caps  of  telescopes,  siderostats,  and  ccelostats  to  be  removed. 

Eclipse  clock  to  he  set. 

2.  “  Alert,”  5  minutes  before  total ity^ — 

Disc  observers  to  be  blindfolded. 

Observers  report  all  in  readiness. 

3.  “G  G,”  16  seconds  before  totality. 

4.  “  G,”  5  seconds  before  totality. 

5.  “  Go,”  beginning  of  totality. 

6.  “  Over,”  end  of  totality. 

At  the  eclipse  clock  two  meii  were  stationed,  one  calling  the  number  of  seconds 
remaining  up  to  30,  and  the  other  during  the  remainder  of  totalit}". 

In  consequence  of  the  perfect  drill  during  the  rehearsals,  the  operations  during  the 
eclipse  were  carried  out  with  great  precision. 

Achioivledgments  of  Assistance. 

The  thanks  of  the  expedition  are  due  especially  to  those  named  in  the  foregoing- 
account,  not  only  for  assistance  rendered,  Imt  also  for  their  great  kindness  to  us.  I 
have  already,  in  a  letter,  expressed  to  the  Royal  Society  my  deep  sense  of  obligation 
they  have  laid  us  under. 

As  in  the  case  of  the  “  Volage”  and  “Melpomene,”  the  officers  and  men  of  the 
“Theseus”  not  only  assisted  us  with  certain  instruments,  but  organised  crews  for 
others,  and  many  lines  of  work  which  it  was  impossible  for  the  observers  sent  out  from 
England  to  attempt.  Their  skill,  resourcefulness,  and  steadiness  were  alike  truly 
admirable. 

Tlianks  are  also  due  to  the  Managers  of  the  Orient  Steam  Navigation  Company, 
who  conveyed  the  instruments  to  and  from  Gibraltar  freight  free. 
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To  the  Mayor  of  Santa  Pola  the  whole  expedition  owes  a  delM  of  gratitude  for  his 
unwearying  kindness.  He  was  accessible  at  all  times,  always  ready  to  afford  us 
assistance,  and  spared  no  trouble  to  make  things  easy  and  pleasant  for  all.  He 
was  kind  enough  to  open  an  eclipse  account,  and  all  payments  to  be  made  locally 
were  made  through  him,  and  so  useful  was  this  that  the  stores  for  the  ship  were 
afterwards  obtained  in  the  same  way  ;  it  was  found  to  be  not  only  a  check  upon  the 
jjrices,  but  on  the  qualities  and  quantity  of  the  goods.  This  alone  involved  consider¬ 
able  labour  to  him,  but  it  v/as  of  the  greatest  assistance  to  us.  One  of  our 
pleasantest  recollections  of  Santa  Pola  will  be  the  kindness  and  hospitality  of 
Hon  Fuancisco  Bonmati.  I  may  add,  the  Civil  Governor  of  the  Province  of 
Alicante,  Sehor  Don  Hipoldo  Cahas  y  Gomez  de  Andino,  visited  the  camp  to 
assure  himself  that  all  the  assistance  the  Spanish  authorities  could  give  had  been 
rendered. 

Part  H. — Obseryatioxs  made  by  the  Officers  axd  Men  of  H.M.S.  “  Theseus.” 

{Forwarded  hy  Captain  V.  A.  Tisdale,  P.N.) 

Preliminary  Work. 

'  The  Chaplain  of  the  “  Theseus,”  the  Rev.  G.  Brooke-Robinson',  who  undertook  to 
give  jireparatory  courses  of  instruction  to  the  men,  has  prepared  the  fbllowdng 
statement  : — 

“  On  learning  that  H.M.S.  ‘  Theseus  ’  was  ordered  to  take  a  party  of  astronomers 
to  Santa  Pola  for  the  purpose  of  observing  the  total  eclipse  of  the  sun,  May  28,  1900, 
arrangements  ^vere  made  for  the  delivery  of  preliminary  lectures  on  board,  previous  to 
the  arrival  of  the  eclipse  party. 

“  Lectures  were  given  on  the  6th,  7th,  and  13th  May.  The  blackboard  was  used 
with  great  advantage  on  all  three  occasions.  The  duration  of  each  lecture  ^vas  about 
an  hour  and  a  half. 

“  When  Sir  Norman  Lockyer  arrived,  he  desired  that  the  lectures  should 
continue,  giving  instructions  as  to  the  sort  of  work  to  be  done  preparatory  to  the 
eclipse.  Three  parties  of  observers  were  to  be  trained,  a  magic  lantern,  slides,  and 
star  charts  being  provided  by  the  astronomical  party.  The  three  sets  to  be  trained 
were  divided  as  follows  : — 

Set  A.  The  disc  party. 

,,  B.  The  corona  sketching  party. 

,,  C.  The  star  chart  party. 

“  Set  A  began  their  preliminary  training  on  board  after  erecting  the  disc  poles  on 
shore.  They  joined  the  corona  sketching  party  already  at  work-in  the  submerged 
torpedo  flat  where  the  magic  lantern  slides  were  being  shown. 
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Commencing  witli  3  minutes  in  which  to  sketch  a  corona,  the  time  was  reduced  to 
2  minutes,  then  to  one  minute  and  a  half,  and  finally  to  one  minute  and  a  quarter, 
the  actual  time  of  totality. 

“  After  a  few  lectures  on  hoard,  they  returned  ashore  to  complete  their  training 
under  Lieutenant  Doughty  and  Mr.  Daniels,  and  to  learn  to  what  use  the  discs 
were  to  he  put. 

“  Set  B.  The  corona  party  continued  under  instruction  on  hoard  fi'om  Friday, 
May  18,  to  Friday,  May  25.  On  Saturday  one-half  went  ashore  to  complete  their 
drills  under  Lieutenant  Dougeity.  While  on  hoard  they,  too,  had  been  trained  to 
sketch  against  time.  Three  minutes  was  the  time  allowed  for  a  sketch  at  the  outset ; 
it  was  gradually  reduced  to  one  and  a  quarter  minutes. 

“  Set  0  were  selected  from  amongst  those  who  showed  the  most  aptitude  for  star 
charting.  Their  attention  was  directed  to  the  importance  of  accurately  noting 
distance  and  direction. 

“  A  diagram  of  constellations  to  he  expected  at  the  time  of  the  eclipse  was  placed 
in  the  lantern,  and  then  repeatedly  sketched  as  it  appeared  on  the  sheet. 

“  From  8.30  p.m.  to  9.30  p.ai.  star  charting  was  tried  on  deck.  The  constellation 
Ursa  Major,  ‘  the  pointers  ’  and  their  distance  from  Polaris  forming  the  preliminary 
lesson.  When  proficiency  in  setting  down  the  seyen  brighter  stars  of  this  constella¬ 
tion  was  attained,  the  more  intricate  work  of  identifying  the  constellations,  shomi  in 
the  star  maps  of  the  overhead  sky,  supplied  l)y  Sir  Norman  Lockyer,  was  |)roceeded 
witli. 

“  I  wish  to  lay  special  stress  upon  the  difficulty  I  found  in  training  a  class  to  deal 
with  a  map  iqion  which  ‘  the  line  parallel  to  the  horizon  ’  was  drawn  across  one  of  its 
angles  I  would  suggest  that  in  future  maps  supplied  for  this  class  of  work  have 
‘  the  line  parallel  to  the  horizon  ’  placed  parallel  to  the  lower  edge  of  the  map.  I 
think  it  vnuld  Ire  well  to  omit  the  cardinal  })oints  round  the  solar  disc,  since  I  found 
they  tended  to  confuse  observers  who  were  in  an  elementary  stage  of  training,  and 
that  the  reason  of  their  not  being  shown  like  a  compass  card  required  careful  and 
repeated  explanations. 

1  recommend  that  only  planets  and  stars  of  the  first  tliree  or  four  magnitudes  be 
shown  on  future  maps. 

“  1  find  that  Neptune  shown  with  a  large  symlrol  has  conveyed  the  idea  that  a 
large  body  was  to  be  expected  in  that  direction,  whereas  Neptune  was  not  visible  at 
all  at  the  time  of  the  ecli})se. 

“  Mr.  Bennett,  Clerk,  was  of  very  great  assistance.  He  gave  much  valuable  aid 
in  the  training  of  the  star  chart  party  ashore. 

“  A.  Phillirs,  Leading  Shipwright,  did  good  service  in  preparing  extra  tracings  of 
star  charts.  All  his  work  was  noteworthy  for  its  accuracy  and  extreme  neatness. 
The  first  tracing  he  took  was  suinnitted  to  Sir  Norman  Lookyeh,  who  described  it  as 
excellent.” 
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Diary  of  the  Expedition. 

A  careful  diary  of  the  expedition  was  kept  by  Midshipman  Lambert  from  tlie  time 
of  the  arrival  of  the  expedition  on  hoard  the  “  Theseus  ”  to  their  leaving  the  ship  at 
Gibraltar  on  the  return  journey. 

The  substance  of  this  is  as  follows  : — 

Wednesday,  May  16. — H.M.S.  “Theseus”  left  Gibraltar  at  11  a.m.  with  the 
following  observers  on  board  :  Sir  Norman  Lockyer,  K.C.B.,  F.B.S.,  &c.,  Dr.  Ralph 
Copeland,  Dr.  W.  J.  S.  Lockyer,  Mr.  A.  Fowler,  Mr.  T.  Heath,  and  Mr.  Franklin 
Adams.  Mr.  Wyllie,  A.R.A.,  also  accompanied  the  expedition. 

Thursday,  May  17. — Arrived  at  Santa  Pola  at  11.15  a.m.  Mr.  Howard  Payn, 
who  had  gone  in  advance  by  the  overland  route,  came  on  board  with  the  local 
authorities,  and  reported  the  arrangements  made ;  a  party  landed  with  Mr.  Fowler 
and  Dr.  Lockyer  in  the  afternoon,  and  the  site  which  had  been  selected  by 
Mr.  Payn  was  approved.  The  meridian  line  laid  down  by  Mr.  Payn  was  confirmed 
by  Lieutenant  Andrews,  R.N.,  with  a  large  azimuth  compass.  The  foundation  for 
one  of  the  siderostats  was  built. 

Friday,  May  18. — Landed  gear.  Set  up  brick  piers  and  some  of  the  instruments. 

Saturday,  May  19. — Setting  up  instruments  and  discs. 

Sunday,  Mo.y  20. — Setting  up  and  adjusting  instruments. 

Monday,  May  21. — Adjusting  instruments.  Parties  were  told  off  for  each 
instrument.  At  6  p.m.  the  chief  instruments  were  reported  in  approximate 
adjustment. 

Tuesday,  May  22. — Commenced  drills.  In  the  forenoon  drilled  coronagraphs  and 
prismatic  cameras  with  eclipse  clock.  In  the  afternoon  drilled  coronagraphs, 
prismatic  cameras,  and  disc  |3ai‘tie«-  Screens  were  erected  for  the  observation  of 
shadow  bands.  In  the  evening  photographs  of  stellar  spectra  were  taken  for  focussing 
the  prismatic  cameras, 

W ednesday ,  May  23. — In  the  forenoon  the  instruments  were  drilled  individually. 
Mr.  Fowler  gave  a  short  lesson  to  the  disc  party.  In  the  afternoon  the  corona¬ 
graphs  were  drilled,  and  in  the  case  of  each  instrument  one  trial  plate  was  exposed 
to  test  focus.  At  eclipse  time  there  was  a  full  rehearsal  of  all  parties. 

The  meteorological  house  was  erected,  and  three  thermometers  and  a  Watkin 
anepoid  were  set  up. 

No  stars  visible  in  the  evening. 

Thursday,  May  24. — Meteorological  observations  were  commenced.  At  2.30, 
drilled  disc  party.  Rehearsals  at  3.15,  and  at  eclipse  time.  At  4.30,  drilled  disc 
party.  From  8.30  to  11,  star  trails  were  photographed  with  the  four  coronagraphs, 
and  in  each  case  the  focus  was  found  satisfactory.  Tried  spectrum  photograph 
with  Dr.  Lockyer’s  instrument,  but  exposure  was  interrujited  by  clouds. 
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Friday,  May  25. — -At  2.20,  drilled  disc  party.  At  3.0  and  eclipse  time  general 
drills.  A  photograph  of  the  spectrum  of  Arcturiis  was  taken  with  Mr.  Fowlee’s 
instrument. 

Saturday,  May  26. — At  11.45  general  drill.  Senor  Don  Hipoldo  Caras  y  Goaiez 
DE  Andixo,  Civil  Governor  of  the  Province,  visited  the  camp.  At  3.30,  general  drill, 
and  full  rehearsal  at  eclipse  time.  French  astronomers  from  Elche  visited  the  camjj. 
At  5.5  the  French  astronomers,  Spanish  Commission,  and  Governor  visited  the  camp 
and  witnessed  a  full  rehearsal.  Two  photographs  of  the  spectrum  of  Arcturus  were 
taken  with  Mr.  Fowler’s  instrument. 

Sunday,  May  27. — General  drill  at  4.45  p.m.  Three  photographs  of  spectrum  of 
Arcturus  taken  with  Mr.  F o wler’s  instrument. 

All  plate  holders  loaded  in  readiness  for  eclipse. 

Monday,  May  28. — Full  rehearsal,  without  plate-holders,  at  10.30.  The  eclipse 
was  observed  under  perfect  conditions,  and  all  ojDerations  successfully  jjerformed. 

A  crowd  of  over  2000  of  the  inhabitants  collected  round  the  camp  to  watch  the 
eclipse.  At  5  p.ai.  a  photograph  of  the  corona,  taken  with  the  De  la  Hue  corona - 
graph,  was  successfully  developed.  At  8  p.m.  photographs  numbers  5  and  10,  taken 
with  the  two  prismatic  cameras,  were  successfully  developed. 

Tuesday,  May  29. — Commenced  dismounting  and  packing  instruments.  Mr. 
Wyllie  and  Dr.  Lockyer  left  Santa  Pola.  Mr.  Fowler  made  paper  prints  and 
glass  positives  of  spectra  developed  yesterda}^.  In  the  evening  Mr.  F owler  developed 
photographs  numbers  1  and  2  taken  by  Mr.  Paa^n  with  the  long  focus  corouagraph  ; 
also  spectra,  numbers  1  and  2,  taken  by  Dr.  Lockyer,  and  number  1  taken  by 
Mr.  Fowler. 

Wednesday,  May  30. — Made  glass  positives  of  photograph  taken  with  De  la  Kue 
corouagraph,  and  those  taken  by  Mr.  Payn.  Finished  packing  instruments,  negatives, 
and  undeveloped  plates.  Everything  on  board  except  dark  room. 

Thursday,  May  31. — Posted  box  containing  copies  of  photographs.  Settled 
accounts  with  local  people.  Observers  returned  to  the  “  Theseus,”  which  left  for 
Gibraltar  at  8.30  p.m. 

Friday,  June  1. — At  sea. 

Saturday,  June  2. — Arrived  at  Gibraltar  5  a.ai. 

The  ship  was  anchored  outside  the  Mole,  and  in  consequence  of  the  roughness  ol 
the  sea  it  was  impossible  to  transfer  the  instruments  to  the  lighter  which  was  sent 
for  them.  The  observers  also  remained  on  board. 

Sunday,  June  3. — By  permission  of  the  Commander-in-Chief,  the  “  Theseus  "  pro¬ 
ceeded  inside  the  Mole,  and  the  instruments  were  put  into  the  lighter.  At  9.30  a.m. 
tlie  party  left  the  ship  and  took  up  their  (juarters  at  the  Poyal  Hotel.  Left  Gibraltar 
per  li.M.S.  “  Cuzco,”  at  G  p.m.  Wednesday,  June  6. 

The  groups  of  observers  were  as  follows  : — 
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Timekeepers. 

Lieutenant  E.  A.  Andrews,  R.N.  J.  Wale,  2nd  Yeoman  Signals. 

Mr.  Boughey,  Midshipman.  W.  Webb,  Petty  Officer,  1st  class. 

Mr.  Lambert,  Midshipman.  Bugler  Sneller,  Ordinary  Seaman. 

G-inrh  Prismatic  Camera. 

C.  WiLLMOTT,  Ordinary  Seaman. 

A.  Humphries,  Ordinary  Seaman. 

G.  Hyatt,  Ordinary  Seaman. 

20-foot  Prismatic  Camera. 

A.  Maskell,  A.B. 

E.  Davies,  Ordinary  Seaman. 

H.  Cristopher,  Ordinary  Seaman. 
W.  Harrison,  Stoker  IMechanic. 

i-inch  Equatorial. 

Sir  Norman  Lockyer,  K.C.B.  C.  C.  Lambert,  Midshipman. 

3^-inch  Equatorial. 

Ideutenant  H.  M.  Doughty,  R.N.  A.  G.  N.  Lane,  Midshipman. 


Dr.  Lockyer. 

S.  Birley,  E.R.A. 

J.  Green,  A.B. 

C.  Fishenden,  Ordinary  Seaman. 

]\Ir.  Fowler. 

W.  F.  Cox,  Armourer. 

A.  ^Yhitbourne,  A.B. 

F.  Burt,  A.B. 


Mr.  Payn. 

T.  ilcGowAN,  A.B. 
E.  Woodland,  A.B. 


Lon  g-focus  Coronagra ph . 

H.  Eary,  A.B. 

W.  Mann,  Ordinary  Seaman. 
H.  Brooks,  Ordinary  Seaman. 


Graham  Coroimgraph. 

Mr.  W.  J.  S.  Perkins,  Assistant  Engineer,  RN.  J.  Knowles,  Chief  Stoker. 
W.  AYalker,  Leading  Stoker. 

Ee  la  Piue  Coronagraph. 

Mr.  H.  AA^.  PoRTCH,  Assistant  Engineer,  R.N.  H.  Frost,  Chief  Stoker. 

AA^.  AAAterfield,  E.R.A. 


Dallmeyer  Coronagraph. 


Surgeon  J.  Martin,  R.N. 
E.  Buckingham,  E.R.A. 


Mr.  J.  B.  Bateman,  Midshipman,  R.N. 

AY.  Fraser,  Arm.  Crew. 

R.  S.  Bradbrooke,  A.B. 

H.  AA'".  Richardson,  Petty  Officer,  2nd  class. 
E.  Voyle,  Leading  Shipwright. 

T.  Orange,  Boy,  1st  class. 

A.  Mason,  A.B. 

A.  Steven,  A.B. 

C.  Paul,  Boy,  1st  class. 


R.  Quint,  Chief  Stoker. 


Discs. 


rAIr.  J.  A.  Daniels,  Torpedo  Gunner,  R.N. 
<  G.  Fair,  Armourer. 

Ie.  Gordon,  Ship’s  Carpenter. 


r  AAh  Tucker,  A.B. 

<  AA''.  Brewer,  A.B. 

LB.  Salmon,  Boy,  1st  class. 


rA.  AIay,  A.B. 

<1  H.  Bailey,  A.B. 

L  J.  Entwistle,  Ship  Steward’s  Boy. 

3  D  2 


388 


SIR  NORMAN  LOCKYER  AND  OTHERS 


W.  Butt,  M.A.A. 

O.  Guilliame,  A.B. 


SJcefrhes  of  Coi'ona  without  Discs  {on  slm'e). 

H.  Meagher,  Private,  R.M.L.I. 

H.  SCHMiDTGCL,  Ordinary  Seaman. 


W.  Baxter,  A.B. 

"W.  Butts,  Private,  R.M.L.I. 
C.  Jacob,  Private,  R.M.L.I. 

Mr.  Bennett,  Clerk. 

AY.  Riches,  Leading  Seaman. 
A.  PONTIFEX,  A.B. 

AAJ  Bosworth,  A.B. 


Sketches  of  Corona  witJmd  Discs  {on  hoard), 

J.  AA'heeler,  Private,  R.AJ.L.I. 

E.  AAYllis,  Sick  Berth  Attendant. 

Ohservations  on,  Stars  {on  shore). 

H.  Angus,  Ordinary  Seaman. 

AAk  Kinvett,  Private,  R.M.L.I. 

AA^.  Oliver,  Private,  R.M.L.I. 


Rev.  G.  B.  Robinson,  jM.A. 

II.  Croxon,  Ship’s  Corporal. 

A.  Phillips,  Leading  Shipwright. 
R.  ViGUS,  Corporal,  R.M.L.I. 

E.  Price,  Private,  R.AI.L.I. 


Ohservations  on  Stars  {on  hoard). 

E.  Hammond,  Stoker. 

G.  Andrews,  Stoker. 

G.  Nightingale,  Stoker. 

S.  AATlson,  Stoker. 

E.  Savage,  Private,  R.M.L.I. 


Ohservations  of  Shadow  Bands  {on  shore). 

Commander  Hon.  R.  F.  Boyle,  R.N.  Air.  J.  G.  AA^alsh,  Alidshipman,  R.N. 

Air.  T.  Slator,  Naval  Instructor,  R.N.  Air.  F.  C.  Skinner,  Alidshipman,  R.N. 

Meteorological  Ohservations  {on  shore). 

Lieutenant  Pattrick,  R.N.  Air.  G.  S.  IIallowes,  Alidshipman,  R.N. 

Meteorological  OhservuMons  {on  hoard). 

G.  Donnelly,  Yeoman  Signaller.  AA".  Hearne,  Signaller. 

E.  Gant,  Leading  Signaller.  J.  Beach,  Signaller. 

A.  Enstidge,  Signaller. 

Meteorological  Ohservations  {IFind,  dc.). 

G.  Perrin,  Leading  Stoker.  G.  Guy,  Stoker. 

H.  Clackett,  Stoker.  J.  AATgnell,  Stoker. 

T.  AA^.  Empson,  Stoker. 

Landscape  Colours  {on  shore). 

Captain  F.  V.  AATiitmarsh,  R.AI.L.I.  Lance-Corporal  AA^ade,  R.AI.L.I. 

Ship’s  Steward  D.  Green  AAk  Birkett,  AAT-iter. 

Landscape  Colours  {on  hoard). 

Fleet  Paymaster  A.  AAk  Askham,  R.N.  Lieutenant  AAk  J.  Frazer,  R.N. 


Shadow  Phenomena  {on  shore). 
Air.  C.  Prynn,  Carpenter,  R.N. 

Shadow  ISienomena  {on  hoard). 
Lieutenant  H.  R.  Shipster,  R.N. 
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Pholographers. 

J.  Knight,  Sick  Berth  Steward.  B.  Bui.brook,  A.B. 

Avle-fle-Camp  to  Sir  Norman  Lockyer,  K.C.B.,  F.lt.S. 

Mr.  C.  C.  Lambert,  Midshipman,  P.N. 

the  expedition  was  on  board  the  ‘‘  Thesens”  for  one  day  only  before  the  eclipse, 
and  as  the  ship’s  parties  returned  to  the  ship  every  evening,  it  was  not  possible  to 
give  instruction  in  the  observation  of  spectra,  and  parties  for  tliis  branch  of  eclipse 
work  could  not  therefore  be  organised. 


Assistance  in  Time-heeping. 

Lieutenant  Andrews,  L.N.,  who  assisted  in  the  important  duty  of  time-keeping, 
has  drawn  up  the  following  statement  of  the  procedure  adopted  : — 

“  A  time  signal  was  made  daily,  at  noon,  from  the  ship  by  the  Commander  ;  the 
error  of  the  chronometer  having  been  ascertained  by  telegraph  on  the  16th  May, 
the  day  we  left  Gibraltar. 

“  The  deck  watch  (which  was  daily  compared  with  the  chronometers)  was  also 
landed,  so  that  I  could  give  any  comparison  or  time  required. 

“  On  the  day  of  the  eclipse  I  gave  the  time  from  the  deck  watch,  10  minutes  before 
totality,  on  which  the  ‘  Rise  up  ’  was  sounded  on  the  bugle,  and  5  minutes  before 
totality,  on  which  the  ‘  Alert’  was  sounded.” 

The  observations  of  tire  cusps  to  signal  intervals  of  16  and  5  seconds  before  totality 
were  also  made  by  Lieutenant  Andrews,  who  remarks  that  the  apjraratus  provided 
worked  most  satisfactorily.  During  the  drills,  when  the  cusps  were  of  course  not 
observable,  the  corresponding  signals  were  given  by  reference  to  the  deck  watch. 


The  Coronagraphs. 

Three  coronagraphs  were  employed  by  officers  and  men  of  H.M.S.  “  Theseus,” 
particulars  of  which  are  appended  : — 

(1.)  The  De  la  Rue  coronagraph.  Aperture  4f  inches,  focal  length  8  feet. 
Assistant  Eno-ineer  H.  W.  Portch  in  charge. 

O  O 

The  instrument,  which  had  previously  been  used  in  Nova  Zemlya  and  India,  was 
fed  by  a  spare  part  of  the  ccelostat  mirror  used  for  the  long-focus  coronagraph.  Three 
exposures  were  made  of  approximate  durations,  40  seconds,  15  seconds,  and  0-5  second 
respectively,  the  plates  employed  being  “  Sanded  ”  triple  coated,  6  inches  square. 

(2.)  The  Dalhneyer  coronagraph.  Aperture  6  inches,  focal  length  54  inches. 
Surgeon  J.  Martin  in  charge. 
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The  instrument  was  mounted  equatorially,  and  provided  with  an  excellent  driving 
clock. 

One  photograph  was  taken  with  an  instantaneous  exposure  at  call  of  70  from  the 
timekeeper  at  the  eclipse  clock,  and  another  from,  as  soon  as  the  plate  could  be 
changed,  to  the  call  of  5,  the  exposure  thus  being  about  60  seconds.  Sandell  triple- 
coated  plates,  6  inches  square,  were  employed  in  each  case. 

(3.)  The  Graham  coronagraph.  Aperture  3  inches,  focal  length  20  inches.  Assis¬ 
tant  Engineer  W.  J.  S.  Perkins  in  charge. 

This  instrument,  together  with  the  small  ccelostat  with  vTich  it  was  used,  was 
loaned  to  the  expedition  by  the  Marquis  of  Graham.  Only  one  exposure  was 
made  during  totality — from  the  call  of  70  to  that  of  5  from  the  eclipse  clock — the 
exposure  being  aliout  60  seconds.  Seven  additional  plates  were  exjiosed  at  half- 
minute  intervals  after  totality,  with  the  view  of  ascertaining  how  long  the  corona 
could  be  jihotographed  after  the  sun  had  reappeared.  Sandell  plates,  3  inches 
square,  were  employed  throughout. 

The  exposures  were  successfully  made  in  each  case. 


Discs. 

Six  discs  for  cutting  out  the  bright  light  of  the  inner  corona  were  erected,  with 
the  view  of  enabling  the  observers  to  detect  the  long  extensions  if  there  should 
be  any. 

The  following  are  particulars  relating  to  the  observations  : — 


Sun’s  altitude  at  mid-totality  .  . 
,,  azimuth  ,,  ,, 

,,  semi-diameter  15'  48''‘12.  . 
Disc  to  cover  S'  round  sun 
6' 

?  ?  9  ?  ^  3  J  3  5  •  • 


=  33i°. 

=  N.  871°  W. 

=  948"T2  Piadius 
=:  1128"T2  „ 

=  1308"T2  „ 


Exam])le. 

Disc  No.  1,  6-inch  diameter — 

Distance  from  eye  to  cover  6'  round  sun  .  .  =  39|-  feet. 

Height  above  eye  .  .  .  .  .  .  .  .  =22  feet  1  inch. 

Height  above  ground  .  .  .  .  .  .  .  .  =26  feet. 

With  reference  to  this  branch  of  work,  the  following  statement  has  been  drawn  up 
by  Mr.  J.  A.  Daniels,  Gunner,  R.N.,  who  superintended  the  erection  of  the  discs  and 
eye-pieces,  adjustments  for  azimuth  and  altitude  being  made  by  Lieutenant 
Andrews  : — • 

“  The  eclipse  camp  being  on  perfectly  level  ground,  the  six  discs  were  fixed  up  on 
poles,  rough  spars  from  the  ship  lieing  found  suitable  for  this  purpose. 

“  Owing  to  the  loose  sandy  nature  of  the  soil,  it  was  found  necessary  to  secure  the 
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heels  of  the  poles  in  casks  sunk  in  the  ground,  stones  and  turf  being  rammed  down 
tight  round  them,  the  lieads  being  further  secured  by  four  rope  stays,  taken  to  pegs 
about  4  feet  long  driven  into  the  ground. 

“  On  the  poles  being  set  up,  steps  were  fixed  for  convenience  of  mounting  the  poles 
to  place  and  adjust  discs. 

“The  discs,  which  were  made  of  wood,  varied  from  6  to  2  inches  in  diameter;  they 
were  painted  a  dead  black,  and  were  fixed  at  the  ends  of  brass  rods  which  projected 
at  right  angles  to  the  poles.  These  brass  rods  were  placed  at  correct  height,  allow¬ 
ance  being  made  for  height  of  eye.  The  rods  were  further  secured  and  stayed  to  the 
pole  by  twine.  They  were  then  turned  to  an  angle  of  33|-°  with  the  vertical,  so  as  to 
place  them  at  right  angles  to  the  line  of  observation.  The  correct  angle  of  each  disc 
was  obtained  by  fixing  a  plumb  line  to  the  edge  of  a  triangle  which  was  ruled  with 
pencil  at  the  angle  of  33^°. 

“  Eye-pieces. — -These  in  each  case  consisted  of  a  small  piece  of  sheet  brass,  with  a 
hole  pierced  in  it  of  about  inch  in  diameter,  which  was  fitted  on  the  front  face  of 
a  framework  made  sufficiently  large  for  a  seat  for  the  observer  to  be  placed  inside  it. 
The  front  face  was  carefully  adjusted  so  as  to  be  parallel  to  its  corresponding  disc, 
and  the  eye-piece  arranged  so  as  to  have  a  movement  on  its  frame,  both  in  altitude 
and  azimuth,  for  purposes  of  final  adjustment.  The  correct  position  of  these  frames 
and  eye-pieces  required  a  good  deal  of  very  careful  observation  to  arrive  at.  Compass, 
spirit  level,  and  a  large  wooden  triangle  having  an  angle  of  33|-°  were  used  for  this 
purpose.” 

Arrangement  of  Observers.  —  The  six  discs  were  each  worked  by  three  persons, 
who  were  told  off  as  Nos.  1,  2,  and  3.  Their  duties  were  as  follows  - 

No.  1  to  observe  the  corona  and  describe  to  No.  2. 

No.  2  to  write  down  the  description  given  by  No.  1. 

No.  3  to  blindfold  No.  1,  and  to  lead  him  to  the  eye-piece  at  the  correct  time,  and 
to  repeat  time  calls  from  the  eclipse  clock. 

The  routine  carried  out  was  as  follows  : — 

10  minutes  before  totality  (bugle  “Alert”) — 

Blindfold  No.  1  ;  then  Nos.  1  and  2  turn  their  backs  to  the  sun.  No.  3  takes  the 
place  to  be  occupied  by  No.  1,  and  keeps  eye-piece  adjusted. 

16  seconds  before  totality  (bugle  2  G’s) — 

No.  1  is  led  to  position  at  eye-piece  by  No.  3. 

5  seconds  before  totality  (bugle  1  G). 

Order  ^‘Go”  at  totality,  and  75  seconds  is  called  from  eclipse  clock  and  repeated 
by  No.  3.  At  65  being  called  from  clock  the  bandage  was  removed  from  the  eyes 
of  No.  1,  who  looks  through  eye-piece  and  describes  to  No.  2  what  he  can  see  of 
the  corona.  No.  3  continues  to  repeat  the  time  called  from  the  eclipse  clock,  and 
makes  a  rough  sketch  of  the  corona  to  assist  No.  1,  who  makes  his  sketch  from 
his  description  given  to  No.  2  when  totality  is  over. 
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Traimmj  of  Observers. — To  Ijiing  the  observers  to  the  necessary  stage  of  efficiency 
a  considerable  amount  of  training  was  required ;  those  of  the  disc  observers  who 
could  be  spared  after  the  discs  were  set  up  were  instructed  in  sketching  coronas 
of  former  eclqises,  illustrated  by  magic  lantern  slides,  the  time  allowed  for  sketching 
these  being  gradually  decreased  from  a  period  of  3  minutes  to  a  period  of  1^  minutes, 
the  ex})ected  duration  of  totality. 

On  and  after  Tuesday,  May  22,  the  disc  parties  were  landed  and  general  rehearsals 
were  commenced ;  the  disc  oljservers  were  drilled  in  sketching  and  describing  a  ffiqDical 
corona  outlined  on  a  large  piece  of  cardboard  with  chalk,  the  same  time  being  allowed 
for  exposure  of  the  typical  corona  as  the  time  totality  would  last.  After  the  sketches 
were  made  by  the  Nos.  1  from  the  descriptions  given  to  Nos.  2  they  were  handed  in 
for  inspection  and  very  carefully  checked  in  regard  to  position  and  length  of  streamers, 
tlie  result  being  that  each  day  showed  an  improvement. 

A  variety  of  methods  were  tried  before  it  was  finally  decided  as  to  the  best  way  of 
sketching  coronas.  It  was  found  necessary  to  use  abbreviations  as  much  as  possible 
whilst  taking  down  the  descriptions.  This  at  first  was  found  to  be  very  confusing, 
but  it  was  eventually  got  over  by  using  ruled  forms. 

The  best  means  found  for  sketching  coronas  was  to  cut  a  service  pistol  target  in 
four  parts,  and  use  the  back  on  which  to  sketch.  A  small  disc  was  painted  in  the 
centre,  and  the  card  was  marked  in  concentric  circles,  each  increasing  by  one  diameter 
of  the  disc  already  painted.  The  position  of  streamers  were  described  in  terms  of  the 
clock,  the  direction  of  streamers  by  compass  bearing,  and  length  of  streamers  in 
diameters  of  the  jjainted  disc. 

The  forms  used  for  taking  down  descriptions  left  very  little  writing  for  No.  2  to  get 
through,  and  no  difficulty  whatever  was  experienced  by  the  observers  in  utilizing 
these  notes  for  the  sketches  made  immediately  afterwards.  Of  the  six  discs  used, 
four  covered  a  radius  of  G  minutes  outside  the  moon’s  diameter,  and  the  remaining 
two  covered  a  radius  of  3  minutes.  Althouffii  the  6-minute  discs  covered  much  more 
of  the  inner  corona  according  to  the  sketches  and  descriptions  handed  in,  practically 
the  same  results  were  obtained  from  both  6-niinute  and  3-niinute  discs,  allowance 
Ijeing  made  for  the  difference  in  diameter  of  discs. 

The  disc  observers  were  jDersonally  instructed  by  Lieutenant  H.  M.  Doughty,  R.N., 
the  rehearsals  beinn  held  fom*  or  five  times  dailv.  A  different  sketch  was  used  on 
each  occasion. 

The  discs  were  set  up  and  the  eye-pieces  fixed  under  the  direction  of  Lieutenants 
Andrews  and  Doughty,  assisted  by  Mr.  Hallowes,  Midshipman. 

It  has  been  thought  desiralfie,  instead  of  forwarding  all  the  original  sketches,  to 
select  the  l^est  of  each  sort,  and  to  make  a  separate  sketch  representing  the  mean  of 
the  results  in  each  case.  I’hese  are — 

(T.)  With  discs  covering  6  minutes  of  arc  outside  the  moon’s  perimeter. 

(2.)  With  discs  covering  3  minutes. 
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(3.)  Free-hand  drawings  without  discs. 

The  sketches  made  with  discs  agreed  fairly  well  in  each  case.  The  mean  sketches 
appended  have  been  made  with  much  care  from  the  originals,  and  in  the  opinion  of 
others  besides  myself  very  fairly  represent  the  general  results. 


N. 

'  '  ^ 

Hm 

.  •  u 

.  ( 

Fig.  3.  Sketches  of  Corona.  (1)  With  discs  covering  3  minutes  round  Sun’s  limb;  (2)  with  discs 

covering  G  minutes  ;  (3)  without  discs. 


Sketches  of  Corona  without  Discs. 

Particulars  as  to  the  selection  and  training  of  the  observers  who  made  drawings  of 
the  corona  as  seen  by  the  unaided  eye  have  already  been  given. 

Observations  of  Inner  Corona  with  the  S^f  inch  Telescoiw. 

A  telescope  of  3^  inches  aperature,  Avith  a  magnilyiug  power  of  thirty-six,  mounted 
on  a  portable  eipiatoiial  stand,  was  employed  Ijy  Lieutenant  Doughi'Y,  If.N.,  in  a 
searcli  for  minute  coronal  structure,  such  as  tluit  observed  by  Sir  Norman  Lockyer 
in  the  eclipse  of  1871.  His  account  of  the  observations  was  as  folloAvs  : — 

“  For  tlie  }nir])oses  of  description,  1  pro])ose  to  make  the  moon’s  disc  a  clock  face, 
12  o’clock  being  in  the  zenith.  The  corona  ap])eared  })erfectly  wdiite  except  that  the 
lov'er  portion  of  the  bright  ring  just  after  the  commencement  of  trdality  Avas  of  a 
rosy  colour,  as  also  was  the  upper  portion  just  hefore  the  finish  of  totality.  1  noticed 
tlie  folio Aving  red  })roniinences.  Tavo,  straight  and  radial,  very  close  togethei’,  at 
12.30  o’clock.  Tavo  rather  further  apart  and  not  so  long  at  about  1.15.  One  at 
4.30.  This  prominence  1  lost  sight  of  just  before  the  end  of  totality.  No  detailed 
structure  Avas  visible  from  1.30  to  4. 

3  E 
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tStraight  radial  lines  of  briglit  light  were  visible  outside  the  bright  ring.  They 
appeared  to  grow  out  of  the  ring  of  bright  light  and  gradually  get  brighter  as  thev 
grew,  and  then  as  gradually  fade.  The  spaces  between  these  lines  started  as  j^ale 
light,  and  gradually  assumed  a  soft  mouse-coloured  brown. 

“The  radial  lines  visible  from  7  to  10.30  w^ere  slio-htlv  briy-hter  and  lono-er.  Thev 
were  curved  in  appearance,  curling  outwards  from  ab(.)ut  9  o'clock.  Eound  the 
remaining  portions  of  the  moon’s  disc,  outside  the  bright  ring,  the  light  ajjpeared  to 
gradually  fade  ;  I  could  see  no  dai'k  s|)aces,  and,  except  those  previously  mentioned, 
very  few  radial  lines,  these  being  most  noticeable  at  10.30  to  11,  7  o'clock  and  4.30.” 


Observations  of  Stars  Visible  Duriraj  Eclipse. 

The  following  account  of  tlie  preparatory  work,  and  of  tlie  observations  of  stars 
made  during  totality,  has  been  pre^Dared  by  the  chaplain,  tlie  llev.  G.  Bkooke- 
llOBINSOX. 

“  The  party  landed  for  the  })urpose  of  star  observations  consisted  of  one  office]’  and 
six  men  ;  the  men  were  divided  into  two  sections,  each  section  taking  half  the  heavens  ; 
all  were  provided  with  maps  to  assist  them  in  recognising  such  stars  and  planets  that 
miglit  appear. 

“  The  arrangements  for  tlie  party  on  board  were  similar  to  tliose  for  the  shore  party. 

“  The  actual  observations  of  stars  during  the  eclipse  were  taken  during  a  period 
extending  from  20  minutes  before  totality  to  15  minutes  after  totality. 

“  Venus  showed  distinctly  throughout  the  whole  period  of  these  observations.  A 
pai'ticularly  bright  body  was  seen  close  to  the  sun  at  the  lower  right-hand  cpiadrant ; 
this  was  taken  to  be  Mercury.  The  stars  a  (Irionis  and  a  Tauri  wei’e  lioth  visible 
during  totality.  All  observations  were  carried  on  with  the  naked  eye.  No  luminous 
body  unmarked  in  the  maps  was  noted.” 


Landscape  Colours. 

Two  parties  of  observers  were  told  off  to  record  the  general  colour  phenomena,  one 
party  being  stationed  on  board  the  “  Tlieseus,”  and  the  other  on  a  hill  on  shore. 
Fleet  Paymaster  A.  W.  AskHxVM  has  jirepared  a  rejiort  on  the  first  set  of  obser^■a- 
tions,  and  Captain  F.  V.  J.  S.  Whitmaesh,  ll.M.L  I.,  has  presented  a  separate  report 
on  the  shore  observations.  The  following'  general  statement  has  been  combined  from 

o  O 

these.  (See  table  accompanying.) 

Captain  Whitmaesh  further  remarks : — -“  I  did  not  notice  any  appreciable 
difference  in  fhe  culfivated  land  in  front  as  regards  colour  at  any  time.  A  hat  I 
noticed  particularly  was  that  the  clouds  travelled  in  a  northerly  direction,  and  as  Ave 
neared  totality  they  travelled  soutliAvards,  and  I  certainly  imagined  that  a  cold  breeze 
came  up  from  a  northerly  direction  as  soon  as  tlie  sun  Avas  totally  eclipsed.  The  hills 


Landscape  Colours,  &c. 


Sky. 

Clouds. 

Land. 

Sea. 

- 

Direction. 

Before 

totality. 

During 

totality. 

After 

totality. 

Before 

totality. 

Diu’ing 

totality. 

After 

totality. 

Before 

totality. 

Dui’ing 

totality. 

After 

totality. 

Before 

totality. 

Dui'ing 

totality. 

After 

totality. 

Observer. 

1 

. 

i. 

Light  blue, 

softened  off 
to  the  hori¬ 
zon. 

Indigo  with 
a  drab  col¬ 
our  near 
horizon. 

Light  blue, 
softened  off 
to  the  hori¬ 
zon. 

Nil. 

Nil. 

Nil. 

Distant  hills 
grey,  showing 
colour  in 

patches. 

Very  dark 
g"ey. 

Distant  moun¬ 
tains  grey 
with  purple, 
land  very 
distinct. 

Light  slate 

colour. 

Dark  blue, 
withagreen 
tinge. 

Light  indigo. 

Fleet  Paymaster,  A.  W.  Askham,  R.N. 

■  Staff  Engineer,  F.  T.  George,  R.N. 
Lieutenant,  W.  J.  Frazer,  R.N. 

N.E. 

<6 

u 

O 

en 

6 

Blue  .... 

3.41  P.M.,  blue; 
4  P.M.,  pink¬ 
ish  on  hori¬ 
zon;  4.12p.m., 
slate  colour. 

As  at  day¬ 
break. 

Slate  colour. 

Nil. 

Nil. 

Nil. 

As  usual,  ex¬ 
cept  getting 
darker  brown 
as  totality  ap¬ 
proached. 

Same  as  on  an 
ordinary  clear 
day. 

Dark  brown, 
and  hill 

blue. 

Normal. 

Nil. 

Nil. 

Nil. 

Nil. 

Captain  Whitmarsh,  R.M.L.I. 

G.  Birkeit,  Writer. 

& 

03  ' 

6 

Light  blue, 

softened  away 
to  the  hori¬ 
zon,  slight 

tinge  of  warm 
colour  near 
horizon. 

IndigO)  with 
a  drab  col¬ 
our  on  the 
lower  por¬ 
tion. 

Light  blue, 
softened 
away  to  a 
warm  tinge. 

Nil. 

Nil. 

Nil. 

Nil. 

Slate  colour. 

Very  dark 
slate  colour, 
greenish 
tinge  in 

foreground. 

Indigo  green 
tinge  in 

distance. 

Fleet  Paymaster  A.  W.  Askham,  E.N. 

-  Staff  Engineer  F.  T.  George,  E.N. 
Lieutenant  AV.  J.  Frazer,  E.N. 

S.E. 

O 

'cc 

5 

Yellowish  pink 
hue  on  hori¬ 
zon,  and  blue 
overhead. 

3.41  P.M.,  light 
blue ;  3.45, 

yellow  streaks 
appeared  on 
horizon;  3.55, 
changed  into 
pink. 

■Horizon  from 
pink  to  vio¬ 
let  hue. 

Slate  colour. 

Nil. 

4.3  P.M.,  slight 
horizontal 
streaks  of 

clouds  ap¬ 
peared  on 

horizon. 

Nil. 

Nil. 

Nil. 

Same  as  on  an 
ordinary  clear 
day 

Dark  brown. 

Light  brown. 

Dark  blue,  and 
getting  still 
darker  blue 
near  totality. 

3.41,  blue.  Yel¬ 
low  shadow 
coming  across 
fromS.;  3.57, 
sea  very  blue; 
4.10,  horizon 
like  early 

dawn. 

Dark  blue  to 
light  blue. 

Light  blue. 

Captain  Whitmarsh,  E.M.L.I. 

Lance-Corporal  Wade,  E.M.L.I. 

"w  • 

o 

Light  blue,  soft¬ 
ened  away  to 
the  horizon, 
slight  tinge  of 
warm  colour 
near  horizon. 

Indigo,  slight 
drab  colour 
on  lower 
portion. 

Light  blue, 
softened 
away  to  a 
warm  tinge. 

Nil. 

Nil. 

Nil. 

Nil. 

Mountain  s 
dark  pur¬ 
ple,  looking 
grey  middle 
distance, 
and  fore¬ 
ground  very 
dark  grey. 

Mountains 
purple  grey. 
Foreground 
similar  col¬ 
ours,  but 
darker. 

Slate  colour. 

Dark  blue  (in¬ 
digo),  with 
a  green 

tinge. 

Blue,  with 
touches  of 
indigo  and 
cobaltgi'een. 

Lieutenant  AY.  J.  Frazer,  E.N. 

'Fleet  Paymaster  A.  AY.  Askham,  K.N. 
Staff  Engineer  F.  T.  George,  E.N. 

S.W. 

o 

o 

w  , 

6 

Yellow  shadow 
extending 
across  from 
AY.  to  S, 
Horizon  light 
grey,  shading 
off  to  blue 
overhead. 

As  at  day¬ 
break. 

Blue. 

Horizontal  grey 
streaks  over 
the  hills  S.  of 

W. 

Nil. 

Nil. 

Nil. 

Normal,  with 
grey  haze 

creeping  over. 

Hill  in  the  dis¬ 
tance  W.S.W. 
almost  ob¬ 

scured. 

Brownish  hue. 

Dark  fawn, 
hills  blue. 

Normal,  as 
would  usu¬ 
ally  appear 
after  a 

shower. 

Yellow  shadow 
extending 
from  S.  to  W. 

Horizons.,  yel¬ 
low  shade ; 
4.10  P.M., 

dark  blue. 

Dark  blue. 

Blue. 

Captain  Whitmarsh,  R.M.L.I. 

Daniel  Green,  Ship’s  Steward. 

5 

Light  greenish 
blue. 

Indigo,  \vith 
a  fawn  col¬ 
our  tinge 
on  lower 
portion. 

Very  light 
blue. 

Slight  streaks 
of  cloud  near 
horizon. 

Nil. 

Nil. 

Distant  moun¬ 
tains  grey. 

Distant  hills 
grey,  fore¬ 
ground  dar- 
ker  grey. 

Distant  hills 
purple,  fore¬ 
ground  nor¬ 
mal  colour. 

Blue,  with  a 
slight  green 
tinge. 

Indigo,  vith 
a  green 

tinge. 

Light  slate 
blue  tinged 
with  green. 

Lieutenant  AA^.  J.  Frazer,  E.N. 

-Fleet  Paymaster  A.  AY.  Askham,  li.N. 
Staff  Engineer  F.  T.  George,  K.N. 

N.W. 

o 

O 

Blue  overhead, 
distance  grey, 
similar  to 

early  dawn. 

Very  dark 
blue  over¬ 
head,  and 
like  day 
breaking 
over  the 
hills. 

Not  so  blue 
as  during 
totality; 
over  the 
hills,  light 
grey. 

Horizontal  grey 
gi-ey  streaks 
over  the  hills. 

Nil. 

Nil. 

Greyish  blue 
haze  creeping 
over  the  hills. 

Hills  slate 
colour,  fore¬ 
ground  dark 
brown. 

Hills  brown, 
foreground 
usual  col¬ 
our. 

Nil. 

j 

Nil. 

Nil. 

Captain  WHITMARSH,  R.M.L.I. 
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changed  their  hue  from  pinkish-hrown  to  dark  slate  colour.  I  also  noticed  that  a 
bird  which  had  been  chirnpping  long  before  the  first  contact  carried  on  doing  so 
right  through  totality  ;  he  remained  in  the  same  place  the  whole  time.  I  also  noticed 
a  yellow  shadow  about  6  miles  to  sea  which  extended  from  S.W.  to  S.E.  by  S.” 

Shadow  Phenomena. 

The  moon’s  shadow  was  not  seen  at  all,  although  observers  were  stationed  at  the 
mast-head  of  the  ship  at  a  height  of  about  80  feet  from  the  water,  with  careful 
instructions  as  to  the  measurement  of  its  speed,  &c.,  had  it  been  seen.  The  relative 
positions  of  the  shore  line,  the  ship,  and  the  island  to  seaward  gave  reason  to  hope 
for  good  results  ;  but  in  this  we  were  disappointed. 


Shadow  Bands. 

Mr.  T.  Slatoe,  B.A.,  Naval  Instructor,  who  took  charge  of  this  section  of  the 
observations,  presents  the  following  report  of  tlie  preparatory  work  and  the  observa¬ 
tions  made  : — 

“  Two  canvas  screens,  18  X  G  feet,  were  placed  vertically,  one  in  the  meridian  and 
tlie  other  in  the  prime  vertical,  on  a  road  crossing  the  camp,  which  was  as  nearly  as 
possible  horizontal.  The  sides  of  the  screens  facing  the  sun,  and  the  18-foot  scpiare 
included  by  them  on  the  horizontal  plane,  were  whitewashed. 

“  Kods  3  feet  long  were  provided  to  mark  the  direction  in  which  the  bands  were 
travelling  on  the  horizontal  plane,  and  two  wooden  T’s  ”  were  made,  with  a  3-foot 
head  and  a  6-foot  handle  to  secure  permanent  Impressions  on  the  screens. 

“  The  heads  were  smeared  with  a  mixture  of  blacklead  and  tallow,  and  the  long 
handles  enabled  the  observers  to  stand  at  some  distance  from  the  screens. 

“  It  was  decided  to  place  the  rods  and  mark  the  screens  perpendicular  to  the 
directions  of  the  bands,  and  in  the  directions  in  which  they  were  travelling.  To 
make  a  more  accurate  estimate  of  the  distance  between  successive  bands  the  rods 
and  the  heads  of  the  ‘  T’s  ’  were  painted  white  at  tlie  ends,  and  the  centre  foot  was 
jiainted  black. 

“  Commander  Hon.  B.  F.  BoYiiE  volunteered  to  mark  the  screen  in  the  meridian^ 
Mr.  J.  G.  Walsh,  Midsliipman,  was  watching  the  other  screen ;  Mr.  F.  C’.  Skinner, 
Midshipman,  placed  the  rods  on  the  horizontal  plane,  and  I  had  a  stop  watch  to  note 
times,  and  to  lie  used  if  possiiile  to  form  an  estimate  of  the  speed  at  which  the  bands 
were  travelling. 

“  Unfortunately  the  bands  were  very  faint  and  elusive,  and  on  the  screen  in  the 
prime  vertical  no  shadows  were  seen  at  all.  Only  one  mark  was  made  on  the  other 
vertical  screen  before  totality  began,  and  this  was  found  to  be  inclined  to  the  horizontal 
at  an  angle  of  20°,  the  bands  moving  upwards  from  N.  to  S.  One  mark  was  made 
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after  totality,  and  tliis  was  inclined  at  an  angle  of  40-lr°  to  the  horizontal,  and  the 
bands  were  seen  to  be  travelling  downwards  from  S.  to  N. 

“  Two  rods  were  placed  by  Mr.  Skixxer  on  the  horizontal  plane,  one  before  and 
one  after  totality.  Before  totality  the  bands  were  travelling  S.  28  E.  and  after 
totality  N,  36  W.  The  bands  were  first  seen  at  4h.  12in.  I6s.  G.M.T.,  that  is, 
22  seconds  before  the  beginning  of  totality,  but  no  reliable  estimate  was  formed  as 
to  their  width  or  their  speed. 

“  They  w^ere  descril^ed  as  being  like  a  mirage,  or  like  the  faint  rippling  on  a  smootli 
surface  of  water  when  light  airs  disturb  it,  and  at  first  it  was  hard  to  believe  that 
tlie  sliglit  tremhling  seen  on  tiie  screen  was  not  due  simply  to  the  shaking  of  the 
canvas  in  the  wind.” 


Vertical  Screen. 


Contact  Ohsei'vations. 

Although  observations  of  the  times  of  the  contacts  did  not  form  a  definite  part 
of  the  programme  of  the  expedition,  it  may  he  useful  to  state  the  times  recorded. 
Observations  of  the  first  contact  were  made  by  Lieutenant  Andrews  and  Mr. 
Fo'WLER,  while  the  times  of  beginnino-  and  end  of  totalitv  were  noted  from  signals 
given  by  Sir  Norman  Lockyer. 
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'[’he  times  recorded  were  as  follows  : — 

G.M.T. 


h. 

m. 

s. 

Observer. 

1st  contact 

•  -k 

58 

30 

Fow'liER  (telescopic  view). 

I2 

59 

0 

Andrews  (projected  image 

2nd  „ 

.  .  4 

12 

38 

Lockyer. 

3rd  „ 

.  .  4 

13 

53 

Lockyer. 

4tli 

Not  observed. 

M eteorol ogical  Observation s. 

The  following  report  on  the  meteorological  o1)servatlons  made  at  the  Eclipse  Clam]) 
and  on  board  the  “  Thesens  ”  from  the  •25th  to  the  29th  May,  has  been  pi'epared  l)y 
Lientenant  Pattrfck,  11.  N, 

The  resnlts  of  the  observations  are  given  in  four  separate  tables,  instead  of  in  their 
oi-iginal  form,  so  that  compai'isons  of  the  data  for  diflPerent  days  can  readily  l)e  made. 
A  graphical  representation  of  the  temperature  ol)servations  on  the  day  of  eclij)se 
and  the  preceding  and  following  day  is  also  given. 

On  Thursday.  May  24,  a  shelter  was  erected,  in  the  Eclipse  Oani]),  at  Santa 
Pola,  for  the  meteorological  instrnments.  The  shelter  was  about  7  feet  square,  the 
sides  being  made  of  three  thicknesses  of  bunting,  with  a  foot  space  between  the 
bottom  and  the  o-round,  to  allow  a  free  current  of  air.  The  heia’ht  was  about 
7  feet,  the  roof  being  of  canvas,  wbiitewashed  on  the  outside. 

Inside  two  posts  were  planted,  with  a  cross-bar  between,  to  which  the  instruments 
were  hung,  viz.: — “Watkins”  aneroid,  and  three  Centigrade  thermometers. 
They  were  about  3  feet  6  inches  from  the  ground,  and  suspended  from  the  cross¬ 
bar  with  twine. 

'fhe  observations  were  commenced  at  noon  on  May  25,  and  were  all  taken  1)y 
INfr.  Hallowes,  Midshipman,  and  myself.  A  copy  of  the  observations  is  appended. 

It  will  be  noticed  that  for  3  days  before  the  eclipse  the  barometer  was  more  or 
less  steady,  there  being  a  slight  rise  till  midnight  of  May  27,  after  which  it  fell 
steadily  till  the  time  of  totality,  w4ien  it  rose  again  slightly  for  10  minutes,  then 
continued  falling  till  6  p.w.,  after  which  it  was  unsteady  for  some  hours.  The 
temperature  usually  rose  till  noon,  and  remained  the  same  till  about  3  p.m.,  when 
it  would  fall  gradually. 

On  tlie  28th,  from  the  time  of  first  cmitact,  the  thermometers  drojqied  much 
faster  than  usual  till  LO  minutes  after  totality,  falling  from  24°'5  C.  to  19°'8  C. — a 
total  dro])  of  4'^’7  C.  After  this  it  again  rose  steadily  till  5.45  P.M.,  when  it  reached 
its  normal  height  for  the  tiine  of  day. 

'Die  wind,  which  was  always  from  the  sea  during  tlie  afternoon,  and  usually  steady 
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as  regards  direction  and  force,  became  very  fitful  and  uncertain  in  strength,  though 
constant  in  direction,  for  about  half-an-hour  at  totality.  This  mav  indicate  a 
current  of  air  from  the  opposite  direction,  which  was  not  strong  enough  to  over¬ 
come  tlie  regular  sea  breeze  prevailing  at  the  time. 

Meteorological  observations  were  also  kept  on  board  the  ship,  by  the  signal  staff. 
These,  which  are  also  appended,  are  nearly  identical,  as  regards  the  variation  of 
barometer  and  thermometers,  with  those  taken  at  the  camp. 

The  more  important  observations  are  also  illustrated  graphically  in  figs,  o  and  6. 
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Fig.  5.  Curve  of  temperature  observations.  May  27,  28,  29. 
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Tabi.e  L — Teniperatiu'e  Variations. 
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Part  IIL — Photographs  of  the  Corona  taken  with  a  4-inch  Cooke  Lens  of 

16  FEET  FOCAL  LENGTH.  By  HoWARD  PaYN. 

The  Camera. 

The  instniment  I  used  during  the  eclipse  was  a  telescope  fitted  with  a  camera  for 
taking  pictures  of  the  corona.  The  lens  was  a  Cooke  photovisual  objective  (Taylor’s 
Patent)  of  4  inches  aperture  and  16  feet  focal  length,  the  sun’s  image  being  there¬ 
fore  If-  inches  in  diameter.  The  fittings  of  the  telescope  were  specially  drawn 
for  me  by  Mr.  George  Scorer,  Architect,  of  Newman  Street,  and  gave  every 
satisfaction. 

The  object  glass  was  fitted  in  a  mahogany  box,  the  wood  being  1  inch  thick ;  this 
in  its  turn  slid  in  and  out  of  a  holder  of  the  same  thickness ;  the  camera  at  the 
other  end  was  similarly  fitted. 

Between  the  two  ends  were  two  sets  of  battens,  each  8  feet  long,  supported  in 
the  centre  by  a  scjuare  wooden  frame  into  which  the  battens  screwed.  The  screws 
worked  in  2-inch  slots,  so  that  by  loosening  the  thumb  screws  at  either  end  room 
was  alForded  for  any  shrinkage  or  expansion  of  any  part  of  the  instrument. 

The  telescope  when  put  together  was  supported  on  three  solid  piers,  the  two  on 
which  the  ends  rested  being  of  brick.  The  whole  was  perfectly  steady,  even  with  a 
strong  breeze  blowing. 

The  battens  were  covered  in  with  brown  pajier  pasted  round  them,  and  outside  this 
was  a  covering  of  tai;red  paper.  The  covering  on  the  whole  was  fairly  light-tight, 
but  the  paper  was  veiy  easily  torn,  especially  when  the  telescojie  was  covered  up  at 
night  with  sails  from  the  ship.  During  this  operation  the  wind  would  flap  parts  of 
the  sail  against  the  tube,  in  spite  of  every  care,  and  the  paper  was  often  broken. 
This  could  be  repaired  by  pasting  on  fresh  paper,  but  it  was  always  a  source  of 
anxiety,  and  had  any  tearing  of  the  paper  happened  during  the  exposures,  the  plates 
would  probably  have  been  spoilt. 

1  think  that  it  would  be  better  on  another  occasion  to  cover  the  battens  with  black 
cloth,  with  a  mackintosh  cover  to  fasten  securely  over  that.  The  only  covering 
then  required  at  night  would  be  for  the  object-glass  and  camera.  This  would  save  a 
good  deal  of  trouble,  and  woidd  much  facilitate  working  the  instruments  at  night,  as, 
after  the  bluejackets  have  returned  to  the  ship,  it  is  often  very  difficult  to  open  out 
coverings  single-handed,  especially  in  the  dark. 

The  focus  was  obtained  by  sliding  the  object-glass  box  in  and  out  of  the  holder. 
The  focus  was  tested  by  exposing  plates  on  the  sun  and  by  photographing  star  trails. 

Mawson’s  Castle  plates  were  used,  size  10  X  10,  F  No.  56,  relative  speed  1'5 
(Wynne’s  exjiosure- meter  scale.) 
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The  Coelostat. 

The  telescope  was  fed  by  a  coelostat,  with  a  16-inch  mirror,  mounted  on  a  brick 
and  cement  pier.  This  instrument  is  the  j^roperty  of  the  Royal  Astronomical  Society, 
and  was  lent  for  the  purpose  of  the  expedition.  It  had  previously  been  used  in  India 
at  the  last  eclipse. 

This  instrument  gave  a  great  deal  of  trouble  at  first.  Fortunately  Mr.  Heebert 
PoRTCH,  Assistant  Engineer,  R.N.,  of  H.M.S.  “Theseus,”  who  was  working  the 
smaller  coronagraph  with  the  spare  light  from  my  mirror,  was  a  skilled  mechanic,  and 
after  taking  the  clock  and  the  driving  gear  to  pieces  several  times,  was  at  length 
able  to  get  it  fairly  in  order.  During  the  75  seconds  of  totality  it  fortunately  was 
at  its  best. 

Before  this  instrument  can  be  used  at  another  eclipse  it  will  be  necessarj^  to  repair 
or  alter  the  present  clamping  arrangements  in  R.A. 


The  Exposures. 

The  time  of  totality  at  Santa  Pola,  as  given  by  the  “local  particulars,”  was  7 9 '4 
seconds  ;  but  as  the  American  eclipse  measurement  of  the  moon  was  followed,  the 
estimated  duration  of  totality  was  reduced  to  75  seconds. 

The  times  arranged  by  Sir  Normax  Lockyer  for  my  instrument  were  as  follows  : — 

1.  At  call  of  70  expose  till  60  =  10  seconds. 

2.  Snap  =  1  second. 

3.  Expose  as  soon  as  possible  after  this  snap  until  the  call  of  five  =  40  to  45 

seconds. 

I  had  five  bluejackets  to  assist  at  the  instrument,  four  being  employed  to  hand  and 
receive  from  me  the  plates  and  carriers  and  return  them  to  their  covers,  the  other 
man  making  the  exposures  from  the  object-glass  end,  by  cutting  off  the  light  from 
the  mii'ror  by  a  piece  of  millboard. 

Although  we  were  able  to  carry  out  the  programme  without  mistakes  during  the 
drills,  at  the  eclipse  the  10-seconds  exposure  of  the  first  plate  was  accidentally  reduced 
to  5.  At  the  moment  of  totahty  the  shouts  and  hand-clappings  of  2000  spectators 
outside  the  ropes  drowned  for  the  moment  the  time  signals,  and  the  first  count  I 
heard  was  65.  I  exposed  at  once,  and  at  60  the  light  was  cut  off  by  the  bluejacket, 
as  previously  arranged.  It  was  impossible  at  that  moment  to  make  him  hear  me, 
and  I  was  afraid  of  confusing  him  in  the  other  exposures,  so  it  stood  at  that. 

The  snap  and  the  long  exposure  were  carried  out  as  arranged.  Two  of  the  plates 
were  developed  at  the  eclipse  camp  by  Mr.  Fowler.  The  long  exposure  was  also 
developed  by  him  after  our  luturn  to  South  Kensington. 
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Description  of  the  Photographs. 

No.  1  (Plate  2),  an  exposure  of  about  5  seconds,  commencing  10  seconds  after  the 
beginning  of  totality. 

The  structure  of  the  corona  to  a  height  of  5'  of  arc  shows  much  fine  detail,  and, 
speaking  generally,  it  is  lower  at  the  poles.  Several  prominences  are  shown  on 
the  east  limb,  but  the  most  conspicuous  are  two  bright  ones  in  the  south-west 
quadrant,  which  were  of  sufficient  height  to  extend  above  the  moon’s  edge  at  this 
phase  of  the  eclipse ;  the  smaller  prominences  on  the  west  were  covered  when  the 
photograph  was  taken. 

From  the  south  to  the  east  point  the  moon’s  limb  is  very  jagged  and  rough, 
apparently  caused  by  the  chromospheric  light  being  seen  in  the  valleys  of  the  Ptook 
Mountains  in  the  south,  and  the  Cordilleras  and  D’Alemherts  towards  tim  east  jDoint, 
which  have  an  elevation  of  from  4  to  5  miles.  There  is  also  a  rough  surface  at  about 
the  position  of  the  Hercynian  range,  north  of  the  east  point,  but  it  is  not  so  well 
marked  as  in  the  case  of  the  southern  ranges. 

The  chromosphere  extending  from  a  little  nortli  of  east  to  slightly  beyond  the 
south  pole  has  a  well-defined  serrated  outer  edge.  This  is  mucli  brighter  than  the 
adjacent  corona. 

No.  2.  An  instantaneous  exposure  at  about  18  seconds  after  the  commencement 
of  totality. 

The  same  remarks  apply  to  this  photograph.  The  corona  is  faintly  visible,  chiefly 
on  the  east  and  west  limbs,  where  it  extends  only  about  1’3  seconds  of  arc.  The 
prominences  differ  from  those  in  No.  1  in  their  great  distinctness  and  in  the  slight 
variation  produced  by  the  change  in  the  moon’s  position.  The  corona  fades  off  very 
gradually  from  the  limb  and  shows  some  detail. 

No.  3  (Plate  3),  an  exposure  of  about  40  seconds,  lasting  until  5  seconds  before 
the  end  of  totality.  This  photograph  is  remarkable  for  the  sharp  outline  of  the  moon, 
which  must  have  moved  neai'ly  18  seconds  of  arc  (about  -^th  of  an  inch  on  the 
negative)  during  the  taking  of  the  plate.  This  effect  is  probably  due  to  the  rapidly 
increasing  brightness  of  the  lower  part  of  the  inner  corona,  so  that  the  parts  of  the 
corona  last  uncovered  on  the  retreating  side  of  the  moon,  and  those  first  covered  by 
the  advancing  side,  are  strongly  impressed,  notwithstanding  their  relatively  short 
exposures. 

The  inner  part  of  the  corona  is  rather  dense  owing  to  the  length  of  the  exposure, 
but  there  is  a  good  deal  of  detail  in  the  higher  parts,  which  can  be  well  seen  in  the 
negative,  but  which  can  hardly  be  brought  out  in  a  reproduction.  The  prominences 
are  clearly  seen  by  making  a  small  hole  in  a  piece  of  black  paper  and  placing  it  on 
the  photograjrh,  as  suggested  by  Mr.  Wesley  when  be  examined  these  plates. 

The  corona  extends  about  16  minutes  of  arc  on  the  eastern  side,  and  to  a  rather 
less  degree,  about  12  minutes,  on  the  western  side  of  the  sun’s  equator. 
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The  Prominences. 

The  photograjjlis  show  that  at  the  time  of  the  eclipse  there  were  several  promi¬ 
nences  visible,  the  shorter  exposure  showing  about  twenty  in  all,  most  of  them  being 
small,  and  the  whole  of  them  being  in  the  southern  hemisphere. 

The  two  most  conspicuous  in  the  south-west  quadrant  are  shown  in  Professor 
Langley’s  photograph  taken  at  Wadesboro,  and  a  copy  of  both  is  given  here  for 
comparison  (Plate  4).  The  interval  between  the  taking  of  the  two  photographs 
would  Ije  about  2  hours,  the  time  occupied  by  the  moon’s  shadow  in  crossing  the 
Atlantic.  In  this  interval  the  prominences  have  altered  somewhat ;  the  dark  central 
rift  of  the  more  northerly  one  has  disappeared,  and  so  has  the  spiky  appearance  of 
the  rays.  In  this  photograph  it  has  become  a  broad  flame  like  a  prairie  ni’e,  the  tq3s 
of  the  flame  for  the  most  23art  pointing  towards  the  north. 

This  prominence  a2323ears  from  the  report  on  the  prismatic  cameras  to  be  comjDosed 
chiefly  of  calcium,  but  it  also  shows  on  the  hydrogen,  helium,  titanium,  strontium, 
4687  (unknown),  asterium  and  magnesium  (h)  rings. 

The  other  large  prominence,  somewhat  to  the  south  of  the  last,  is  shai^ed  like  a 
fleur-de-lys.  In  Professor  Langley’s  photograj^h  the  three  flames  are  nearly  straight ; 
ljut  on  this  plate  the  two  outside  ones  have  bent  over  inwards  tovmrds  the  central 
flame,  forming  tv/o  loops. 

This  2)rominence  is  well  deflned  in  the  calcium,  less  well  in  the  hydrogen,  and 
feebly  in  the  helium  rings. 


The  Corona. 

The  j^lates  show  none  of  the  coronal  luys,  the  longest  being  only  about  half  the 
sun’s  diameter  in  extent.  The  jDolar  rifts  are  somewhat  shaiq)ly  sej^arated  from  the 
equatorial  extensions,  and  are  about  5  minutes  of  arc  in  height.  The  j^rominences 
are  not  situated  in  any  relation  to  the  rays,  and  ajDj^ear  indiscriminately  under  rays 
and  rifts. 

A  comiDarison  which  has  been  made  with  Professor  Langley’s  photograph  shows 
that  no  change  in  the  corona  took  ^jlace  in  the  interval  between  the  taking  of  the 
plates.  • 

This  is  illustrated  Ijy  the  two  photograi^hs  rej^roduced  in  Plate  5,  shovdng  the  north 
2)olar  rays  in  both  cases. 
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Part  IV. — The  Prismatic  Cameras. 

By  W.  J.  S.  Lockyer,  M.A.,  Ph.D.,  and  A.  Fowler. 

Description  of  the  Disfruments. 

The  instrument  employed  by  Dr.  Lockyer  was  that  employed  in  India  by  Mr. 
Fowler,  the  aperture  being  6  inches,  and  focal  length  7  feet  6  inches,  and  two 
prisms  ol  45°  being  fixed  in  front  of  the  objective.  A  different  series  of  exposures, 
however,  was  arranged,  and  unlike  those  made  in  India,  each  was  made  on  a  separate 
plate,  so  that  proper  treatment  in  developing  could  be  given.  The  spare  part  of  the 
mirror  was  utilised  for  a  finder,  as  in  India,  with  which  observations  of  the  cusps  for 
giving  signals  before  totality  were  adso  made. 

The  instrument  employed  by  Mr.  Fowler  consisted  of  a  G-inch  Taylor  triple 
objective,  of  focal  length  20  feet  3  inches,  with  the  9 -inch  prism  of  45°  Ijelonging  to 
the  Solar  Physics  Observatory.  The  camera  tube  was  a  skeleton  one,  similar  to  that 
described  in  Mr.  Payn’s  report.  The  lens  and  prism  were  provided  with  a  substantial 
mounting  of  steel  and  brass,  which  rested  on  a  brick  pier,  and  the  camera,  of  solid 
construction,  was  placed  at  the  proper  distance  on  another  brick  pier.  Two  plate 
holders  were  provided,  each  holding  five  plates  of  size  15  inches  by  3  inches.  The 
back  of  the  camera  was  an  extended  one,  so  arranged  as  to  protect  all  the  plates 
except  the  one  which  was  l)eing  exposed  through  an  opening  of  the  same  size  as  the 
plate.  The  moon’s  disc  as  represented  on  the  photographs  is  2^  inches  in  diameter, 
so  that  a  small  margin  of  the  plate  was  available  in  case  there  should  be  a  slight 
error  in  centering  the  spectrum.  A  finder  was  arranged  to  view  the  sun  or  stars  by 
reflection  from  the  first  surface  of  the  prism.  It  may  be  mentioned  that  in  all  the 
plate  holders  employed,  the  use  of  springs  was  discarded,  the  plates  being  held  in 
position  by  india-rubber  pads  arranged  to  give  even  pressure  on  the  edges.  This 
change  was  considered  desirable  in  consequence  of  certain  slight  departures  from 
perfect  focus  in  some  parts  of  the  spectra  photographed  in  India,  which  were 
attributed  to  the  bending  of  the  plates  by  the  central  springs  of  the  usual  form. 

The  20-foot  lens  was  received  so  shortly  before  the  expedition  left  England,  that  it 
was  only  possible  to  make  a  rough  trial  of  the  instrument  before  it  was  set  up  at 
Santa  Pola. 

Both  prismatic  cameras  were  worked  in  conjunction  with  siderostats,  calculations 
having  shown  that  the  position  angles  of  contact  were  favourably  situated  after 
reflection. 

In  the  case  of  each  instrument  the  necessary  assistance  was  rendered  by  men  from 
the  “  Theseus.”  One  man  made  the  exposures  at  the  prism  end  at  pre-arranged 
signals  from  Dr.  Lock  yer  or  Mr.  Fowler  at  the  camera  end  ;  another  recorded  the 
times  at  which  the  exposures  were  made,  the  beginnings  being  marked  by  the  signals 
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to  expose,  and  the  ends  by  certain  calls  from  the  time-keeper  at  the  echpse  clock. 
In  each  case  also  a  bluejacket  handed  the  dark  slides  as  they  were  recpiired,  and 
another  placed  them  in  their  bags  when  the  exposures  had  been  made. 

In  the  case  of  each  siderostat  a  spare  portion  of  the  mirror  was  used  to  reflect 
light  into  a  camera  with  a  transmission  grating  in  front  of  the  lens,  these  instruments 
being  worked  by  bluejackets. 

The  instruments  were  roughly  focussed  in  the  first  instance  by  observing  the 
sharpness  of  the  edges  of  the  spectrum  when  the  light  of  the  sun  was  reflected  into 
them,  and  afterwards  by  taking  photographs  of  the  spectrum  of  Arcturus.  In  the 
case  of  the  20-foot,  considerable  difiiculty  was  experienced  with  the  focussing,  for  the 
reason  that  the  focus  determined  by  a  star  did  not  hold  good  for  the  sun  next  day ; 
this  was  especially  noticed  on  the  day  of  the  eclipse,  when  it  was  further  found  that 
between  early  morning  and  eclipse  time,  the  focal  length,  as  judged  by  the  sun’s 
edge,  was  shortened  by  nearly  2  inches.  The  stellar  focus  was  accordingly  disre¬ 
garded,  and  an  attempt  was  made  to  obtain  the  focus  by  observing  on  the  ground 
glass  the  Fraunhofer  lines  given  by  the  disappearing  crescent  just  before  totality. 
It  was  then  found  that  the  range  of  adjustment  was  insufficient  to  allow  perfect 
focussing,  and  there  was  no  time  to  make  the  necessary  alteration  in  the  length  of 
the  tube.  The  photographs  consecpieiitly  lack  the  perfection  of  definition  which  had 
been  hoped  for,  but  they  nevertheless  give  a  good  deal  of  information,  as  will  appear 
later.  The  cause  of  the  variation  of  focus  has  not  yet  been  investigated,  but  it  is 
recalled  that  in  a  general  wa}^  the  focus  appears  to  have  dejDended  to  some  extent  on 
the  hour  angle  at  which  the  siderostat  mirror  was  used. 

Table  of  Exposures. 

It  was  intended  that  the  exposures  in  both  instruments  should  be  as  nearly  as 
])ossible  alike.  The  actual  times  in  the  case  of  the  20-foot  prismatic  camera  were  as 
follows : — 


Number 
of  plate. 

Time  of  exposure. 

Duration. 

Remarks. 

hr. 

min. 

see. 

1 

4 

12 

36 

Inst. 

2 

4 

12 

38 

Totality  commenced,  4h.  12m.  38s. 

1  3  . 

4 

12 

40 

4 

4 

12 

42 

5 

4 

12 

44  to 

6  secs. 

4 

12 

50 

6 

4 

12 

58  to 

32  „ 

4 

13 

30 

1  7 

4 

13 

34  to 

11  „ 

4 

13 

45 

8 

4 

13 

47 

Inst. 

9 

4 

13 

49 

10 

4 

13 

51 

Totality  ended,  Ik.  13m.  53s. 

/ 
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Edwards’  snap-shot  Isochromatic  plates  were  iised  throughout,  and  the  expedition 
is  greatly  indebted  to  Messrs.  Edwards  for  supplying  special  batches  of  plates  on 
patent  j^late  glass. 

A  few  of  the  plates  were  developed  at  Santa  Pola,  and  the  remainder  were 
developed  at  the  Solar  Physics  Observatory,  pyro-soda  developer  being  used. 

Description  of  Fhoto<jrap)hs.  {Plate  6.) 

The  photographs  indicate  the  same  succession  of  phenomena  recorded  in  the  three 
previous  eclipses,  but  the  recent  eclipse  was  specially  advantageous,  for  the  reason 
that  the  chromospheric  arcs  at  the  instant  of  contact  were  of  greater  lengtli. 

Taking  the  20-foot  series  as  typical  of  both,  we  find  the  following  general 
appearances  in  the  ten  photographs  : — 

(1.)  “  Instantaneous  ”  exposure  2  seconds  before  beginning  of  totality.  Chromo- 
sj^heric  arcs  in  great  numbers,  those  corresponding  with  hydrogen,  calcium  (H  and 
K),  and  lielium  being  of  great  length  ;  the  whole  crossed  longitudinally  by  streaks 
of  continuous  spectrum  from  the  uneclipsed  j^hotosjfiiere.  A  number  of  small 
prominences  are  shown  on  the  H  and  K  arcs,  and  less  strongly  on  the  arcs  due  to 
hydrogen  and  helium.  The  arcs,  like  the  continuous  spectrum,  are  broken  up  by  the 
irregularities  of  the  moon’s  limb. 

(2.)  “Instantaneous”  exj^osure,  at  (or  just  before)  beginning  of  totality 
(Plate  6,  a).  Plate  almost  identical  witli  No.  1,  hut  with  fewer  streaks  of  continuous 
spectrum. 

(3.)  “Instantaneous”  exposure  2  seconds  after  beginning  of  totality.  Some¬ 
what  similar  to  No.  2,  but  without  marked  continuous  S23ectrum  from  the  jihoto- 
sj^here.  There  is  a  general  shortening  of  chromosj^heric  arcs,  more  esjjecially  notice¬ 
able  in  those  which  are  shortest  in  Nos.  1  and  2. 

(4.)  “Instantaneous”  exjiosure  4  seconds  after  beginning  of  totality.  Nothing 
now  visible  but  a  comjDaratively  small  number  of  arcs  due  to  the  upper  chromos|)here. 
Chief  among  these  are  H  and  K,  H/3,  Hy,  &c.,  of  the  liydrogen  series,  Dg  and  other 
arcs  due  to  helium,  and  others  due  to  strontium,  iron,  &c.  Plate  under-exjiosed. 

(5.)  Exjiosed  from  6  to  12  seconds  after  beginning  of  totality.  The  increased 
ex^josure  at  tliis  stage  has  had  the  effect  of  increasing  the  intensity  of  the  chi'omo- 
spheric  spectrum  as  compared  with  No.  4,  the  arcs  now  l:»eing  nearly  as  numerous  a.a 
in  No.  3,  but  relatively  less  intense.  A  notable  feature  is  the  relative  increase 
in  the  intensity  of  tlie  lines  of  helium  and  the  line  4687,  to  which  reference  was  made 
in  the  report  on  the  Indian  eclijjse. 

Fragmentary  rings  due  to  the  corona  ajopear  on  this  plate,  tlieir  2>osition-angles  of 
maximum  intensity  being  quite  different  from  those  of  tlie  chromosphere  and 
iwominences.  The  brightest  ring  is  that  in  the  green,  X  5303'7,  but  others  are  also 
distinctly  seen. 
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(6.)  From  20  to  52  seconds  after  beginning  of  totality.  In  this  23hotogTaph  the 
decided  chromospheric  arcs  seen  in  No.  5  are  replaced  by  fragmentary  rings  repre¬ 
senting  prominences  and  crests  of  the  serrated  parts  of  the  chromosphere.  H  and  K 
appear  almost  as  complete  rings,  a  little  stronger  on  the  eastern  side.  Several 
coronal  rings,  to  which  reference  will  be  separately  made  later,  are  seen.  The 
general  continuous  siDectrum  overlapping  the  chromospheric  and  coronal  rings,  on 
account  of  the  long  exposure,  is  rather  strong  in  this  j^hotograph. 

(7.)  From  58  to  69  seconds  after  beginning  of  totality.  The  brighter  chromo¬ 
spheric  arcs  now  appear  on  the  western  side  of  the  sun,  together  with  the  images  of 
certain  prominences,  and  parts  of  coronal  rings,  the  whole  being  involved  in  con¬ 
tinuous  spectrum  of  moderate  intensity. 

(8.)  “  Instantaneous  ”  exposure  G  seconds  before  end  of  totality.  Only  a  few  of 
the  brighter  chromospheric  arcs,  on  the  western  side  of  the  sun,  and  a  few  promi¬ 
nences  are  seen  in  this  photograph.  Plate  under-exposed. 

(9.)  “Instantaneous”  exposure,  4  seconds  before  end  of  totality.  Very  similar  to 
No.  8,  but  more  chromospheric  arcs  are  visible. 

(10.)  “Instantaneous”  exposure  probably  about  2  seconds  before  end  of  totality. 
The  photograph  is  very  similar  to  No.  2,  but  the  arcs  are  on  the  opposite  (western) 
side. 

The  spectra  taken  with  the  20-foot  prismatic  camera  are  lOf  inches  long  from  Ha 
(vdiich  appears  on  some  of  the  photographs)  to  the  strong  titanium  line  at  3685‘34, 
and  nearly  7T  inches  from  Dg  to  K. '  Those  taken  with  the  6-inch  2-prism  instru¬ 
ment  have  corresponding  dimensions  of  about  8|  inches  and  5|  ijiches  respectivehn 

Photographs  No.  2  (A),  taken  with  the  20-foot  prismatic  camera,  and  Nos.  5,  6,  and 
7  (B,  C  and  D),  taken  with  the  2  j^risin  instrument,  are  reproduced  in  Plate  6. 

The  photographs  taken  with  the  small  objective  gratings  are  very  good,  but  show 
no  features  which  are  not  seen  in  the  larger  photographs.  They  are  chiefly  of 
interest  as  showing  'udiat  can  be  doiie  with  small  and  inexpensive  instruments. 


Part  V. — Discussiox  of  Besults. 

Bij  Sir  Noeman  Lockyer,  K.C.B.,  F.B.S. 

The  Spectrum  of  the  Chromospliere. 

Tlie  spectrum  of  the  chromosphere,  as  shown  on  the  series  of  photographs  taken 
with  the  prismatic  cameras,  greatly  I'esembles  that  photographed  in  India  in  1898.^' 
It  is,  therefore,  not  considered  necessary  to  discuss  at  present  the  wave-lengths, 
intensities,  and  oiigins  of  the  chromos2)heric  arcs. 


*  ‘riiil.  Trans.,’  A,  vol.  197,  p.  151 
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In  connection  with  the  intensities  it  is  important  to  note  that  the  relative  intensi¬ 
ties  are  not  the  same  at  different  stages  of  the  eclipse.  Thus  in  photographs  Nos.  1 
to  4,  the  helium  line  4026'34  is  very  much  less  intense  than  the  adjacent  strontium  line, 
4077 ’89,  while  in  photograph  No.  5,  which  shows  the  spectrum  of  the  chromosphere 
only,  the  two  are  of  practically  equal  intensity.  As  both  arcs  are  of  the  same  length, 
this  change  indicates  that  while  the  strontium  vapour  extends  down  to  the  sun’s  limb, 
the  helium  exists  only  in  an  elevated  shell  concentric  with  the  photosphere.  A 
similar  behaviour  is  noted  in  the  lines  of  asterium ;  in  numbers  1  to  4,  tor  instance, 
the  asterium  line  4922T0  is  only  very  slightly  stronger  than  the  adjacent  barium 
line  4934‘24,  whereas  in  No.  5  the  latter  is  scarcely  visible,  while  4922T0  is  a  well- 
marked  arc. 

The  same  feature  is  observed  in  other  arcs  due  to  asterium  and  helium,  and  also  in 
the  unknown  line  at  wave-length  4687.  Arcs  due  to  other  substances,  however, 
gradually  become  shorter  and  less  bright  as  the  moon  eclipses  more  and  more  of  the 
chromosphere. 


The  Spectra  of  the  Prominences. 

The  prominences  photographed  during  the  eclipse  are  few  in  number,  and  with  two 
exceptions  were  of  no  considerable  magnitude.  For  convenience  of  reference  the 
accompanying  diagram  (fig.  7)  has  been  prepared  from  photographs  5  and  7  of  the 
20-foot  series,  by  painting  out  all  parts  except  the  images  in  K  light,  and  the 
various  prominences  have  been  numbered  as  shown. 


Fig.  7.  The  chromosphere  and  prominences  in  K  light. 


The  prominences  numbered  1,  2,  4,  6,  7,  and  9  have  spectra  in  which  H  and  K 
are  very  bright,  the  chief  lines  of  hydrogen  less  bright,  and  those  of  helium  com- 
VOL.  cxcviii. — A.  3  G 
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paratively  faint.  The  small  prominence  No.  10  and  the  long  thin  one  No.  3  appear 
in  H  and  K  and  the  lower  part  of  the  latter  is  shown  feebly  in  and  Hy,  Those 
richest  in  bright  lines  are  numbers  5  and  8,  the  spectra  of  which  are  indicated  by 
the  following  table.  The  wave-lengths  and  probable  origins  are  taken  from  the 
table  of  chromospheric  lines  which  forms  part  of  my  report  on  the  eclipse  of  1898. 
In  the  column  of  origins  the  prefix  ‘p  is  an  abbreviation  for  proto,  indicating  that  an 
enhanced  line  in  the  spectrum  of  the  substance  in  question  agrees  in  position  with 
the  prominence  line,  enhanced  lines  being  those  which  are  intensified  in  passing  from 
the  arc  to  the  spark  spectrum. 


Spectrum  of  Prominences  Nos.  5  and  8. 


Wave-length. 

Photographic 

Intensity. 

I 

Probable  Origin.  ; 

Remarks. 

3685-34 

1 

pTi 

3711-9 

<1 

H 

Hr 

3721-8 

1 

H 

Hp 

3734-15 

1 

H 

HA 

3750-2 

2 

H 

H/c 

3759-45 

3 

p  Ti 

3761-46 

3 

p  Ti 

3770-7 

2 

H 

Ht 

3798-0 

3 

H 

He^ 

3820-59 

1 

Fe 

3835  -  6 

5 

H 

Hr; 

3860-06 

1 

Fe 

3889-15 

8 

H 

3900-68 

1 

p  Ti 

3913-61 

1 

pi:i 

3933  -  83 

10 

p  Ca 

K 

3968-63 

10 

p  Ca 

H 

4026-34 

4-5 

He 

4045  -  98 

<1 

Fe 

4077-89 

4 

Sr 

4102-00 

8 

H 

m  {h) 

4120-97 

<1 

He 

4215-70 

3 

Sr 

4226-90 

<1 

Ca 

4247-00 

<  1 

Sc 

4340-63 

8 

H 

Hy  (G) 

4395-20 

<1 

p  Ti 

4471-65 

5 

He 

4687-0 

<1 

_ 

4713-25 

1 

He 

4861-53 

8 

H 

H/3  (F) 

4922-10 

<1 

Ast 

5015-73 

<1 

Aet 

5183-79 

1 

Mg 

In 

5875-87 

6 

He 

D. 

6563-05 

2 

H 

1 

Ha  (C) 

1 

A  comparison  with  the  chromospheric  arcs  indicates  that  the  spectrum  of  the 
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prominences  consists  of  the  radiations  which  are  brightest  in  the  spectrum  of  the 
chromosphere. 


Heights  of  Chromospheric  Vapours. 

Measurements  of  the  lengths  of  the  arcs  photographed  at  the  oommencemeiit 
of  totality  have  been  made  in  order  to  determine  the  heights  above  the  photosphere 
to  which  the  corresponding  vapours  are  visible.  The  results  obtained  from  measure¬ 
ments  of  photograph  No.  2  of  the  20-foot  series  are  shown  in  the  following  table, 
in  which  the  corresponding  results  obtained  in  1898*  are  introduced  for  purposes 
of  comparison. 


Heights  of  Chromospheric  Vapours. 


Heights  in  Seconds  of  Arc. 

Heights  in  Miles. 

Lines. 

1900. 

1898. 

1900. 

1898. 

Proto-calcium  (K) . 

13-0 

13-3 

5900 

6000 

Hydrogen . 

8-9 

10-0 

4000 

4500 

Helium  (4471  •  65) . 

8-7 

8-9 

3900 

4000 

Strontium  (4077 '89) . 

6-7 

6-0 

3000 

2700 

Strontium  (4215-70) . 1 

Helium  (4026  •  34) . / 

5-8 

6-0 

2600 

2700 

Calcium  (4226  •  90) . 

4-1 

4-4 

1850 

2000 

Titanium  (3761-46) . 

3-6 

_ — 

1600 

- - 

Scandium  (4247 -00) . \ 

Mg  ultra-violet  triplet  (3832 -45)  .  .  .  .  J 

3-4 

4-4 

1500 

2000 

Ti  enhanced  lines  (4572  - 16,  Ac.) . 

3-3 

— 

1500 

- - 

Fe  triplet  (4045  -  98,  &c.) . '] 

A1 (3944-16,  3961-67)  .  } 

h.3  (Mg)  (5183-79,  &c.) . J 

2-6 

3-2 

1180 

1450 

Mn  quartet  (4030-92,  &c.) . \ 

2-4 

•>  •  4. 

1090 

1100 

Fe  enhanced  (4233-25,  4584-02) .  .  .  .  J 

Majority  of  other  arc  lines . 

1-6 

— 

700 

— 

Carbon  fluting  3883-55  and  many  other  lines 

0-6 

1-05 

270 

475 

As  I  pointed  out  in  connection  with  the  eclipse  of  1898,  these  results  do  not 
necessarily  give  the  actual  heights  reached  by  the  various  vapours,  as  only  the 
brightest  low’er  portions  of  the  chromospheric  arcs  may  be  registered  on  the 
photographs.  That  the  heights  given  in  the  table  do  not  represent  the  upper  limits 
of  the  respective  vapours  is  indicated  by  measures  which  have  been  made  of  photo¬ 
graph  No.  5,  which  had  an  exposure  of  6  seconds ;  some  of  the  arcs  in  this 
photograph  are  as  long  or  longer  than  the  corresponding  ones  in  Nos.  1-4.  Not¬ 
withstanding  the  less  favourable  position  of  the  moon,  correcting  for  the  moon’s 
motion,  the  measured  arcs  in  photograph  No.  5,  reduced  to  miles,  are  as  follows  : — - 

*  ‘  Koy.  Soo.  Proc.,’  vol.  64,  p.  87, 
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Proto-calcium  (K) 

7800  miles. 

Hydrogen  .  .  .  . 

Helium,  4471 ’65  . 

5800  ,, 

„  4026-34  .  . 

5000  ., 

Strontium,  4077-89 

....  4800  .. 

„  4215-70  . 

....  3800 

Th('  Spoctrum  of  the  CoroncL 
Coronal  rings  are  shown  on  photographs  a,  6,  and  7. 

The  green  ring  at  5303'7  is  the  brightest,  but  that  at  3987 ’0  is  also  very  distinct 
and  more  continuous  than  the  green  ring.  The  rings  generally  appear  to  be  less 
bright  than  in  1898,  and  many  of  the  fainter  rings  recorded  in  1898"^  have  not  been 
detected  on  the  1900  series  of  photographs.  The  following  table  shows  the  wave¬ 
lengths  of  the  rings  Avhich  have  been  noted,  with  general  remarks  indicating 
the  distribution  of  intensity  in  them. 


Table  of  Coronal  Radiations. 


’Wave-leiwth. 

O 

Averarre  Intensity. 
Max.  =  10. 

Remarks. 

3800 

2 

Brightest  from  AY.  to  N.AAk 

3987-0 

5 

A  nearly  continnons  ring  a  little  brighter  in  west  than  elsewhere. 

4231-3 

•> 

o 

Brightest  in  west  and  south-west,  very  similar  to  chief  ring  5303. 

4359-5 

o 

Brightest  from  S.  to  N.E. 

4568-5 

3 

Yery  similar  to  3987-0  in  distribution  of  intensity. 

5303  -  7 

10 

Brightest  between  west  and  south-west. 

The  above  correspond  with  the  principal  rings  recorded  in  1898.  Others  are 
suspected,  but  they  are  too  indistinct  for  satisfactory  measurement ;  one  of  them, 
not  previously  recorded,  is  near  \  5537. 

The  dissimilarity  of  form  of  the  rings  indicates  that  they  have  probably  not  all 
the  same  chemical  origin,  as  I  have  previously  pointed  out,t  three  different  sub¬ 
stances  probably  being  in  question. 

Besides  the  bright  rings,  the  spectrum  of  the  corona  shows  a  considerable  amount 
of  continuous  spectrum.  This  is  brightest  in  the  parts  corresponding  to  the  inner 
corona  generally,  as  indicated  by  its  being  broken  up  into  bands  by  the  elevations 
and  depressions  of  the  moon’s  limb,  but  it  also  has  places  of  maximum  brightness 
agreeing  in  position  with  the  brighter  parts  of  the  green  coronal  ring.  In  the  eclipse 
of  1898  the  feature  last  mentioned  was' also  noted,  and  the  opinion  was  expressed 

*  ‘  Roy.  Soc.  Proc.,’  vol.  66,  p.  191. 
t  ‘Roy.  Soc.  Proc.,’  vol.  66,  p.  191. 
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that  the  action  which  produced  a  brightening  of  the  green  ring  also  produces  a 
brightening  of  the  continuous  spectrum,  not  only  in  the  region  where  the  gaseous 
mass  is  rendered  more  linninous,  hut  in  the  region  immediately  overlying  it.  It  is 
only  in  the  large-scale  photographs  of  1900  that  the  effects  of  lunar  irregularities 
have  been  directly  traced,  and  it  is  possible  that  some  of  the  brigl^ter  parts  of  the 
continuous  spectrum  in  the  1898  series  attributed  to  concealed  elevations  of  the 
green  ring  should  be  ascribed  to  these  irregularities. 

A  detailed  examination  of  the  photographs  has  further  shown  that  some  of  the 
brighter  streaks  of  continuous  spectrum  correspond  with  polar  rays  of  the  corona, 
more  particularly  with  those  extending  outwards  in  a  direction  nearly  coincident 
with  the  plane  of  dispersion. 


Comparison  of  the  Green  Coronal  Ring  with  the  Inner  and  Outer  Corona. 

The  general  results  as  to  the  distribution  of  intensity  in  tlie  coronal  rings  are  the 
same  as  those  andved  at  from  the  photographs  of  1898,  namely  ; — 

(1.)  The  positions  of  greatest  brightness  of  the  coronal  rings  have  apparently  no 
connection  with  the  positions  of  the  prominences. 

(2.)  The  brightest  parts  of  the  green  ring  correspond  very  closely  with  the 
brightest  parts  of  the  inner  corona,  but  are  apparently  independent  of  the  outer 
corona.  This  distribution,  however,  is  less  marked  than  in  1898,  when  distinct 
prominence-like  masses  in  the  inner  corona,  corresponding  to  the  brightest  parts  of 
the  green  ring,  were  photographed.  Some  of  the  bright  parts  of  the  inner  corona  in 
the  north-east  cpiadrant  appear  to  be  unrepresented  on  the  green  ring  only  because 
of  their  unfavourable  situation  with  reference  to  the  j^lane  of  dispersion. 

These  results  are  illustrated  in  the  accompanying  diagram  (fig.  8). 

The  Differences  between  the  Coronas  observed  at  the  Periods  of  Sun-spot  Maxima 

and  Minima. 

My  attention  was  called  especially  to  these  differences,  because  I  saw  the  minimum 
eclipse  of  1878,  while  the  phenomena  of  that  of  1871  (maximum)  were  still  quite 
fresh  in  my  mind.  My  then  published  statements  have  been  amply  confirmed  during 
the  eclipses  which  have  happened  since  1878,  but  certainly  the  strongest  confirmation 
has  been  obtained  during  the  present  one,  which  took  place  two  more  spot  periods 
after  1878.  .  . 

(1.)  Abrni.— -With  regard  to  form,  at  the  instant  of  totality  I  saw  the  1878  corona 
over  again,  the  wind- vane  appearance  being  as  then  most  striking. 

This  is  also  the  appearance  presented  by  the  drawings  made  by  some  of  the 
“Theseus”  observers  and  reproduced  in  Part  II.  of  this  report;  and  also  by  the 
photographs  obtained  with  the  various  coronagraphs.  ,  . 
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Great  equatorial  extensions  corresponding  with  those  observed  by  Newcomb,  in 
1878,  were  not  seen  by  any  of  the  observers,  either  with  or  without  the  aid  of  discs. 


Eu;.  8.  The  green  coronal  ring  compared  with  prominences  and  inner  and  outer  corona. 

The  atmospheric  conditions  at  the  time  ot  eclipse  were  excellent,  and  it  may  be 
therefore  that  the  feature  observed  by  Newcomb,  in  1878,  was  exceptional. 

(2.)  The  Spectrum. — In  connection  with  the  eclipse  of  1878  (minimum),  I  pointed 
out  that,  whereas  in  1871  (maximum)  the  spectrum  of  the  corona  viewed  by  small 
dispersion  was  remarkable  for  the  brightness  of  the  lines,  in  1878  they  were 
practically  absent,  and  the  continuous  spectrum  was  remarkably  brilliant. 

I  determined  therefore  to  make  a  similar  observation  in  this  year  of  minimum,  and, 
as  in  1878,  used  a  grating-first-order  spectrum  placed  near  the  eye.  The  result  was 
identical  with  that  recorded  in  1878.  I  saw  no  obvious  rings  oi'  arcs,  but  chiefly  a 
bright  continuous  spectrum. 

The  photographs  taken  with  the  piismatic  cameras,  as  already  pointed  out,  confirm 
this  view  that  the  bright  rings  are  feebler  near  a  time  of  minimum.  The  green  ring 
was  observed  visually  by  Mr.  Payn  with  a  powerful  direct-vision  spectroscope 
deprived  ot  its  collimatoi-,  and  by  Mr.  Fowler  with  a  prismatic  opera-glass. 

The  latter  remarked  that  the  green  ring  was  decidedly  dimmer  than  in  1898,  when 
it  was  obsei'ved  by  him  with  the  same  insti'ument. 
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(3.)  The  Minute  St^ructure  of  the  Inner  Corona. — Lieutenant  Doughty,  R.N,,  and 
myself  made  observations  on  the  minute  structure  of  the  corona,  in  order  to  see  if  any 
small  details  could  be  observed,  and  whether  they  were  the  same  I  saw  so  well  and 
recorded  during  the  eclipse  of  1871,  at  a  period  of  sun-spot  maximum.  This  question 
was  specially  taken  up  this  year,  as  exactly  two  sun-spot  periods  have  elapsed  since 
1878. 

In  1871  I  used  a  6-inch  object-glass,  and  distinctly  observed  marked  delicate 
thread-like  filaments,  reminding  one  of  the  structure  of  the  prominences,  with 
mottling  and  nebulous  indications  here  and  there ;  some  of  these  distinct  markings 
were  obvious  enough  to  be  seen  till  some  minutes  after  totality."^^ 

This  year,  with  a  perfect  4-inch  Taylor  lens  5,nd  a  higher  power,  not  the  slightest 
appearance  of  this  structure  could  be  traced  ;  the  corona  some  2'  or  3'  above  the 
chromosphere  was  absolutely  without  any  detailed  markings  whatever. 

Lieutenant  Doughty  duplicated  and  confirmed  these  observations  with  a  3|-inch 
Cooke.  Here,  then,  is  established  another  well-marked  difference  between  maximum 
and  minimum  coronas. 


*  ‘  Solar  Physics,’  p.  372. 
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IX.  Bakerian  Lecture. — On  the  Law  of  the  Pressure  of  Gases  between 

75  and  150  h\[ilHmetres  of  Mercury. 

By  Lord  Rayleigh,  F.R.S. 


Received  January  15, — Read  February  27,  1902. 


In  a  recently  published  paper*  I  have  examined,  with  the  aid  of  a  ne’w  manometer, 
the  behaviour  of  gases  at  very  low  jiressures,  rising  to  1'5  millims.  of  mercury,  with 
the  result  that  Boyle’s  law  was  verified  to  a  high  degree  of  precision.  There  is,  how¬ 
ever,  a  great  gap  between  the  highest  pressure  there  dealt  Avith  and  that  of  the 
atmosphere — a  gap  which  it  appeared  desirable  in  some  Avay  to  liridge  over.  The 
sloping  manometer,  described  in  tlie  paper  referred  to,  does  not  lend  itself  well  to  tlie 
use  of  much  greater  pressures,  at  least  if  Ave  desire  to  secure  the  higher  proportional 
accuracy  that  should  accompany  the  rise  of  jn-essure.  The  present  communication 
gives  the  results  of  observations,  by  another  method,  of  the  laAv  of  pressure  in 
gases  between  75  millims.  and  150  millims.  of  mercury.  It  Avill  be  seen  that  for  air 
and  hydrogen  Boyle’s  laAv  is  verified  to  the  utmost.  In  the  case  of  oxygen,  the 
agreement  is  rather  less  satisfactory,  and  the  accordance  of  separate  observations  is 
less  close.  But  even  here  the  departure  from  Boate’s  laAv  amounts  only  to  one  part 
in  4000,  and  may  jierhaps  be  referred  to  some  reaction  betAveen  the  gas  and  the 
mercury.  In  the  case  of  argon  too  the  deviation,  though  very  small,  seems  to  he 
beyond  the  limits  of  experimental  errors.  Whether  it  is  due  to  a  real  minute 
departure  from  Boyle’s  laAv,  or  to  some  complication  arising  out  of  the  conditions  of 
experiment,  must  remain  an  open  question. 

In  the  case  of  pressures  not  greatly  beloAV  atmosphere,  the  determination  Avith  the 
usual  column  of  mercury  read  by  a  cathetometer  (after  Regnault)  is  sufficiently 
accurate.  But  when  the  pressure  falls  to  say  one-tenth  of  an  atmosphere,  the  diffi¬ 
culties  of  this  method  begin  to  increase.  The  guiding  idea  in  the  present  iiiAmstiga- 
tion  has  been  the  avoidance  of  such  difficulties  by  the  use  of  manometric  gauges 
combined  in  a  special  manner.  The  object  is  to  test  Avhether  Avhen  the  volume  of  a 
gas  is  halved  its  pressure  is  doubled,  and  its  attainment  requires  tAvo  gauges  indi¬ 
cating  pressures  Avliich  ai'e  in  the  ratio  of  2  :  1.  To  this  end  Ave  may  employ  a  pair 
of  independent  gauges  as  nearly  as  possible  similar  to  one  another,  the  similarity 
being  tested  by  combination  in  jiarallel,  to  borroAv  an  electrical  term.  When  con- 


*  ‘Phil.  Trans.,’  A,  a''o1.  196,  p.  205,  Feb.,  1901. 
VOL.  CXCVIII. — -A  308.  3  H 
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nected  below  with  one  reservoir  of  air  and  above  with  another  reservoir,  or  with  a 
vacuum,  the  two  gauges  should  reach  their  settings  simultaneously,  or  at  least  so 
nearly  that  a  suitable  correction  may  be  readily  applied.  For  brevity  we  may  for 
the  present  assume  precise  similarity.  If  now  the  two  gauges  be  combined  in  series, 
so  tliat  the  low-pressure  chamber  of  the  first  communicates  with  the  high-pressure 
chamher  of  the  second,  the  combination  constitutes  a  gauge  suitable  for  measuring  a 
doubled  jjressure. 


The  Manometers. 

Tlie  construction  of  the  gauges  is  modelled  upon  that  used  extensively  in  my 
researches  upon  the  density  of  gases,  so  far  as  the  j^rinciple  is  concerned,  although  of 
course  the  details  are  very  different.  In  fig.  1  A  and  B  represent  3/4  size  the 
lower  and  upper  chambers.  As  regards  the  glass-work,  these  communicate  hy  a 
short  neck  at  D  as  well  as  by  the  curved  tube  ACB.  Through  the  neck  is  carried 
the  glass  measuring-rod  FDE,  terminating  downwards  at  hoth  ends  in  carefully 
prepared  points  E,  F.  The  rod  is  held,  at  D  only,  with  cement,  which  also  com¬ 
pletely  blocks  up  the  passage,  so  that  when  mercury  stands  in  the  curved  tube  the 
upper  and  lower  chambers  are  isolated  from  one  another.  The  use  of  the  gauge  is 
fairly  obvious.  Suppose  for  example  that  it  is  desired  to  adjust  the  pressure  of  gas 
in  a  vessel  communicating  with  G  to  the  standard  of  the  gauge.  Mercury  standing 
in  C,  II  is  connected  to  the  pump  until  a  vacuum  is  established  in  the  upper  chamber. 
From  a  hose  and  reservoir  attached  below,  mercury  is  supplied  through  I  until  the 
point  F  and  its  image  in  the  mercury  surface  nearly  coincide.  If  E  coincides  with  its 
image,  the  j^ressure  is  that  defined  ;  otherwise  adjustment  must  be  made  until  the 
points  E,  F  both  coincide  with  their  images,  or  as  we  shall  say  until  both  mercury 
surfaces  are  set.  Tlie  pressure  then  corresponds  to  the  column  of  mercury  whose 
height  is  the  length  of  the  measuring-rod  between  the  points  E,  F.  The  verticality 
of  E  F  is  tested  with  a  plumb-line. 

The  measuring-rods  appear  somewhat  slender ;  but  it  is  to  be  remembered  that  the 
instruments  are  used  under  conditions  that  are  almost  constant.  So  far  as  the 
comparison  of  one  gas  with  another  is  concerned,  the  qualification  “  almost  ”  may 
indeed  l)e  omitted.  The  coincidence  of  the  jioints  and  their  images  is  observed  with 
the  aid  of  four  magnifiers  of  20  millims.  focus,  fixed  in  the  necessary  positions. 


General  Arrangement  of  Apparatus. 

In  fig.  2  is  represented  the  connection  of  the  manometers  with  one  another  and 
with  the  gas  reservoirs.  The  left-hand  manometer  can  be  connected  above  through  F 
with  the  pump  or  with  the  gas  supply.  The  lower  chamber  A  communicates  with 
the  upper  chamber  D- of  the  right-hand  manometer  and  with  an  intermediate 
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reservoir  E,  to  which,  as  to  the  manometers,  mercury  can  be  supplied  from  below. 
The  lower  chamber  C  of  the  right-hand  manometer  is  connected  with  the  principal 
gas  reservoir.  This  consists  of  two  bulbs,  each  of  about  129  cub,  centims.  cajiacity, 
connected  together  by  a  neck  of  very  narrow  bore.  Three  marks  are  provided, 
one  G  above  the  upper  bulb,  a  second  H  on  the  neck,  and  a  third  I  below  the  lower 


bulb,  so  adjusted  that  the  included  volumes  are  nearly  equal.  The  use  of  the 
side-tube  JK  will  be  explained  presently. 

When,  as  shown,  the  mercury  stands  at  the  lower  mark,  the  double  volume  is  in 
action  and  the  pressure  is  such  as  will  balance  the  mercury  in  one  (the  right-hand) 
manometer,  A  vacuum  is  established  in  the  upper  chamber  Jd  from  which  a  way  is 

3  H  2 
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open  through  AB  to  the  pump.  When  the  mercury  is  raised  to  the  middle  mark  H, 
the  volume  is  halved,  and  the  pressure  to  be  dealt  Avith  is  doubled.  Gas  sufficient 
to  exert  the  single  pressure  (75  millims.)  must  be  supplied  to  the  intermediate 
chamber,  which  is  now  isolated  from  the  pump  by  the  mercury  .standing  uj)  in  AB. 
Both  manometers  can  now  be  set,  and  the  doubling  of  the  pressure  verified. 

The  communication  through  F  Avith  the  jDump  is  free  from  obstruction,  but  on  a 
side  tube  a  three-way  tap  is  provided  communicating  on  the  one  hand  Avith  the  gas 
supply  and  on  the  other  with  a  A^ertical  tube,  more  than  a  barometer-height  long 
and  terminating  below  under  mercury,  by  means  of  Avhich  a  wash-out  of  the  gene¬ 
rating  vessels  can  be  eftected  Avhen  it  is  not  desired  to  evacuate  them.  The  fiA’e 
tubes  leading  downwards  from  A,  E,  C,  I,  K  are  all  over  a  barometer-height  in 
length  and  are  terminated  by  suitable  hoses  and  reservoirs  for  the  supply  of 
mercury.  When  settings  are  actually  in  progress,  the  mercury  in  the-  hoses  is 
isolated  from  the  reservoirs  l^y  pinch-cocks  and  the  adjustment  of  the  supply  is 
effected  by  squeezing  the  hoses.  As  explained  in  my  former  paper,  the  final  adjust¬ 
ment  must  be  made  by  squeezers  AA'hich  operate  upon  parts  of  the  hoses  Avhich  lie 
flat  upon  the  large  Avooden  mercury  tray  underlying  the  Avhole.  The  adjustment 
being  somewhat  complicated,  a  convenient  arrangement  is  almost  a  necessity. 


The  Side  Apparatus^ 

By  the  aid  of  these  manometers  the  determination  of  pressure  is  far  more  accurate 
than  Avith  the  ordinary  mercury  column  and  cathetometer,  but  since  the  pressures  are 
defined  Ijeforehand,  the  adjustment  is  throAvn  upon  the  volume.  The  A'ariable 
volume  is  introduced  in  the  side-tube  JK.  This  was  graduated  to  cub.  centim.,  in 
the  first  instance  by  mercury  from  a  burette.  Subsequently  the  narroAv  parts  aboA^e 
and  l^eloAv  the  bulb  (Avhich  as  Avill  presently  be  seen  are  alone  of  importance)  Avere 
calibrated  Avith  a  Aveighed  column  of  mercury  of  volume  equal  to  ^  cub.  centim. 
and  occupying  about  80  millims.  of  the  length  of  the  tube.  The  AAdiole  capacity 
of  the  tube  betAveen  the  loAvest  and  highest  marks  Avas  20|-  cub.  centims.  The  object 
of  this  addition  is  to  meet  a  difficulty  Avhich  ineAutably  presents  itself  in  apparatus 
of  this  sort.  The  volume  occupied  by  the  gas  cannot  be  limited  to  the  capacities 
susceptible  of  being  accurately  gauged.  BetAveen  the  upper  mark  G  and  the 
mercury  surface  in  C  AA’hen  set,  a  volume  is  necessarily  included  Avhich  cannot  be 
gauged  Avith  the  same  accuracy  as  the  volumes  betAveen  G  and  H  and  between  H 
and  I.  The  simplest  vieAv  of  the  side  apparatus  is  that  it  is  designed  to  measure 
this  volume.  In  the  notation  suhsetpiently  used  Vg  is  the  Amlume  included  Avhen  the 
mercury  stands  at  C,  at  G,  and  at  the  top  mark  J.  Let  us  suppose  that  Avith  a 
certain  quantity  of  gas  imprisoned  it  is  necessary  in  order  to  set  the  manometer  CD, 
the  \ipper  chamber  being  Amcuous,  to  add  to  Vg  a  further  Amlume  Y-,  amounting  to 
the  greater  part  of  the  capacity  of  the  side-tube,  so  that  the  Avhole  Amlume  is  Vg  +  V-. 
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When  the  second  manometer  is  brought  into  use,  the  volume  must  be  halved,  for 
which  purpose  the  mercury  is  raised  through  the  bulb  until  it  stands  somewhere  in 
the  upper  tube.  The  whole  volume  is  now  Vg  +  And  since 

Vg  +  V,  =  2  (Vg  +  V,), 

we  see  that 

Vg  ^  V,  -  2V„ 

which  may  be  regarded  as  determining  Vg,  V^.  and  Vg  being  known.  A  somewhat 
close  accommodation  is  required  between  Vg,  about  19  cub.  centims.  in  my  apparatus, 
and  the  whole  contents  of  the  side-tube. 


General  Sketch  ofTheorii. 

As  the  complete  calculation  is  rather  complicated  on  account  of  the  numerous 
temperature  corrections,  it  may  be  convenient  to  give  a  sketch  of  the  theory  upon 
the  assumption  that  the  temperature  is  constant,  not  only  throughout  the  whole 
apparatus  at  one  time,  but  also  at  the  four  different  times  concerned.  We  shall  see 
that  it  is  not  necessary  to  assume  Boyle’s  law,  even  for  the  subsidiary  operations  in 
the  side-tube. 

Vj  =  volume  of  two  large  bulbs  together  between  I  and  G  (about  258  cub. 
centims. ), 

Vo  =  volume  of  upjDer  bulb  between  G  and  H, 

Vg  =  volume  between  C,  G  and  highest  mark  J  on  side- tube, 

V^  =  measured  volume  on  upper  part  of  J  from  highest  mark  downwards, 

Vg  =  measured  volume,  including  bulb,  of  side  apparatus  from  highest  mark  down¬ 
wards. 

Pi  =  small  pressure  (height  of  mercury  in  right-hand  manometer), 

Pg  =  large  pressure  (sum  of  heights  of  mercury  in  two  manometers). 

In  the  first  pair  of  operations  when  the  large  bulbs  are  in  use,  the  pressure  Pi 
corresponds  to  the  volume  (V,  +  Vg  Vg),  and  the  pressure  P3  corresponds  to 
(Vg  -p  Vg  -p  V^),  the  quantity  of  gas  being  the  same.  Hence  the  equation 

Pl(Vi  +  Vg-l-Vg)  =  BPg(Vg-pVg-f  V,) . '.  (  1  ), 

B  being  a  numerical  quantity  which  would  l)e  unity  according  to  Boyle’s  law.  In 
the  second  pair  of  operations  with  a  different  quantity  of  gas  but  with  the  same 
'pressures,  the  mercury  stands  at  G  throughout,  and  we  have 

Pl(V3  +  Vg')  =  BPg(V3-PV;) . (2); 

whence  by  subtraction 

Pi  (Vl  +  Vg  -  Vg')  =  B  Pg  (Vg  .p  V,  -  V/)  . 


(3) 
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From  this  ecjuation  Vg  has  been  eliminated  and  B  is  expressed  ]jy  means  of  P],  Po, 
and  the  actually  gauged  volumes  V^,  Vg,  V5  —  Vj',  —  V/.  It  is  important  to 
remark  that  only  the  differences  (V5  —  V./),  (V4,  —  V/)  are  involved.  The  first  is 
measured  on  the  lower  part  of  the  side-apparatus  and  the  second  on  the  upper  part, 
while  the  capacity  of  the  intervening  bid!)  does  not  appear. 

If  the  principal  volumes  and  Vo  are  nearly  in  the  right  proportion,  there  is 
nothing  to  prevent  both  V5  —  V5'  and  V^,  —  V/  from  being  very  small.  When  the 
temperature  changes  are  taken  into  account,  Vg,  V^.,  Vg  are  not  fully  eliminated,  but 
they  appear  with  coefficients  which  are  very  small  if  the  temperature  conditions 
are  good. 


Thermometers. 

As  so  often  happens,  much  of  the  practical  difficulty  of  the  experiment  turned 
upon  temperature.  The  principal  bulbs  were  drowned  in  a  water-bath  which  could 
Ije  eftectively  stirred,  and  so  far  there  was  no  particular  impediment  to  accuracy. 
But  the  other  volumes  could  not  so  well  be  drowned,  and  it  needed  considerable 
precaution  to  ensure  that  the  associated  thermometers  would  give  the  temperatures 
concerned  with  sufficient  accuracy.  As  regards  the  side-tube,  a  thermometer 
associated  with  its  bulb  and  wrapped  well  round  with  cotton-wool  was  adequate.  A 
third  thermometer  was  devoted  to  the  space  occupied  by  the  manometers  and  the 
tube  leading  from  C  to  J.  It  was  here  that  the  difficulty  was  greatest  on  account 
of  the  proximity  of  the  observer.  Three  large  panes  of  glass  with  enclosed  air  spaces 
were  introduced  as  screens,  and  although  the  temperature  necessarily  rose  during  the 
observations,  it  is  believed  that  the  rise  was  adequately  represented  in  the  thermo¬ 
meter  readings.  A  single  small  gas  flame,  not  allowed  to  shine  directly  upon  the 
apparatus,  supplied  the  necessary  illumination,  being  suitably  reflected  from  four 
small  jjieces  of  looking-glass  fixed  to  a  wall  liehind  the  glass  points  of  the 
manometers. 

As  regards  the  success  of  the  arrangement  for  its  purpose,  it  is  to  be  rememhered 
that  by  far  the  larger  part  of  any  error  that  might  arise  is  eliminated  in  the  final 
residt,  since  it  is  only  a  question  of  a  comparison  of  observations  with  and  without 
the  large  bulbs.  Any  systematic  error  made  in  the  first  case  as  regards  the  temperature 
of  the  undrowned,  capacities  will  be  repeated  in  the  second,  and  so  lose  its  importance. 
A  similar  remark  applies  to  any  deficiency  in  the  comparison  of  the  three  thermo¬ 
meters  with  one  another. 


Comparison  of  Large  Bidhs. 

This  comparison  needs  to  be  carried  out  with  something  like  the  full  precision 
aimed  at  in  the  final  result,  although  it  is  to  be  noted  that  an  error  enters  to. only 
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the  half  of  its  proportional  amount,  since  we  have  to  do  not  with  the  ratio  (h  the 
capacities  of  the  two  bulbs,  but  with  the  ratio  of  the  capacity  of  the  upper  bulb  to  the 
capacity  of  the  two  bulbs  together.  Thus  if  the  volume  of  the  upper  bulb  be  unity 
and  that  of  the  lower  (1  +  a),  the  ratio  with  which  we  are  concerned  is  2  +  a  ;  I, 
differing  from  2  :  1  by  the  proportional  error  ^  a. 

To  adjust  the  capacities  to  approximate  equality  and  to  determine  the  outstanding 
difference,  the  double  bulb  was  mounted  vertically,  in  connection  above  with  a  Topler 
pump  and  below  with  a  stop-cock,  such  as  is  used  with  a  mercury  burette.  The 
“  marks”  were  provided  by  small  collars  of  metal  embracing  tubing  of  3  millims.  bore 
and  securely  cemented,  to  the  lower  edge  of  which  the  mercury  could  be  set  as  in  reading 
barometers.  A  measuring  flask,  with  a  prolonged  neck  consisting  of  uniform  tubing 
of  6  millims.  diameter,  was  prepared  having  nearly  the  same  capacity  as  the  bulbs. 
The  mercury  required  at  a  known  temperature  to  till  the  upper  bulb  between  the 
marks  was  run  from  the  tap  into  this  flask.  Air  specks  being  removed,  the  flask  was 
placed  in  a  water-bath  and  the  tenq3erature  varied  until  the  mercury  stood  at  a  fixed 
mark  upon  the  neck  of  the  flask.  Subsequently  the  mercury  required  at  the  same 
temperature  to  fill  the  lower  bulb  between  the  middle  and  the  lower  marks  was 
measured  in  the  same  way.  On  a  mean  of  two  trials  it  was  found  that  the  flask 
needed  to  be  2°'4  C.  warmer  in  the  second  case  than  in  the  first,  showing  that  tiie 
capacity  of  the  lower  bulb  was  a  little  the  smaller.  Taking  the  relative  expansions  of 
mercury  and  glass  for  one  degree  to  be  '00016,  we  get  as  the  proportional  difterence 
'00038.  Thus  in  the  notation  already  employed, 

:  Vo  =  2  -  -00038  =  1-99962  . (4). 

It  appeared  that  so  far  as  the  measurements  were  concerned  this  rati(3  should  be 
correct  to  at  least  -^^oo  5  disturbances  due  to  pressure  introduce  uncertainty  of 
about  the  same  order. 


Comparison  of  Gonujes. 

A  simple  method  of  comparing  the  gauges  is  to  combine  them  in  parallel  so  that 
the  pressures  in  the  lower  chambers  are  the  same,  and  also  the  pressures  in  the  upper 
chambers,  and  then  to  find  what  slope  must  be  given  to  the  longer  measuring-rod  in 
order  that  its  effective  length  may  be  equal  to  that  of  the  shorter  rod  maintained 
vertical.  The  mercury  can  then  be  set  to  coincidence  with  all  four  ^joints,  and  the 
equality  of  the  gauges  so  arranged  actually  tested.  It  is  afterwards  an  easy  matter 
to  calculate  back  so  as  to  find  the  proportional  difference  of  heights  when  both 
measuring-rods  are  vertical.  Preliminary  experiments  of  this  kind  upon  the  gauges, 
mounted  on  separate  levelling  stands  and  connected  by  india-rubber  tubing,  had 
shown  that  the  difference  was  about  j^art. 

It  would  be  possible,  having  found  by  the  combination  in  parallel  an  adjustment  to 
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equality,  to  maintain  the  same  sloped  position  during  the  subsequent  use  when  the 
gauges  must  be  combined  in  series.  But  in  this  case  it  would  hardly  be  advisable  to 
trust  to  wood-work  in  the  mounting.  At  any  rate  in  my  experiments  the  gauges 
were  erected  with  measuring-rods  vertical,  an  arrangement  which  has  at  least  the 
advantage  that  a  displacement  is  of  less  importance  as  well  as  more  easily  detected 
At  the  close  of  the  observations  upon  the  various  gases  it  became  necessary  to 
compare  the  gauges  with  full  precision. 

For  this  purpose,  they  were  connected  (without  india-rubber)  in  parallel,  the  upjoer 
chambers  of  both  being  in  communication  with  the  jDump,  and  the  lower  chambers  of 
both  in  communication  with  the  gas  reservoirs  GI.  Had  the  lengths  of  the  measuring- 
rods  been  absolutely  equal,  this  equality  would  be  very  simply  jjroved  by  the 
possibility  of  so  adjusting  the  pressure  of  the  gas  and  the  supj)ly  of  mercury  to  the 
two  manometers  that  all  four  mercury  surfaces  could  be  set  simultaneously.  It  was 
very  evident  that  no  such  simultaneous  setting  Avas  possible,  and  the  problem 
remained  to  evaluate  the  small  outstanding  difference.  To  pass  from  one  manometer 
to  the  other,  either  the  volume  or  the  temperature  had  to  be  varied. 

In  principle  it  would  perhaps  be  simplest  to  keejD  the  volume  constant  and  determine 
what  difference  of  temperature  (about  half  a  degree)  would  be  required  to  make  the 
transition.  But  the  temjDerature  of  the  undrowned  parts  (now  increased  in  volume) 
could  not  be  ascertained  with  great  precision,  so  that  I  preferred  to  vary  the 
volume  and  to  trust  to  alternations  backwards  and  forwards  for  securing  that  the 
mean  temperature  in  the  two  cases  to  be  compared  should  not  be  different.  Thus 
in  one  set,  including  seven  observations  following  continuously,  four  alternate  obseiwa- 
tions  were  settings  with  one  manometer  and  three  Avere  settings  AAuth  the  other. 
According  to  the  thermometers,  the  mean  temperature  in  the  first  case  Avas  for  the 
droAvned  volume  11°’38  and  foi-  the  (much  smaller)  undroAAmed  Amlume  12° 76.  In 
the  second  case  the  corresjjonding  temperatures  Avere  11°'39  and  12°'80,  so  that  the 
differences  could  be  neglected.  The  volume  changes  Avere  efiected  in  the  side-tube 
J  K,  and  the  mean  difference  in  the  tAvo  cases  Avas  ‘411  cub.  centim.  It  AAnll  be 
understood  that  in  order  to  define  the  volume  both  manometers  Avere  ahvays  set  below. 
The  Avhole  volume  Avas  reckoned  at  294  cub.  centims.,  of  Avhich  about  258  cub.  centims. 
represents  the  capacity  of  the  bulbs  G  I  droAAuied  in  the  Avater-bath.  According  to 
these  data  the  proportional  difference  in  the  lengths  of  the  measuring-rods,  equal  to 
the  })roportional  difference  of  the  above  determined  volumes,  is  ‘00140.  Taa’o  other 
similar  sets  of  observations  gave  ‘00136,  ‘00137  ;  so  that  the  mean  adopted  A^alue  is 
‘00138.  The  measuring-rod  of  the  manometer  on  the  right,  fig.  2,  is  the  longer. 

As  in  the  case  of  the  volumes,  any  error  in  the  aboA^e  comparison  is  hah^ed  in  the 
actual  application.  If  be  the  length  of  the  rod  in  the  right-hand  manometer, 
the  length  on  the  left,  AA’e  are  concerned  only  Avith  the  ratio  Hj  +  Ho  :  Ho.  And 
from  the  value  above  determined  we  p’et 

o 

I^+  u. 

Ho 


1 ‘99862  . 


(5). 
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The  Observations. 

In  commencing  a  set  of  observations  the  first  step  is  to  clear  away  any  residue  of 
gas  by  making  a  high  vacuum  throughout  the  apparatus,  the  mercury  being  lowered 
below  the  manometers  and  bulbs.  The  mercury  having  been  allowed  to  rise  into 
the  pump  head  of  the  Tdpler,  the  gas  to  be  experimented  on  is  next  admitted  to  a 
pressure  of  about  7  5  millims.  This  occupies  the  manometers,  the  bulbs,  and  part  of 
the  capacity  of  the  intermediate  chamber  E.  The  passage  through  the  right-hand 
manometer  is  then  closed  by  bringing  up  the  mercury  to  the  neighbourhood  of  C, 
and  by  rise  of  mercury  from  I  to  H  the  pressure  is  doubled  in  the  upper  bulb.  The 
next  step  is  to  cut  off  the  communication  between  A  and  B,  and  to  renew  the 
vacuum  in  B.  If  the  right  amount  of  gas  has  been  imprisoned,  it  is  now  possible  to 
make  a  setting,  the  mercury  standing  at  A,  C,  H,  and  in  the  side  apparatus  some¬ 
where  in  the  upper  tube  below  J.  If,  as  is  almost  certain  to  be  the  case  in  view  of 
the  narrowness  of  the  margin,  a  suitable  setting  cannot  be  made,  it  becomes  neces¬ 
sary  to  alter  the  amount  of  gas.  This  can  usually  be  effected,  without  disturbing 
the  vacuum,  by  lowering  the  mercury  at  C  and  allowing  gas  to  pass  in  pistons  in  the 
curved  tube  CD  either  from  the  intermediate  chamber  to  the  bulbs,  or  preferably  in 
the  reverse  direction. 

When  the  right  amount  of  gas  has  been  obtained,  the  observations  are  straight¬ 
forward.  On  such  occasion  six  readings  were  usually  taken,  extending  over  about  an 
hour,  during  which  time  the  temperature  always  rose,  and  the  means  were  comljined 
into  what  was  considered  to  be  one  observation. 

A  complete  set  included  four  observations  with  the  large  bulbs  at  150  millims. 
pressure  and  four  at  75  millims.  To  pass  to  the  latter  the  mercury  must  Ije  lowered 
from  H  to  I  and  in  the  left-hand  manometer,  and  the  pump  worked  until  a  vacuum 
is  established  in  D.  It  was  considered  advisable  to  break  up  one  of  the  sets  of  four ; 
for  example,  after  two  observations  at  150  millims.  to  take  four  at  75  millims.,  and 
afterwards  the  remaining  pair  at  150  millims.  In  this  way  a  check  could  l)e 
obtained  upon  the  cpiantity  of  gas,  of  which  some  might  accidentally  escape,  and 
there  were  also  advantages  in  respect  of  temperature  changes.  These  eight  observa¬ 
tions  with  the  large  bulbs  were  combined  with  four  in  which  the  side  apparatus  was 
alone  in  use,  tire  mercury  standing  all  the  while  at  G.  Of  these,  two  related  to  the 
75  millims.  j^ressure  and  two  to  the  150  millims.  Finally,  the  means  were  taken  of 
all  the  corresponding  observations. 

The  following  table  shows  in  the  notation  employed  the  correspondence  of  volumes 
and  temperatures  :  — 


3  I 


VOL.  cxoviii. — A. 
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— 

Vs 

Vf 
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Ill  the  first  observation  is  the  volume  of  the  two  large  bulbs  and  6-^  the 
temperature  of  the  water-bath,  reckoned  from  some  convenient  neighbouring 
temperature  as  a  standard.  Vg  is  the  ungauged  volume  ab’eady  discussed  whose 
temperature  is  given  by  the  upper  thermometer.  Vg  is  the  (larger)  volume  in  the 
side  apparatus  whose  temjierature  b  is  that  of  the  lower  thermometer.  In  the 
second  observation  Yo  is  the  volume  of  the  upper  bulb  and  6^  its  temperature.  Y^  is 
the  volume  in  the  side  apparatus  whose  temperature,  as  well  as  that  of  Yg,  is  taken 
to  be  To,  the  mean  reading  of  the  upper  thermometer.  III.  and  lY.  represent  the 
corresponding  observations  in  which  the  large  bulbs  are  not  filled.  The  reading  of 
the  water-bath  thermometer  is  in  every  case  denoted  by  6,  that  of  the  upper 
thermometer  by  r,  and  that  of  the  lower  thermometer  by  t.  The  temperature  of  the 
columns  of  mercury  in  the  manometers  is  also  represented  by  r. 

As  an  example  of  the  actual  quantities,  the  observations  on  air  between  October  28 
and  November  5  may  be  cited.  The  values  of  Y^^  and  Yg  are  approximate.  As 
appears  from  the  formulse,  Yg  occurs  with  a  small  coefficient,  as  does  also  Y^,  except 
in  the  ratio  Y^  :  Yg  otherwise  jirovided  for.  We  have 

Yi  =  258-4,  Yg^lD-Oo; 

Y^  =  -810,  Yg  =  20-493; 

Y,-Y/=  -0841,  Yg  -  Yg' =  -0266  ; 

e^=  -  -077,  -  -059  ;  b  =  ’257,  b  =  -141  ; 

Tj  =  -092,  To  =  -]86,  "^3  —  —  "033,  =  -100. 

The  volumes  are  in  cubic  centimetres  and  the  temperatures  are  in  Centigrade 
degrees  reckoned  from  14°. 

An  effort  was  made,  and  usually  with  success,  to  keep  all  the  temperature 
differences  small,  and  especially  the  difference  between  6^  and  ^g.  It  is  desirable 
also  so  to  adjust  the  c[uantities  of  gas  in  the  two  cases  that  Y^,  —  Y/,  Yg  —  Yg'  shall 
be  small. 


The  Reductions. 

The  simple  theory  has  already  been  stated,  but  the  actual  reductions  are  rather 
troublesome  on  account  of  the  numerous  temperature  corrections.  These,  however, 
are  but  small. 

We  have  first  to  deal  with  the  expansion  of  mercury  in  the  manometers.  If,  as  in 


BETWEEN  75  AND  150  MILLIMETEES  OF  MEBCUin', 


427 


(5),  the  actual  heights  of  the  mercury  (at  the  same  temperature)  he  Hj,  Ho,  we  have 
for  the  corresponding  H/(l  +  mr),  where  m  =  ‘00017.  Thus  in  the  notation 

already  employed 


and 


Pi 


Ho 

1  +  ’ 


or 


Ho 

1  +  niT^  ’ 


H,  +  Ho  Hi  +  Ho 

— - - ^  or  — - - ^ . 

1  +  ’  1  +  vn^ 


The  quantity  of  gas  at  a  given  pressure  occu]3}ung  a  known  volume  is  to  be  found 
by  dividing  the  volume  by  the  absolute  temperature.  Hence  each  volume  is  to  be 
divided  by  1  +  (iO,  1  +  /dr,  1  +  ydh  as  the  case  may  be,  where  yd  is  the  reciprocal  of 
the  absolute  temperature  taken  as  a  standard.  Thus  in  the  above  example  for  air 

(p.  426),  yd  =  ^  —  9^-  equations,  expressing  that  the  quantities  of  gas 

are  the  same  at  the  single  and  at  the  double  pressure,  accordingly  take  the  form 


Ho 


+ 


Ho, 


^3 

Y5 

1  +  /3ti  ' 

1  +  j3i 

1  +  ^Tg  ^ 

\  ’ 

'  5 

1  +  /3t 

B(Hi  +  H,)  r  V,  Vs  +  VH 
1  +  VlT^  [I  +  /3^3  I  +  /d'r2j  ’ 

B(Hi+H,)  Vg-t  Vf 
1  +  1  + 


where  B  is  the  numerical  quantity  to  be  determined — according  to  Boyle’s  law 
identical  with  unity. 

By  subtraction  we  deduce 


1  BV,(Hi  +  H,) 

(1  +  7)iT])  (1  +  ^0^)  ViHjfl  +  mr^il  +  ^^2) 

^V3[  B(Hi  +  H2)  _  B(Hi  +  Ho) 

LBo(1  +  4-  /drg)  Ho(l  +  (1  + 

_ ^ ^ _ 

(1  +  mTi)(l  +  ydTi)  ‘  (1  +  4-  jBr^) 


+ 


B(H,  +  Ho)Vi 


H,Vi 


V. 


(1  +  mT3)(l  +  /dxg)  (1  +  mT^  (1  +  /3T4) 
1  1 


+ 


Vi  1_(1  +  mri)  (1  +  /3q)  (1  +  OTTg)!!  +  /^h)] 

B(Hi  +  H,)(Ah-V;)  1 


-  V, 


HgVi  (1  +  mr^)  (1  + 

1 


Vi  (1  +  mr^)  (1  +  /S^g) 


(6). 


The  first  three  terms  on  the  right,  viz.,  those  in  Vg,  V4,  Yg,  vanish  if  Tj  =  t. 

3  I  2 


3> 
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To  =  T4,  In  the  smaU  terms  we  expand  in  powers  of  the  small  temperatures 

(t,  t),  and  farther  identify  B  (H,  +  with  2.  The  five  terms  on  the  right  then 

assume  the  form 

^  {(m  +  /3)  (tj  —  Tg  —  2t2  +  2t^)  4-  /8®{2t2^  —  2t/  — 

+  /3)  (r,  -  r,)  -  -  r,^)] 

“  f  J  (^3  “  ^1)  +  /3  (^3  ~  tj)  +  „  ^^2)1 

_j_  4^^  il  I  I  _  /SV/] 

- ^  {]  —  mxg  —  /3^3  +  ^%~], 

in  which  on/S  and  are  neglected,  while  /3'  is  detained.  In  j^oint  of  fact,  the  terms 
of  the  second  degree  were  seldom  sensible. 

Taking  the  data  above  given  for  the  observations  on  air  October  28 — November  5, 
we  find 


Term  in  Vg  . 

.  Vg  .  .  . 

(V.  -  v;) 

(Va  -  Va') 


--  --000012 
=  —-000002 
=  +-000034 
=  +-000652 
=  --000103 


+ -000569 


For  the  first  term  on  the  left  of  (6),  we  find 


so  that 


_ 1 _ 

(1  -  TOTi)(l  +  /3^i) 


1-000256  ; 


B  = 


AhHafl  +  +  ^0,) 

Vo(H,  +  H^) 


X  -999687, 


or  when  the  numerical  values  are  introduced  from  (4),  (5), 

B  =  1-00002. 

The  deviation  from  Boyle’s  law  is  quite  imperceptible. 

It  may  be  noted  that  a  value  of  B  exceeding  unity  indicates  an  excessive  com¬ 
pressibility,  such  as  is  manifested  by  carbonic  acid  under  a  pressure  of  a  few 
atmospheres. 
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The  Results. 

Little  now  remains  but  to  record  the  actual  results.  All  the  gases  were,  it  is 
needless  to  say,  thoroughly  dried. 


Air, 


Date. 

B. 

April  15-29,  1901  . 

.  .  -99986 

- 

May  22-28,  1901  ,  .  .  .  . 

.  .  1-00003 

October  2  8 -November  5,  1901. 

.  .  1-00002 

Mean . 

.  .  -99997 

Hydrogen. 

Date. 

B. 

July  6-13,  1901 . 

•99999 

July  16-23,  1901  . 

•99996 

Mean . 

.  -99997 

The  hydrogen  was  first  absorbed  in  palladium,  from 
heat  as  required. 

which  it  was  driven  off  by 

Oxygen. 

Date. 

B. 

June  7-17,  1901 . 

1-00022 

July  21-July  1,  1901 . 

1-00044 

Sejitember  18-30,  1901  . 

1-00005 

October  10-18,  1901 . 

1-00027 

Mean  . 

1-00024 

The  two  first  fillings  of  oxygen  were  with  gas  prepared  by  heating  permanganate 

of  potash  contained  in  a  glass  tube  and  sealed  to  the  i 

L’emainder  of  the  apparatus. 

The  desiccation  was,  as  usual,  by  phosphoric  anhydride.  In  the  third  and  fourth 

fillings  the  gas  was  from  chlorate  of  potash  and  had  been  stored  over  water. 
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Nitrous  Oxide. 

Date. 

July  31-August  5,  1901  . 
August  8-24,  1901 

Mean 


B. 

1-00059 

1-00074 


1-00066 


Argon. 

Date. 

December  2 8- January  1,  1902. 
January  2-9,  1902 


B. 

1-00024 

1-00019 


Mean  .  .  1-00021 


The  argon  was  from  a  stock  which  had  been  carefully  purified  some  years  ago  and 
has  since  stood  over  mercury.  In  this  case  the  two  sets  of  observations  recorded 
related  to  the  same  sample  of  gas  imprisoned  in  the  aj^paratus.  In  all  other  cases 
the  gas  was  renewed  for  a  new  set  of  observations. 

With  regard  to  the  accuracy  of  the  results  it  was  considered  that  systematic 
errors  should  not  exceed  xoooo-  comparison  of  one  gas  with  another  most 

of  the  systematic  errors  are  eliminated,  and  the  mean  of  two  or  three  sets  should  be 
accurate  according  to  the  standard  above  stated.  That  nitrous  oxide  should  show 
itself  more  compressible  than  according  to  Boyle’s  law  is  not  surprising,  but  there 
appear  to  be  deviations  also  in  the  cases  of  oxygen  and  argon.  Wliether  these 
deviations  are  to  be  regarded  as  real  departures  from  Boyle’s  law,  or  are  to  be 
attributed  to  some  complication  relating  to  the  glass  or  the  mercury  cannot  be 
decided.  At  any  rate  thev  are  very  minute.  It  will  be  noted  that  the  oxvyen 
numbers  are  not  so  concordant  as  they  ought  to  be.  I  am  not  in  a  position  to 
suggest  an  explanation,  and  the  discrepancies  were  hardly  large  enough  to  aftbrd  a 
handle  for  further  investigation. 

If  we  are  content  with  a  standard  of  -5Woc)»  may  say  that  air,  hydrogen,  oxygen, 
and  argon  obey  Boyle’s  law  at  the  pressures  concerned  and  at  the  ordinary 
temperatures  (10°  to  15°). 


Throughout  the  investigation  I  have  been  efficiently  assisted  by  Mr,  Gordox,  to 
whom  I  desire  to  record  my  obligations. 
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The  discrepancies  found  by  Professor  PtiCKEii  and  the  author*  to  exist  between 
the  values  for  the  horizontal  component  of  the  earth’s  magnetic  field,  as  measured 
by  the  absolute  instruments  in  use  in  the  various  British  observatories,  were  so 
great  that  it  seemed  of  interest  to  measure  the  field  at  one  ot  the  observatories 
by  an  entirely  different  method,  in  order,  if  possible,  to  obtain  some  indication  as 
to  the  reliability  of  the  various  instruments. 

Further,  in  the  ordinary  method  of  measuring  H,  a  correction  has  to  be  applied  on 
account  of  the  distribution  of  the  magnetism  in  the  magnets  employed,  about  the 
value  of  which  there  is  some  uncertainty,  t 

It  was  therefore  decided  to  make  a  measurement  of  the  horizontal  component  ot 
the  earth’s  field,  by  comparing  it  with  the  field  produced  at  a  certain  point  by  a 
known  current  flowing  through  a  coil  of  known  dimensions.  The  comparison  was 
to  be  made  by  suspending  a  small  magnetic  needle  at  the  centre  of  the  coils, 
and  noting  its  deflection  when  acted  upon  by  the  earth’s  field  and  the  field  due  to  the 
coils.  In  this  way  a  direct  comparison  would  be  obtained  between  the  value  of  the 
unit  magnetic  field,  as  deduced  from  absolute  magnetic  measurements,  and  the  value 
of  the  unit  field  produced  by  a  known  current,  the  value  of  the  current  being 
deduced  from  an  entirely  different  set  of  measurements  from  those  used  in 
determining  the  constants  of  the  magnetometers.  The  following  paper  contains 
an  account  of  such  a  comparison. 

For  constructional  reasons,  as  well  as  to  secure  a  uniform  magnetic  field  at  the 
centre  of  the  coil  where  the  magnetic  needle  is  suspended,  and  so  to  reduce  any 
error  which  any  want  of  accuracy  in  the  centring,  or  any  departure  from  the 


(a  309.) 


*  ‘Brit.  Assoc.  Rep.,’  p.  87,  1896. 
t  Chree,  ‘Roy.  Soc.  Proc.,’  vol.  65,  p.  375,  1899. 
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solenoidal  condition  of  this  magnetic  needle  would  produce,  the  Helmholtz  arrange¬ 
ment  was  adopted,  in  which  two  equal  coils  are  placed  with  their  planes  parallel, 
and  at  a  distance  from  each  other  equal  to  the  radius  of  either.  For  the  comparison 
of  the  field  produced  within  the  coils,  when  they  are  traversed  by  a  known  current, 
the  sine  method  was  chosen,  the  coils  being  mounted  on  a  horizontal  circle  so  that 
they  could  be  turned  about  a  vertical  axis  till  the  magnetic  axis  of  the  needle  at 
the  centre  of  the  coils  was  at  right  angles  to  the  axis  of  the  coils  when  the 
current  was  passing.  Thus,  if  F  is  the  field  produced  at  the  centre  of  the  coils 
when  they  are  traversed  by  unit  current,  and  the  angle  through  which  the  coils  have 
to  be  turned  when  they  are  traversed  by  a  current  C  is  6,  the  value  of  the  earth’s 
horizontal  component,  measured  in  terms  of  a  unit  derived  from  the  unit  of  current, 
is  given  by  H  —  CF/sin  6. 

In  order  to  measure  the  current,  use  was  made,  in  the  first  jDlace,  of  a  silver 
voltameter.  As  it  is  not  convenient  to  make  the  deflection  experiments,  involving 
as  they  do  a  continual  reversal  of  the  current,  and  hence  interruptions  of  the  current 
of  uncertain  duration,  at  the  same  time  as  a  silver  deposition  is  being  made,  an 
intermediate  standard  of  current  was  adopted.  This  was  obtained  by  balancing  the 
potential  difference  between  the  termina,ls  of  a  standard  resistance  coil  against  the 
E.M.F.  of  a  standard  cadmium  cell.  This  addition  has  the  further  advantage  that, 
if  we  know  the  value  of  the  resistance,  then  we  can  use  the  results  for  the  E.M.F. 
of  the  cadmium  cell  obtained  by  other  observers  to  obtain  the  value  of  the  current, 
and  thus  check  the  values  obtained  by  the  voltameter. 

Degree  of  Accuracy  aimed  at  in  the  Measurements. — In  designing  the  apparatus 
and  arranging  the  method  to  be  adopted,  a  determination  of  the  value  of  H  by 
means  of  the  coil  accurate  to  1  or  2  parts  in  10,000  was  aimed  at. 

That  the  current  may  be  known  in  terms  of  the  electrochemical  equivalent  of 
silver  to  the  required  degree  of  accuracy,  we  must  be  able  to  measure  the  weight 
of  silver  deposited,  and  the  time  during  wliich  the  current  passes,  as  well  as  to 
maintain  the  current  constant,  each  to  about  one  part  in  10,000.  Since  the  weight 
of  silver  deposited  during  each  experiment  was  about  1'6  grammes,  this  involves 
the  weighings  being  correct  to  within  0T6  milligratnme.  The  interval  during 
which  a  dej^osition  lasted  being  two  hours,  the  time  has  to  be  measured  to  within 
0’7  secood.  Further,  owing  to  the  use  of  the  subsidiary  standard,  namely,  the 
resistance  cod  and  standard  cell,  we  have  to  know  the  change  of  the  resistance  of 
the  coil  and  that  of  the  E.M.F.  of  the  cell  to  within  1  in  10,000  of  the  value  of  the 
resistance  of  the  coil,  or  the  E.M.F.  of  the  cell,  as  the  case  may  be. 

With  reference  to  the  accuracy  with  which  the  dimensions  of  the  coils  have  to  be 
known,  it  is  shown  in  most  text-books  that  if  a  is  the  mean  radius  of  either  coil  and 
'2x  is  the  distance  between  the  mean  planes  of  the  coils,  h  the  axial  breadth  of  each 
coil,  and  d  the  radial  depth,  that  is,  the  section  of  either  of  the  coils  is  a  rectangle  of 
length  6  and  depth  d,  N  the  number  of  turns  in  both  coils  together,  F  the  cod 
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constant,  and  C  the  current,  then  the  axial  component  of  the  field  at  a  point  at  a 
distance  y  from  the  centre,  and  at  right  angles  to  the  axis  is  given  by 

277NC  _p  2o>) 

+  ^  (4.x^  —  a^)  y®  —  ^  (8a;‘^  —  12xV  +  c&)  y® 

—  (See®  —  136a;%^  +  159a;^a^‘  —  12a®)  ?/ 

1 

+  - ,  ,,  (Srr'^  —  12xW  +  a"^)  y^  +  etc-  1  > 

where  +  x^. 

Substituting  in  this  expression  the  values  for  the  various  dimensions  of  the  coils 
used  in  the  experiments,  we  get 

27rNC  {0'023653  —  Q-Q^  5  +  O'Oe  11?/  -  O'O^  12/}. 

If  we  consider  a  point  at  a  distance  from  the  centre  of  the  coils,  in  a  direction  at 
right  angles  to  the  axis,  corresj^onding  to  the  position  of  the  pole  of  the  longest 
magnet  employed,  which  had  a  length  of  6  centims.,  so  that  the  distance  between 
the  poles  was  about  6  X  f ,  or  4  centims.,  we  get,  putting  y  =  2,  that  the  field  at 
this  jDoint  is 

277NC  {0*023653  —  O-O^  5  +  O'Oe  44  -  0*Oo  2}. 

It  will  he  seen  that  for  the  purposes  of  this  investigation  we  need  on/  consider  the 
first  term,  the  field  at  the  position  occupied  by  the  magnet  being  practically  unifbini, 
so  that  the  coil  constant  is  given  by  the  equation 

p  27rNfd 

~  (fd  +  a;2)5  ■ 

Differentiating  this  expression,  we  get 

rfF  2?;-  —  «“  da  ox~  d.v 

F  or  +  a  fd  +  X  ’ 


or  for  a  =  30  centims.,  and  for  a;  =15  centims.. 


dF 

F 


—  0*4  — 
a 


0*6 


dx 


Thus,  if  F  is  to  he  known  to  within  one  part  in  10,000,  we  ought  to  know  a  and 
X  each  to  within  about  1  part  in  10,000.  That  is  the  mean  radius  of  the  coils  and 
the  distance  between  their  mean  planes  must  each  be  known  to  within  0*003  centim.  ; 
for  a  and  2a:  are  each  30  centimetres. 
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The  Helmholtz  Galvanometer. — Since  the  radii  of  the  coils  and  the  distance 
between  their  mean  planes  has  to  be  measured,  it  is  important  that  the  radius  should 
be  as  large  as  possible.  It  w^as  decided  that  the  largest  manageable  coil  wms  one 
having  a  diameter  of  60  centims.  The  construction  of  a  pair  of  coils  of  this  diameter 
having  the  grooves  in  which  the  wire  is  to  be  wound  true  to  within  about  '02  centim. 
is  a  problem  of  considerable  difficulty,  especially  wdren,  as  in  the  present  case,  the  coils 
liave  to  be  capable  of  rotation  about  a  vertical  axis,  and  this  rotation  has  to  be 
measured  with  accuracy. 

The  coils  were  made  in  the  Physical  Laboratory  of  the  Royal  College  of  Science 
under  my  immediate  supervision,  the  construction  being  enthely  performed  by 
Mr.  J.  W.  CoLEBROOK,  the  instrument  maker  attached  to  the  laboratory,  and  very 
great  credit  is  due  to  him  for  the  way  in  which  he  acquitted  himself  of  the  task.  In 
this  connection  it  must  be  remembered  that  the  tools  available  w'ere  not  such  as 
would  be  considered  indispensable  for  such  a  job  in  any  engineering  or  instrument¬ 
making  workshop. 

Fig.  1. 


In  order  to  measure  the  angle  through  which  the  coils  are  rotated,  it  was  decided 
to  use  the  azimuth  circle  of  a  Kew-pattern  magnetometer,  and  so  the  coils  were  made 
to  fit  the  magnetometer  and  allow  of  the  use  of  the  telescope  and  scale  to  determine 
the  position  of  the  magnet.  The  magnetometer  employed  is  one  by  Elliott,  and 
numbered  70.  It  was  used  in  the  magnetic  survey  of  Great  Britain  and  in  the  series 
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of  comparisons  between  the  different  magnetic  observatories  carried  out  by  Professor 
Rucker  and  the  author.  The  accuracy  of  the  circle  was  tested,  during  a  long  series 
of  comjjarisons  made  between  this  instrument  and  the  Kew  standards,  by  measuring 
the  angle  subtended  by  the  two  fixed  marks  used  for  the  declination  observation  at 
Kew  with  different  parts  of  the  circle.  In  this  way  no  error  amounting  to  10  seconds 
of  arc,  the  smallest  angle  which  can  be  read  off  on  the  circle,  was  detected  in  any 
part  of  the  circle.  Hence,  as  the  average  value  of  the  angle  used  in  the  following 
measurements  was  46°,  the  accuracy  attainable  was  amply  sufficient. 

A  general  view  of  the  coils,  as  they  appeared  when  in  use,  is  shown  in  fig.  1.  The 
coils  were  carried  by  two  cross  bars.  A,  the  points  of  four  screws,  C,  attached  to  these 
cross  bars  resting  on  the  cylindrical  parts,  B  B,  of  the  magnetometer.  These 
screws,  instead  of  being  fixed  directly  to  the  cross  bars,  were  attached  to  two  metal 
plates  which  could  slide  along  the  bars.  Thus,  by  moving  these  sliding  pieces,  as 
well  as  by  the  screws  C,  the  relative  positions  of  the  coils  and  the  magnetometer 
could  be  adjusted.  The  coils  were  prevented  from  turning  about  a  horizontal  axis  by 
two  screws,  H,  resting  on  the  top  of  the  deflection  bar  E.  The  position  of  the 
magnet,  M,  was  observed  by  means  of  a  plane  mirror  attached  to  the  magnet  and  the 
telescope,  T,  and  scale,  S.  The  magnetometer  rested  on  a  stand,  F,  which  passed 
through  a  hole  in  the  cylindrical  side  of  the  coils.  The  space  between  the  spokes  of 
the  flanges  was  such  that  when  the  telescope  and  the  glass  suspension  tube  were 
removed  the  magnetometer  could  be  inserted.  In  order  to 
relieve  the  magnetometer  from  the  full  weight  of  the  coils,  part 
of  the  weight  was  supported  by  strings  attached  to  the  top  of 
the  flanges,  which,  after  passing  over  a  pulley,  had  a  counter 
weight  attached. 

As  the  construction  of  such  large  coils  with  the  degree  of 
accuracy  aimed  at  in  these  experiments  is  a  problem  of 
considerable  difficulty,  and  one  which  has  frequently  arise]i  in 
experimental  researches,  a  short  description  of  the  method 
employed  may  be  of  some  interest.  The  flanges  of  the  coils  in 
which  the  grooves  to  receive  the  wire  are  turned  out  are 
formed  of  two  gun-metal  castings.  The  section  of  a  portion  of 
one  of  them  is  shown  in  fig.  2.  The  spokes  were  strengthened 
by  a  rib  1‘5  centim.  deep.  In  order  to  turn  up  these  castings 
a  large  cast-iron  bed  was  made  with  planed  ways  on  the  top  to 
take  the  fixed  and  movable  headstocks  of  one  of  the  lathes  in 
the  laboratory.  This  bed  is  shown  in  fig.  3,  and  was  of  such  a 
size  that  the  finished  coil  could  be  swung  between  centres.  A 
gun-metal  face-plate,  slightly  larger  in  diameter  than  the  coils, 
was  also  cast  and  turned  up  on  the  bed  itself  Teeth  were  cut 

round  the  circumference  of  this  face-plate,  and  it  was  driven  by  a  spur-wheel  geaibig 
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into  these  teeth.  Each  of  the  flange  castings  was  bolted  to  this  face-plate  and  the 
surfaces  AB  and  BC,  fig.  2,  were  turned  up.  The  central  hole  DE  was  also  turned 
to  fit  accurately  a  steel  mandrel  on  which  a  scpiare  threaded  sci'ew  had  been  cut.  The 
castings  were  then  mounted  on  the  mandrel,  and  by  means  of  lock  nuts  were  held  at 
the  right  distance  apart.  A  sheet  of  hard  rolled  brass,  OT  centim.  thick,  the  edges 
of  which  had  been  cut  parallel,  was  then  bent  round  so  as  to  lie  along  the  surfaces 
AB  (fig.  2),  and  was  held  in  place  by  screws  passing  into  the  castings.  The  brass 


Fig.  3. 


was  ot  sufiicient  length  to  overlap  for  about  30  centims.  at  the  bottom  where  the  hole 
for  the  passage  of  the  stand  had  to  be  cut.  The  attachment  of  the  cylinder  of  brass 
to  the  flanges  was  rendered  additionally  secure  by  tinniiig  the  surfaces  which  came 
in  contact  before  putting  the  parts  together,  and  then,  after  the  insertion  of  the 
screu's,  by  heating  the  coils,  solder  was  run  into  the  joint.  The  necessaiy  holes  in 
the  cylindrical  side  of  the  coils  were  cut  out  by  means  of  a  milling  cutter.  By  this 
method  of  construction  the  two  metal  flanges,  in  which  the  grooves  to  hold  the  wire 
were  to  be  turned,  were  held  very  rigidly  in  the  same  relative  positions. 

In  order  to  turn  out  the  grooves  the  coil  was  mounted  on  the  mandrel  between 
centres  and  driven  by  two  pins  attached  to  the  face-plate.  Light  cuts  were  taken, 
particularly  at  the  finish,  when  the  tool  being  left  untouched  the  coil  was  reversed 
between  the  centres  so  that  the  depths  of  the  two  grooves  should  be  the  same.  The 
flanges  were  marked  with  twelve  ecjui-distant  lines,  parallel  to  the  axis  of  the  coil,  to 
act  as  reference  lines  when  measuring  the  dimensions  of  the  coil.  Two  diametral 
lines  at  right  angles  were  also  ruled  on  each  of  the  flanges  near  the  central  hole. 
Plates  of  mica  were  then  clamped  over  the  central  holes  by  means  of  brass 
rings,  G,  fig.  1.  The  intersection  of  fine  lines  ruled  on  these  mica  plates,  to  form  a 
continuation  of  the  diametral  lines  ruled  on  the  flanges,  marked  the  axis  of  the  coils. 

That  the  rigidity  of  the  coils  is  quite  satisfactory  is  shown  by  the  measurements 
given  in  the  subsequent  pages,  Avhich  were  made  eighteen  months  after  the 
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grooves  were  turned.  That  the  edges  of  the  grooves  lay  accurately  in  one  plane 
was  shown  by  clamping  a  microsco23e  to  the  lathe  and  rotating  the  coils  while 
the  cross  wire  of  the  microscope  was  adjusted  on  the  edge  of  the  groove.  In  tliis 
way  it  was  found  that  the  sides  of  the  grooves  nowhere  departed  from  a  plane 
by  0'002  centim. 

Small  ebonite  bushes  were  inserted  in  the  Mange  where  the  wires  leading  to  the 
coils  had  to  pass.  The  wire  employed  was  number  34  S.W.G.,  the  uncovered  wire 
having  a  diameter  of  0'023  centim.  This  wire  was  covered  with  three  coatings 
of  white  silk.  In  order  to  allow  of  a  test  of  the  insulation  being  made  after  the 
coils  were  wound,  the  wire  was  wound  double  so  that  each  coil  consisted  of  two 
independent  circuits,  the  wires  of  which  lay  alongside  each  other  throughout  their 
whole  length.  Hence  by  testing  the  insulation  between  these  two  circuits,  and 
between  each  circuit  and  the  flanges,  a  satisfactory  test  of  the  insulation  of  the  wire 
could  be  made.  These  tests,  however,  would  not  allow  of  the  detection  of  the 
short-circuiting  of  one  or  more  turns  of  either  of  the  circuits.  This  point  could  be 
tested  by  sending  the  same  current  through  the  two  circuits  in  opposite  directions. 
The  absence  of  any  magnetic  field  at  the  centre  of  the  coils  showed  that  the 
magnetic  effect  of  each  of  the  circuits  was  the  same,  and  hence,  as  it  is  very  unlikely 
that  exactly  the  same  number  of  turns  of  each  circuit  could  be  short-circuited 
without  a  connection  Ijeing  formed  between  one  circuit  and  the  other,  these  tests 
may  be  taken  as  sufficient.  The  width  of  the  grooves  was  made  such  that  twelve 
turns  of  wire,  that  is  six  turns  of  eacli  circuit,  just  fitted  in.  There  were  eight 
layers  in  each  coil,  and  since  the  two  circuits  were  always  used  in  parallel  this 
gave  48  turns  in  each  coil.  After  winding  each  layer  it  was  given  a  coating  of  weak 
shellac  varnish,  made  by  dissolving  shellac  in  absolute  alcohol.  This  varnish  was 
soaked  up  by  the  silk  covering  of  the  wire  and  served  the  purpose  of  preventing 
the  silk  taking  up  moisture  from  the  air  and  thus  losing  in  part  its  insulating 
properties.  The  wires  joining  the  two  coils  were  led  along  the  cylindrical  surface  of 
the  coils  in  the  same  horizontal  plain  as  the  centre  of  the  coils.  In  this  position 
these  wires  produce  at  the  centre  of  the  coils  no  magnetic  field  which  has  a 
horizontal  component,  and  hence  the  fact  that  they  are  distant  from  one  another  by 
about  1  millim.  from  centre  to  centre  can  produce  ]m  error. 

The  insulation  of  the  circuits  was  tested  before  and  after  the  experiments  and  was 
found  to  exceed  200  megohms  both  from  one  circuit  to  the  other  and  from  each  of 
the  circuits  to  the  flanges.  The  insulation  of  the  rubber-covered  leads  and  of 
the  Pohl  commutator  used  to  reverse  the  current  was  also  tested  and  found 
practically  infinite. 

The  metal  of  which  the  flanges  were  cast  was  specially  mixed  by  the  founders  so 
as  to  avoid  the  presence  of  any  iron,  and  these  castings,  as  well  as  all  metal  used  in 
the  construction  of  the  coils,  were  carefully  tested  for  magnetism  by  means  of  a 
delicate  magnetometer.  The  fact  that  the  instrument  is  free  from  magnetism  was 
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also  tested  by  using  the  magnetometer  which  carries  the  coils  to  measure  H  at  Kew 
while  the  coils  were  in  place.  The  difference  between  the  value  obtained  and  that 
given  by  the  Kew  Observatory  magnetograph  curves  was  the  same  as  the  difference 
when  the  coils  were  removed. 

When  measuring  the  dimensions  of  the  coils  two  micrometer  microscojDes  were 
employed.  These  microscopes  are  attached  to  two  carriages  Avhich  move  along  a 
V-groove  in  a  heavy  iron  bed-plate  and  can  be  clamped  at  any  distance  apart.  By 
means  of  two  brackets  attached  to  the  same  bed -plate,  a  standard  metre  could  be 
supported  in  front  of  the  microscopes.  Readings  on  the  standard  metre  were  taken 
before  and  after  each  set  of  measurements  made  on  the  coils,  and  so  the  screws 
of  the  microscopes  were  only  depended  upon  to  measure  a  fraction  of  a  millimetre  at 
each  end.  The  runs  of  the  micrometer  screws  were  compared  with  the  graduations 
of  the  metre.  The  metre  actually  employed  was  a  brass  one,  with  the  scale  divided  on 

silver.  It  is  of  the  standard  H  section  and  was  made  bv  the  Geneva  Instrument 

»/ 

Company.  The  errors  of  this  metre  for  the  divisions  actually  emjffoyed  were 
determined  by  comparison  with  a  nickel-steel  standard  metre  by  the  same  makers, 
which  has  been  compared  with  the  International  Standards  at  the  Bureau  at 
Sevres.  The  temperature  coefficient  and  the  correction  to  each  reading  having  been 
determined  at  the  Bureau,  the  error  of  the  brass  metre  could  be  calculated.  The 
temperature  coefficient  of  the  brass  metre  does  not  come  into  the  measurements,  as 
the  measurements  on  the  coil  and  the  comparison  with  the  nickel-steel  metre  were 
made  at  the  same  temperature. 

Since  when  the  measurements  were  actually  juade,  the  nickel-steel  metre  had  not 
been  returned  by  the  Bureau,  the  following  measurements  are  given  in  terms  of  the 
brass  metre,  and  a  correction  will  have  to  be  applied  at  the  end  for  the  difference 
between  the  two  metres.  This  difference  was  found  to  be  proportional  to  the  length 
measured,  so  that  it  is  j^i’obably  due  to  the  fact  that  the  temperature  coefficient  of 
the  brass  metre  vdiich  was  assumed  in  reducing  the  results  is  not  quite  correct.  The 
final  result,  however,  is  free  from  any  error  on  this  account. 

In  order  to  determine  the  distance  between  the  mean  planes  of  the  coils,  the 
distance  between  the  outside  edges  and  between  the  inside  edges  was  measured  for 
twelve  positions  equi-distant  round  the  circumference.  To  allow  of  the  setting  ot 
the  cross  wires  of  the  microscopes  being  made  vdth  precision,  the  edges  of  the 
grooves  were  turned  quite  sharp. 

Three  independent  sets  of  measurements  were  made  in  this  way,  one  set  before 
the  magnetic  measurements  and  the  other  two  after.  The  results  obtained,  reduced 
to  a  temperature  of  16°  C.,  are  given  in  the  following  table  : — 
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Distance  between  the  Mean  Planes  of  the  Coils. 


Station. 

Distance  between  mean  planes. 

Width  of  groove. 

I. 

H. 

HI. 

Mean. 

Coil  A. 

Coil  B. 

1 

30-299 

30-295 

30-296 

.30-297 

0-597 

0-590 

2 

30-296 

30-297 

30-300 

30-298 

0-593 

0-591 

3 

.30-299 

30-298 

30-298 

30-298 

0-592 

0-589 

4 

30-301 

30-299 

30-299 

30-300 

0-593 

0-594 

5 

30-300 

30-299 

30-298 

30-299 

0-590 

0-593 

G 

30-299 

30-299 

30-296 

30-298 

0-592 

0-592 

7 

30-303 

30-302 

30-302 

30-302 

0-593 

0-592 

8 

30-299 

30-298 

30-303 

30-300 

0-590 

0-593 

9 

30-300 

.30-298 

30-302 

30-300 

0-592 

0-592 

10 

.30 -.301 

30-301 

30-303 

30-302 

0-592 

0-593 

11 

30-301 

30-299 

30- ,302 

30-301 

0-591 

0-591 

12 

30-301 

30-299 

30-300 

.30-300 

0-592 

0-591 

Mean 

30-2996 

0-592 

0-592 

Correction  for  temperature  of  scale  .  . 

+  -0084 

Mean  distance  at  16°  C.  . 

30-3080 

' 

To  obtain  the  mean  radii  of  the  coils,  the  radii  lielow  the  first  layer  and  over  the 
eighth  layer  were  measured.  These  measurements  were  made  in  two  ways.  In  the 
first  method  a  piece  of  steel  clock  spring  of  such  a  width  that  it  would  fit  into  tlie 
groove  was  reduced  at  either  end  to  half  its  widtli.  A  fine  fiducial  line  was  ruled  at 
one  end,  and  a  scale,  each  division  of  whicli  was  ‘02  inch,  was  ruled  at  the  other  end 
])y  means  of  a  dividing  machine.  Prolongations  of  the  jiart  of  the  spring  used  in 
the  measurements  were  left  at  either  end,  by  holding  which  the  spring  could  be 
wrapped  tightly  round  the  groove.  The  values  of  the  divisions  of  the  scale,  as  well 
as  the  distance  between  the  fiducial  line  and  the  zero  of  the  scale,  were  determined 
in  terms  of  the  standard  metre,  a  second  line  being  ruled  half-way  along  the  strip 
for  this  purpose,  so  that  each  half  was  less  than  a  metre.  In  this  way  the  length  of 
the  circumference  w^as  measured,  and  the  radius  to  be  measured  was  taken  as  the 
radius  calculated  from  this  circumference,  less  half  the  thickness  of  the  steel  tape. 

As  a  check  on  the  measurements  made  with  the  tape,  and  also  to  see  whether  the 
coils  were  truly  circular,  the  diameters  of  the  coils  were  measured  directly  in  six 
directions.  For  this  purjiose,  after  the  magnetic  measurements  were  complete, 
twelve  small  oval  holes  were  milled  through  the  outer  part  of  the  flanges  so  as  to 
expose  the  wire  and  also  the  bottom  of  the  groove.  A  very  light  cut  was  taken,  and 
only  continued  just  down  to  the  surface  of  the  wire,  which  was  not  in  any  way 
displaced.  In  order  to  give  a  sharp  edge,  to  which  the  cross  wire  of  the  microscope 
might  be  set  when  reading  the  outside  diameter  of  the  coil,  two  small  brass  plates, 
about  8  centims.  long  and  of  such  a  thickness  that  they  would  just  fit  into  the 
grooves,  were  prepared.  One  edge  of  each  of  these  plates  was  then  very  carefully 
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turned  so  that  it  had  a  concave  curvature  equal  to  that  of  the  coil  as  deduced  from 
the  tape  measurements.  These  small  curved  gauge-pieces  were  held  against  the 
outside  layer  of  the  vure  by  clamps,  and  their  internal  curved  edges  formed  a  sharp 
line  to  which  the  cross  wires  of  the  microscopes  could  he  adjusted,  these  microscopes 
looking  through  the  holes  in  the  flanges.  Two  independent  sets  of  measui’ements 
v^ere  made  for  each  coil,  and  the  results  are  given  in  the  following  table  : — 


Diameters  outside  Layer  8. 


1 

Coil  A. 

Coil  B. 

Station. 

I. 

II. 

I. 

11. 

1-  7 

60-670 

60-670 

60-677 

60-679 

2-  8 

60-670 

60-671 

60-678 

60-680 

3-  9 

60-662 

60-660 

60-689 

60-688 

4-10 

60-657 

60-658 

60-684 

60-680 

5-11 

60-648 

60-647 

60-666 

60-667 

6-12 

60-664 

60-664 

60-666 

60-669 

Means . 

60-662 

60-662 

60-677 

60-677 

1  Radius . 

30-331 

30-331 

30-339 

30-339 

Correction  for  temperature 
of  scale 

I 

+  -009 

+  -009 

+  -009 

+  -009 

1 

Eadius  at  16° . 

1 

30-340 

30-340 

30-348 

1 

30-348 

i 

It  thus  appears  that  the  maximum  departure  from  a  perfect  circle  amounts  to 
0‘014  centim.  in  coil  A  and  to  O'OII  centim.  in  coil  B.  That  is,  to  about  two  parts 
in  ten  thousand. 

The  results  for  the  external  radius  obtained  by  the  two  methods  are  collected  in 
the  following  table  : — 


Badius  of  Coils  outside  Layer  8  at  16°. 


Method. 

Coil  A. 

Coil  B. 

From  circumference  (1)  .  .  . 

30-346 

30-348 

„  „  (2)  .  .  . 

30-342 

30-349 

,,  diameters  (1)  .... 

30-340 

30-348 

„  (2)  .  .  .  . 

30-340 

30-348 

Means . 

30-342 

30-348 

Of  the  two  values  obtained  by  the  tape  method,  the  first  measurement  was  made 
before  the  magnetic  measurements,  and  for  fear  of  damaging  the  insulation  of  the 
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wire  no  attempt  was  made  to  smooth  down  any  slight  roughness  produced  hy  the 
shellac  varnish  having  stiffened  projecting  filaments  of  the  silk  covering  of  the  wire. 
Before  the  second  set,  however,  such  roughness  was  removed  hy  lightly  rubbing  the 
surface  of  the  coil  with  a  smooth  piece  of  brass.  Hence  the  fact  that  the  first 
measurements  gave  a  larger  value  for  the  radius  is  not  to  he  wondered  at. 

The  radius  below  the  first  layer  was  in  the  same  way  measured  by  the  two 
methods.  The  individual  measurements  of  the  diameters  are  given  in  the  following 
table  : — 

Diameters  at  Bottom  of  Groove. 


Station. 

Coil  A. 

Means. 

Coil  B. 

Means. 

I. 

11. 

I. 

H. 

1-7 

59-960 

59-962 

59-961 

59-962 

59-961 

59-961 

2-8 

59-962 

59-961 

59-962 

59-960 

59-962 

59-961 

3-9 

59-962 

59-962 

59-962 

59-962 

59-962 

59-962 

4-10 

59-963 

59-962 

59-962 

59-960 

59-962 

59-961 

5-11 

59-961 

59-960 

59-961 

59-960 

59-960 

59-960 

6-12 

59-960 

59-961 

59-960 

59-961 

59-962 

59-962 

Means  . 

59-961 

1  _ 

_ 

59-961 

Radius .  .  . 

29-981 

'  - 

— 

29-981 

Correction  for  temperature  of  scale  . 

+  •008 

— 

+  •008 

Radius  at  16^ 

i 

29-989 

— 

— 

29-989 

Radius  ot  Coils  at  Bottom  of  Groove  at  1G°. 


Method. 

Coil  A. 

Coil  B. 

From  circumference  (1) . 

29-991 

29-990 

„  „  (2)  . 

29-991 

29-991 

,,  diameters  (1) . 

29-989 

29-989 

„  „  (2)  . 

29-989 

29-989 

Means  .  .  .  '. . 

29-990 

29-990 

The  mean  radius  of  a  coil  is  only  ec^ual  to  the  mean  of  the  external  and  internal 
radii  if  the  distribution  of  the  wire  throughout  the  cross-section  of  the  coil  is  uniform. 
To  test  this  point,  measurements  made  during  the  winding  of  the  coil  are  useless,  as 
the  winding  on  of  the  upper  layers  is  likely  to  compress  the  lower  layers.  If,  however, 
as  in  the  present  case,  the  wire  has  been  soaked  in  shellac,  so  that  the  turns  are 
bound  together,  the  measurements  taken  when  unwinding  the  coil  are  not  subject  to 
VOL,  CXCVIII, — A.  3  L 
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this  error.  The  circumferences  over  each  layer  were  measured  as  the  coils  were 
unwound,  and  the  readings  of  the  scale  on  the  steel  tape  are  given  in  the  following 
table  : — 


Circumferences  over  the  different  Layers. 


Over  layer. 

1 

Coil  A. 

Difference. 

Coil  B. 

Difference. 

0 

3-0 

5'9 

3-0 

6T 

1  1 

8-9 

9-1 

f 

.5-5 

5-7 

2 

14-4 

5-7 

14-8 

5 ‘5 

3 

20T 

5-3 

20-3 

5'5 

4 

25-4 

5-4 

25-8 

5-4 

5 

30-8 

5-2 

31-2 

5-8 

6 

36-0 

5-3 

37-0 

5-4 

7 

41-3 

5T 

42-4 

4-9 

8 

46-4 

47-3 

This  table  shows  that  ou  the  whole  the  lower  layers  of  wire  are  further  apart  than 
the  upper  layers ;  that  is,  the  mean  radius  of  the  coil  is  really  greater  than  the  mean 
of  the  external  and  internal  radii.  The  differences  between  the  circumference  below 
and  above  the  first  layer  give  the  change  in  circumference  due  to  the  diameter  of  the 
wire.  This  quantity  is  not  given  by  the  difference  of  the  circumferences  of  any 
other  layers,  since  the  circumference  over  any  layer  cannot  be  taken  as  the  true 
circumference  below  the  next  layer,  for  each  layer  sinks  down  a  little  into  the  hollows 
between  the  wires  of  the  layer  beneath.  The  mean  of  the  values  obtained  from  the 
two  coils  is  6'0  divisions.  That  this  value  is  probably  very  near  the  truth,  is  shown 
by  the  fact  that,  if  we  divide  the  mean  value  of  the  width  of  the  groove  by  the 
number  of  turns  of  wire  winch  fill  it,  namely  12,  and  express  the  quotient  as  a  change 
in  circumference  and  in  terms  of  divisions  of  the  steel  tape,  we  get  6‘0  as  the  value. 

Hence,  taking  3'0  as  the  amount  which  has  to  be  deducted  from  the  circumference 
over  any  layer  to  give  the  circumference  of  the  circle  coinciding  with  tlie  axis  of  the 
wire,  we  get  the  following  values  ; — 
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Circumference  corresponding  to  the  Axis  of  the  Wire. 


Layer. 


1 

2 

3 

4 

5 

6 

7 

8 


Means . 

Mean  of  external  and  internal 
circumference  of  coils 


Difference. 


Coil  A. 

Coil  B. 

5-9 

6-1 

11-4 

11.8 

17-1 

17-3 

22 -4 

22-8 

27-8 

28-2  ' 

33-0 

34-0 

38-3 

39-4 

43-4 

44-3  ! 

24-9 

25-5 

24-7 

25-2  ' 

0-2 

0*3 

This  table  shows  that,  to  obtain  the  true  mean  radius  of  the  coils,  we  have  to 
increase  the  mean  of  the  external  and  internal  circumferences  in  the  case  of  coil  A 
by  0'2,  and  in  that  of  coil  B  by  0’3.  Since  one  division  of  the  tape  corresponds  to 
0'015  centim.,  this  corresponds  to  increasing  the  mean  radius  of  coil  A  by 
0‘0016  centim.,  and  that  of  B  by  0’0024  centim.  Hence  : — • 


1 

Coil  A. 

Coil  B. 

1  Mean  of  external  and  internal  radii . 

30T66 

30-169 

Correction  for  distribution  of  wire . 

+  •002 

+  •002 

1  Mean  radius  of  coil . 

1 

30-168 

30-171 

The  mean  radii  of  the  two  coils  being  so  nearly  alike,  we  can  take  the  mean  of  the 
two  numbers  for  the  radius  of  the  pair  of  coils.  Thus  the  mean  radius  of  the  coils  is 
30 T 695  centims.  at  16°.  This  value  of  the  radius,  as  well  as  the  value  of  the  distance 
between  the  mean  planes  of  the  coils  given  on  p.  439,  is  expressed  in  terms  of  the 
brass  metre.  To  reduce  these  numbers  to  true  centims.,  we  have  to  deduct 
O'OOOS  centim.  from  the  mean  radius  and  0'0004  centim.  from  the  half  distance 
between  the  mean  planes.  Thus  the  dimensions  of  the  coils  are  as  follows  : — - 

Mean  radius . 30’1687  centims. 

Half  the  distance  between  mean  planes  .  .  .  15T536  ,, 

Number  of  turns  in  the  two  coils . 96, 

The  coil  constant  F,  which  is  the  field  produced  at  the  centre  of  the  coils  when 
one  ampere  is  passing,  is  thus 

F  =  1-42671 

at  a  temperature  of  16°  C. 

3  L  2 
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The  value  of  F  changes  slightly  with  temperature,  and  assuming  the  coefficient  of 
expansion  of  the  coils  to  be  0'0000187,  a  table  of  the  values  of  F  for  each  degi-ee  of 
the  range  of  ternpei’ature  met  with  duriug  the  observations  was  drawn  ujd. 

A  consideration  of  the  figures  given  in  the  tables  of  measurements  will  show  that, 
as  might  be  expected,  the  greatest  variations  occur  in  the  measurements  of  the 
external  radii  of  the  coils.  Taking  into  account  the  fact  that  the  internal  radii  can 
be  determined  with  more  accuracy,  the  mean  radius  ought  not  to  differ  from  the 
truth  by  as  much  as  0'005  centim.  The  distance  between  the  mean  planes  is 
probably  known  to  within  about  the  same  amount.  Thus  the  uncertainty  ui  F 
appears  to  be  less  than  5  parts  in  30,000.  This  corresponds  to  an  uncertainty  in  H 
of  about  3  in  the  fifth  place. 

The  adjustments  which  have  to  be  made  before  the  coils  are  used  are  as  follows  : — 

1.  The  axis  of  the  coil  must  be  horizontal,  and  the  axis  about  which  it  turns 

vertical. 

2.  The  axis  of  the  coil  must  be  perpendicular  to  the  magnetic  axis  of  the 

magnet. 

3.  The  centre  of  the  coil  must  lie  on  the  vertical  axis  of  the  magnetometer,  and 

the  magnet  must  be  at  the  centre  of  the  coil. 

The  first  of  these  adjustments  was  made  by  means  of  a  striding  level  which  rested 
on  the  flanges  of  the  coils.  The  magnetometer  was  first  levelled  so  that  the  reading 
of  the  striding  level  remained  the  same  when  the  coils  were  rotated.  When  this 
was  complete  the  axis  about  which  the  coils  turned  was  vertical.  To  make  the  axis 
of  the  coils  horizontal,  the  screws  which  bear  on  the  deflection  bar  (D,  fig.  1)  were 
adjusted  till  the  level  reading  remained  the  same  when  the  striding  level  was 
reversed. 

In  making  adjustment  2  it  was  at  first  assumed  that  the  magnetic  axis  of  the 
needle  was  perpendicular  to  the  mirror  attached  to  the  needle.  If  this  be  so,  the 
axis  of  the  coil  will  be  perpendicular  to  the  axis  of  the  magnet  when  it  is  so  adjusted 
that  it  is  perpendicular  to  the  line  joining  the  axis  of  suspension  of  the  magnet  to 
the  zero  of  the  scale,  S  fig.  1.  It  was  ascertained  by  experiment  that  this  line  was 
at  right  angles  to  the  axis  of  the  small  tube  which  is  used  in  the  magnetometer  for 
adjusting  the  height  of  the  deflected  magnet  when  this  tube  was  laid  in  the  V’s 
used  for  supporting  the  magnet  in  the  deflection  experiment.  Thus  it  was  sufficient 
to  make  the  axis-  of  the  coil  coincide  with  the  axis  of  this  sighting  tube.  The 
position  of  the  coil  was  adjusted  by  means  of  the  screws  which  bear  upon  the 
magnetometer  till  the  two  crosses  on  the  mica  discs,  which  indicate  the  centres  of 
the  two  coils,  were  on  the  axis  of  the  sighting  tube.  Separate  experiments  were 
made  in  the  case  of  the  two  magnets  used  in  the  experiments  to  measure  the  angle 
included  between  the  mao-netic  axis  of  the  inannet  and  the  normal  to  the  mirror. 

o  o 

In  the  case  of  the  longer  magnet  this  angle  was  2',  while  in  that  of  the  shorter 
magnet  it  was  38'.  As  the  correction  which  would  have  to  be  applied,  owing  to  the 
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axis  of  the  magnet  not  being  perpendicular  to  the  axis  of  the  coil,  is  proportional  to 
the  cosine  of  this  angle,  there  will  be  no  correction  in  the  case  of  the  longer  magnet. 
The  readings  obtained  with  the  shorter  magnet  will,  however,  require  to  be  corrected 
on  this  account,  that  is,  the  values  of  H  calculated  from  the  deflections  made  with 
this  magnet  will  require  to  he  multiplied  by  cos  38'.  This  correction  amounts  to  a 
little  more  than  one  unit  in  the  fifth  place  in  H. 

Adjustment  3  was  made  by  supporting  a  scribing  block  so  that  tlie  pointer  was  on 
a  level  with  the  centre  of  the  coils  and  then  adjusting  the  jiosition  of  the  coils,  with 
reference  to  the  magnetometer,  till  the  edges  of  the  flanges  just  cleared  the  pointer 
when  the  coils  were  rotated.  This  adjustment  was  further  checked  by  means  of  a 
right-angled  slider,  which  rested  on  the  deflection  bar.  This  slider  was  brought  to 
bear  against  a  flat-headed  screw,  H  fig.  1.  The  heads  of  these  screws  were  adjusted 
by  means  of  distance  pieces  and  a  straight  edge  to  be  at  the  same  distance  from 
the  mean  planes  of  the  two  coils.  When  the  adjustment  was  complete,  it  was  found 
that  the  reading  of  the  slider  on  the  deflection  bar  was  the  same  of  the  two  sides. 
It  was  found,  by  rotating  the  magnetometer  when  a  plummet  was  suspended  in 
jilace  of  the  magnet  and  viewing  the  fibre  just  above  the  plummet  with  a  telescope, 
that  the  axis  of  the  fibre  did  not  differ  from  the  axis  about  which  the  coils  turned 
by  more  than  half  a  millimetre.  The  height  of  the  magnet  was  adjusted  by  bringing 
its  centre  to  lie  on  the  axis  of  the  sighting  tube  which  was  used  in  adjusting  the 
axis  of  the  coils. 

Since  making  one  of  the  above  adjustments  generally  affected  the  others,  a  method 
of  successive  approximations  had  to  be  adopted.  This  was  continued  until  the 
centre  of  the  magnet  did  not  differ  from  the  centre  of  the  coils  by  a  millimetre, 
while  the  axis  of  the  coil  was  accurately  horizontal,  and  the  axis  about  which  it 
turned  vertical. 


Fig.  4. 


General  Arrangement  of  Circuits. — The  general  arrangement  of  the  circuits 
employed  in  the  experiments  is  shown  diagrammatically  in  fig.  4.  In  this  figure  B 
represents  a  battery  of  14  accumulators,  and  D  is  a  switch,  by  means  of  which 
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either  the  silver  voltameters,  V,  or  a  balancing  resistance,  R',  can  be  inserted  in  the 
circuit.  The  resistance  of  the  circuit  could  be  roughly  adjusted  by  means  of  the 
resistance,  R''',  which  consisted  of  a  box  of  manganine  coils,  adjustable  by  tenths  of 
an  ohm.  The  value  of  the  current  was  roughly  indicated  by  a  Weston  ammeter,  A. 
The  final  adjustment  of  the  resistance  of  the  circuit  was  obtained  by  means  of  the 
three  adjustable  carbon  resistances,  E.  Two  of  these  resistances  were  in  parallel, 
and  tlie  other  in  series  with  these.  Each  of  them  consisted  of  about  50  carbon 
jjlates  in  a  narrow  wooden  box,  the  size  of  the  plates  being  9  centims.  by  6  centims. 
and  0’6  centim.  thick.  By  means  of  a  screw  passing  through  one  end  of  the  box 
the  carbon  plates  could  be  compressed,  and  thus  the  resistance  altered. 

The  standard  resistance  coils,  the  potential  between  the  terminals  of  which  was 
kept  equal  to  the  E.M.F.  of  the  standard  cell,  were  j^laced  in  an  oil  bath  at  F.  The 
leads  to  the  coil  in  the  magnetic  experiments  could  be  inserted  in  the  circuit  at  H. 
A  Pohl  commutator  inserted  in  these  leads  allowed  of  the  current  being  reversed  in 
the  coil  without  its  reversal  in  the  resistance  coils  F. 

The  potential  circuit  included  the  two  standard  resistance  coils  F,  the  cadmium 
cell  C,  a  resistance  of  10,000  ohms  R'",  a  key  J  on  the  depression  of  which  the 
circuit  was  broken  and  hence  the  galvanometer  zero  could  be  determined,  and  a 
galvanometer  G.  The  galvanometer  was  one  designed  by  the  author  and  constructed 
in  the  Laboratory.  It  has  a  resistance  of  about  570  ohms,  and  has  four  coils  each  of 
half-an-inch  in  diameter.  The  needle  system  consists  of  two  sets  of  magnets,  the 
individual  magnets  being  about  3  millims.  long,  suspended  by  a  long  quartz  fibre. 
The  magnet  system  was  rendered  astatic,  so  that  the  distance  between  the  two  sets 
of  magnets  only  amounting  to  ‘5  inch,  the  field  produced  by  the  Helmholtz  galvano¬ 
meter  when  at  a  distance  of  3  metres  produced  no  deflection.  A  small  magnetized 
sewing  needle  was  used  to  bring  the  needle  system  into  any  desired  azimuth.  The 
position  of  the  magnet  system  was  observed  by  means  of  a  telescope  and  scale,  and 
the  sensitiveness  of  the  arrangement  was  such  that  a  change  in  the  resistance  of  the 
main  circuit  of  1  in  12,000  produced  a  deflection  of  6  scale  divisions  (millimetres). 
It  was  a  matter  of  comjjarative  ease,  by  manipulating  the  screws  of  the  carbon 
resistances,  to  keep  the  current  so  constant  that  the  galvanometer  deflection  never 
exceeded  a  millimetre,  that  is,  to  keep  the  current  constant  to  within  1  part  in 
120,000. 

By  means  of  two  resistance  boxes  and  a  single  accumulator  a  potentiometer 
arrangement  was  provided  by  means  of  which  the  E.M.F.’s  of  the  standard  cells 
could  be  compared  amongst  themselves  to  within  1  part  in  30,000.  Such  a 
comparison  was  always  made  before  and  after  each  silver  depositioji.  As  no 
difterence,  amounting  to  1  part  in  10,000,  was  ever  detected,  the  E.M.F.  of  the  cell 
actually  used,  which  was  changed  from  one  experiment  to  the  next,  was  taken  as 
being  the  same  as  the  mean  E.M.F.  of  all  the  cells. 

In  performing  the  magnetic  experiments  the  two  standard  resistance  coils  F  Avere 
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placed  in  series,  and  the  potential  circuit  included  either  (1)  both  coils  in  series, 
(2)  coil  No.  2  only,  (3)  coil  No.  3  only,  or  (4)  in  one  set  of  measurements  a  third 
10  ohm  coil  (No.  1941)  was  placed  in  series  with  the  other  two,  and  all  three  were 
included  in  the  potential  circuit.  By  thus  altering  the  resistance  between  the 
terminals  of  which  the  potential  dilference  was  made  equal  to  the  E.M.F.  of  the 
standard  cell  included  in  the  potential  circuit,  as  well  as  by  using  either  one  or  two 
cells  in  this  circuit,  it  was  possible  to  get  a  considerable  range  of  values  for  the 
current  in  the  coils. 

The  procedure  adopted  in  an  experiment  was  for  the  observer  at  the  galvanometer 
to  adjust  the  carbon  resistances  till  the  galvanometer  was  not  deflected,  the  other 
observer  then  adjusted  the  Helmholtz  galvanometer  so  that  the  magnet  was  in  its 
standard  position  with  regard  to  the  coils.  A  note  of  the  time,  the  temperatures  of 
the  cell  and  the  resistance  coils,  and  the  azimuth  reading  of  the  Helmholtz  galvano¬ 
meter  having  been  made,  the  current  was  reversed.  Two  settings  were  made  with 
the  current  in  this  reversed  direction,  and  then  a  second  setting  with  the  current  in 
the  original  direction.  These  four  readings  constituted  a  set  of  readings  such  as  are 
shown  in  a  single  line  of  the  table  given  on  p.  456. 

The  Standard  Resistance  Coils. — Three  10-ohm  resistance  coils  were  employed  in 
the  experiments.  Of  these  one  (No.  1941)  is  a  manganine  standard  coil  of  the 
German  pattern  made  by  Hartmann  and  Braun.  Immediately  after  the  magnetic 
experiments  the  resistance  of  this  coil  was  carefully  compared  with  those  of  the  other 
two  coils,  and  then  it  was  sent  off  to  the  Beichsanstalt  to  be  compared  with  their 
standards,  when  its  resistance  was  found  to  be  the  same  as  when  compared  some 
years  previously.  The  other  two  coils  (Nos.  2  and  3)  were  manganine  coils  of  the 
German  pattern  made  by  the  author  in  1897.  They  were  “aged”  by  being  heated 
for  several  days  to  140°  C.,  the  silk-covered  wire  being  protected  by  a  coating  of 
shellac  varnish  made  with  absolute  alcohol.  All  three  coils  are  of  such  a  form  that, 
when  in  use,  they  can  be  immersed  in  oil,  the  oil  being  allowed  to  flow  freely  over 
the  wire.  The  oil  in  the  bath  was  kept  well  stirred,  a  propeller  driven  by  an  electric 
motor  being  used  during  the  silver  depositions,  which  caused  violent  motion  of  the 
oil  over  the  wire  of  the  coils.  By  comparing  the  resistance  of  one  of  these  oils  with 
that  of  a  coil  made  of  very  much  thicker  uncovered  wire  stretched  on  a  frame  in  an 
oil  bath,  when  traversed  by  different  currents,  it  was  found  that  the  maximum 
current  used,  0'2  ampere,  produced  no  error  in  the  value  obtained  for  the  resistance 
amounting  to  1  in  10,000.  When  making  the  magnetic  observations  the  current  was 
not  so  large  (‘05  ampere)  as  in  the  case  of  the  silver  depositions,  and  it  was  only  kept 
flowing  for  a  comparatively  short  time,  hence  a  paddle  worked  by  hand  was  considered 
sufiicient  to  stir  the  oil.  The  temperature  of  the  oil  was  read  by  means  of  a  thermo¬ 
meter  graduated  in  tenths  of  a  degree.  The  errors  of  this  thermometer,  as  well  as 
those  of  all  the  other  thermometers  employed,  were  determined  by  comparison  with 
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Fig.  5. 


a  standard  thermometer  graduated  in  tenths  of  a  degree  which  has  been  tested  at  the 
Reichsanstalt. 

Since  the  maximum  current  which  could  be  used  in  the  magnetic  experiment  was 
such  that,  if  this  current  had  been  used  w^hen  making  the  silver  depositions,  then  in 
order  to  obtain  a  sufficiently  heavy  deposit  of  silver  the  deposition  would  have  taken 
eight  hours,  an  arrangement  was  employed  by  which  the  two  resistance  coils  F  could 
be  placed  in  series  wffien  making  the  magnetic  measurements,  and  in  parallel  when 
making  the  silver  depositions.  Thus  the  resistance  was  four  times  as  great  during 
the  magnetic  experiments  as  during  the  silver  depositions.  The  resistances  of  the 
two  coils  were  so  very  nearly  equal  that  no  error  was  caused  by  taking  their  resistance 
in  parallel  as  equal  to  a  quarter  of  the  sum  of  their  resistances.  In  order  to  make 

the  change  from  the  series  arrangement  to 
the  parallel  arrangement  Avithout  disturbing 
the  coils  the  connector  shown  in  fig.  5  was 
used.  Stout  copper  bars  AF,  BC,  DE 
(section  3  sq.  centims.)  were  screwed  to  a 
marble  base.  The  terminals  of  one  of  the 
resistance  coils  fitted  into  two  cups  A,  B 
and  those  of  the  other  into  E,  F,  The 
terminals  were  soldered  into  these  cups  by  amalgamating  tliem  and  also  the  cups  and 
then  fusing  some  Wood’s  metal  in  the  cup.  Two  mercury  cups  C  and  D  could  be 
connected  by  a  short  copper  rod.  Wires  M,  L  and  K  were  soldered  into  the  cups  E, 
B,  A,  and  were  used  to  connect  the  potential  circuit.  When  the  coils  were  used  in 
series,  the  connector  between  C  and  D  was  removed,  and  the  main  circuit  connected 
to  the  binding  screws  H  and  J,  the  wires  L  and  M  being  used  to  connect  the 
potential  circuit.  When  the  coils  were  to  be  used  in  parallel  the  connector  was 
inserted  and  the  leads  of  the  main  circuit  moved  to  the  binding  screws  G  and  J,  the 
wires  K  and  M  being  used  for  the  potential  circuit.  Experiment  showed  that  the 
increase  in  the  resistance  of  one  arm,  when  the  coils  are  in  parallel,  due  to  the 
connector  l^etween  C  and  D,  is  inappreciable. 

The  Cadmium  Cells. — It  had  been  originally  intended  to  use  Clark  cells,  and  two 
dozen  cells  Avere  prepared  in  1897  according  to  the  specification  giAmn  by  Kahle.^ 
An  equal  number  of  cadmium  cells  was  prepared  at  the  same  time,  accordin 
to  instructions  given  by  Jager  and  Wachsmuth.I'  The  materials  used 
preparing  both  kinds  of  cells  Avere  obtained  from  Kahlbaum  of  Berlin.  When,  in 
the  autumn  of  1900,  the  Clark  cells  AAmre  conq^ared  amongst  themsehms,  it  AA'as 
found  that  although  the  cells  Avere  kept  in  an  ice  safe  for  tAvo  weeks,  they  did  not 
agree,  the  differences  amounting  to  about  4  parts  in  10,000.  The  cadmium  cells, 
on  the  other  hand,  in  no  case  exhibited  a  differences  of  1  part  in  15,000,  and  this 

‘  Zeits.  fur  Instrumentenkunde,’  1893,  p.  191. 
t  ‘Wied.  Ann.,’  vol.  59,  575,  1896, 
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when  the  cells  were  simply  kept  in  a  water-bath  standing  in  the  room,  and  no 
precautions  were  taken  to  keep  the  temperature  of  the  bath  constant.  Since, 
however,  the  temperature  of  the  room  seldom  differed  from  between  17°  and  20°, 
no  rapid  changes  in  temperature  took  place. 

The  difference  between  the  agreement  of  the  two  kinds  of  cell  being  so  marked, 
it  was  decided  to  use  the  cadmium  cells  to  the  exclusion  of  the  Clark  cells.  The 
cadmium  cell  has  the  further  advantage  that  its  temperature  coefficient  is  only 
about  one-thirtieth  of  that  of  the  Clark  cell,  and  that  there  is  much  less  lag  when 
the  temperature  is  changing.  Again,  it  was  found  that  although  a  cadmium  cell 
was  accidentally  short-circuited,  its  E.M.F.  regained  the  normal  value  in  the  course 
of  a  few  hours.  The  temperature  coefficient  of  the  cells  was  measured  between  16° 
and  26°,  and  the  value  obtained  agreed  with  that  given  by  Jagee,  and  Wachsmuth.’^' 
It  has  been  shown  by  these  observers  that,  at  temperatures  below  15°,  the  cadmium 
cell  is  unreliable,  hence  in  aU  the  observations  the  temperature  of  the  cells  was  kept 
above  this  temperature.  In  the  actual  observations,  the  cells  were  placed  in  a  water 
or  oil  bath,  which  was  kept  stirred,  and  the  temperature  was  noted  at  each  reading. 

The  Silver  Depositions. — In  a  paper!  by  the  author  and  the  late  Mr.  J.  W.  Rodger, 
it  was  first  jDomted  out,  that,  if  a  solution  of  silver  nitrate  is  electrolysed  for  some 
time,  a  silver  anode  being  used,  the  weight  of  silver  deposited  by  the  passage  of 
unit  quantity  of  electricity  gradually  increases,  this  increase  amounting  in  time  to 
about  1  part  in  1,000.  It  was,  however,  found  that  freshly  prepared  solutions  of 
silver  nitrate  gave  the  same  weight  of  deposit,  whether  the  salt  used  was  simply 
“  pure  re-crystallized,”  as  obtained  from  Messrs.  Hopkins  and  Williams,  or  whether 
this  salt  had  been  frequently  re-crystallized  or  even  fused.  These  observations  have 
been  confirmed  by  subsequent  observers,  and  KahleJ  has  published  the  results  of  a 
most  extended  and  careful  set  of  observations  carried  out  at  the  Reichsanstalt,  on 
the  behaviour  of  the  silver  voltameter.  He  is  not,  however,  able  to  explain  the 
change  which  takes  place  when  the  solution  has  been  used. 

More  recently,  Richards,  Collins,  and  Heimrod§,  have  attacked  the  problem 
and  shown  that  the  increase  in  the  weight  of  the  deposit  is  due  to  the  formation, 
during  electrolysis,  of  some  substance  in  the  neighbourhood  of  the  anode,  and 
that  it  is  this  substance  which,  diffusing  through  the  liquid,  reaches  the  kathode 
and  causes  the  deposit  of  the  additional  silver.  These  observers  seem  to  adopt 
the  explanation  tentatively  given  by  Rodger  and  Watson,  that  the  effect  is  due 
to  the  formation  of  silver  ions  having  a  larger  electro-chemical  equivalent  than 
the  ordinary  silver  ions,  that  is  to  the  formation  of  complex  silver  ions. 

In  order  to  prevent  the  diffusion  of  these  anomalous  ions  to  the  neighbourhood  of 

*  Loc.  cit. 

t  ‘Phil.  Trans.,’  A,  vol.  186,  631,  1895,  H. 

X  ‘  Wied.  Ann.,’  vol.  67,  1,  1899. 

§  ‘  Proc.  Amer.  Acad,  of  Arts  and  Science,’  vol.  35,  123,  1899  ;  also  ‘  Z.,  Phys.  Chem.,’  vol.  32,  321,  1900. 

VOL.  CXCVIII. — A.  3  M 


450  PROFESSOR  W.  WATSON  ON  A  DETERMINATION  OF  THE  VALUE  OF 


the  kathode,  Richards,  Collins,  and  Heimrod  have  devised  a  new  form  of  volta¬ 
meter  in  which  the  anode  is  surrounded  by  an  earthenware  j)orous  pot,  the  level 
of  the  solution  being  kept  lower  inside  the  pot  than  outside.  They  find  that  this 
porous  pot  form  of  voltameter  consistently  gives  values  for  the  electro-chemical 
equivalent,  which  are  0‘082  per  cent,  lower  than  the  values  given  by  the  ordinary 
Rayleigh  form  of  voltameter. 

As  this  new  form  of  voltameter  apjieared  as  if  it  might  offer  some  advantages 
over  the  Rayleigh  pattern,  two  voltameters  were  always  placed  in  the  cmcuit  when 
making  the  measurement,  one  being  a  porous  pot  voltameter,  and  the  other  a 
Rayleigh  voltameter. 

The  porous  pot  voltameter  was  a  close  copy  of  that  originally  used  by  the  inventors, 

and  is  shown  in  fig.  6.  The  platinum  basin  A  rested 
in  a  circular  hole  cut  in  a  piece  of  sheet  copper  attached 
to  an  ebonite  base.  The  silver  anode  B  was  held  in 
a  spring  clip  attached  to  an  arm  carried  by  the  metal 
upright  C.  A  second  arm  D,  carried  a  glass  ring  from 
which  the  porous  jDot  was  suspended  by  platinum 
wires.  When  in  use,  the  platinum  basin  contained 
about  75  cub.  centims.  of  solution,  and  afforded  a 
kathode  surface  of  about  80  sq.  centims.  The  anode 
was  a  rod  of  pure  silver  1  centim.  in  diameter,  and 
the  anode  surface  was  about  10  sq.  centims.  The 
silver  from  which  the  anodes  were  made  in  both  forms 
of  voltameter,  was  obtained  from  the  Royal  Mint 
through  the  kindness  of  Sir  William  Roberts-Austen, 
and  Dr.  T.  K.  Rose. 

The  Rayleigh  voltameter  consisted  of  a  platinum  bowl  7 '5  centims.  in  diameter, 
containing  about  55  cub.  centims.  of  solution,  the  kathode  surface  being  about 
80  sq.  centims.  The  anode  consisted  of  a  small  silver  plate  with  upturned  corners, 
the  anode  surface  being  about  10  sq.  centims.  The  anode  was  wrapped  in  a  small 
Swedish  filter  paper. 

A  solution  containing  20  grammes  of  crystallized  silver  nitrate  to  80  grammes  of 
water  was  used.  The  solution  was  always  tested,  and  found  to  be  neutral  to  test 
paper.  The  same  solution  was  never  used  in  the  voltameter  twice,  so  that  even  at 
the  end  of  a  deposition  the  amount  of  silver  deposited  from  the  solution  in  the 
porous  pot  voltameter  was  only  0‘02  gramme  per  cub.  centim.,  and  in  the  Rayleigh 
voltameter,  0‘03  gramme  per  cub.  centim. 

The  weight  of  silver  dejaosited  was  obtained  by  means  of  a  Bunge  balance  fitted 
with  a  microscope  to  read  the  movements  of  the  pointer.  The  sensitiveness  of  this 
balance  was  such,  that  when  loaded  with  one  of  the  platinum  basins,  a  tenth  of  a 
milligramme  produced  a  deflection  of  three  scale  divisions.  The  weights  employed 


Fig.  6. 
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were  calibrated  at  the  Standards’  Office,  and  the  author’s  best  thanks  are  due 
to  Mr.  Chaney  for  his  kindness  in  supplying  him  with  the  corrections.'^'  The 
method  of  substitution  was  employed  in  the  weighings,  two  auxiliary  sets  of  weights 
being  used,  one  to  counterpoise  the  empty  crucible,  and  the  other  to  counterpoise  the 
silver.  Since  the  weights  employed  to  weigh  the  silver  consisted  of  a  brass  one- 
gramme  weight,  and  0'64  gramme  in  platinum,  the  mean  density  of  the  weigiits  was 
10 ’6.  The  density  of  silver  being  10 ’4,  no  correction  had  to  be  applied  on  account 
of  the  air  displaced  to  reduce  the  weights  to  vacuo. 

The  time  during  which  a  deposition  lasted  (2  hours)  was  taken  with  a  chronometer, 
the  rate  of  which  was  determined  each  day  by  means  of  time  signals  from 
Greenwich. 

KAHLEf  having  shown  tliat  the  weight  of  silver  deposited  depends  to  a  slight 
extent  on  whether  the  deposition  takes  place  on  a  platinum  surface,  or  whether  there 
is  already  some  silver  in  the  hasin,  it  was  decided  to  always  start  with  the  basins 
free  from  silver,  as  in  this  way  identical  conditions  in  the  various  measurements  can 
most  easily  be  secured.  The  silver  deposit  was  first  rinsed  with  distilled  water  three 
times,  the  water  being  left  in  the  basin  for  about  10  minutes  in  each  case.  The 
hasin  was  then  allowed  to  soak  in  water  for  at  least  3  hours.  It  was  then  dried  by 
being  heated  for  about  10  minutes  over  a  spirit  lamp  and  placed  in  a  desiccator  to 
cool.  The  hasin  was  left  in  the  balance  case,  in  which  was  jjlaced  a  dish  of  calcium 
chloride,  for  at  least  half-an-hour  before  the  final  weighing.  In  order  to  make 
certain  that  the  silver  nitrate  was  completely  removed  from  the  deposited  silver,  the 
water  in  which  the  basin  had  soaked  for  3  hours  was  always  tested  with  dilute 
hydrochloric  acid.  If  no  milkiness  was  produced,  it  was  assumed  that  the  deposit 
was  free  from  the  salt. 

A  consideration  of  the  numbers  given  in  the  table  on  p.  453  will  show  that  the 
weight  of  silver  obtained  in  the  porous  pot  voltameter  is  less  than  that  in  the  Hayleigh 
voltameter,  the  mean  difference  being  0'43  milligramme  in  U638  grammes,  or 
0'026  per  cent.  This  is  considerably  less  than  the  difference  (0'082  per  cent.) 
obtained  by  PtiCHARDS,  Collins,  and  Heimrod.  These  experimenters  do  not  state 
in  their  paper,  whether  the  solution  they  used  in  the  Rayleigh  form  of  voltameter 
was  quite  unused.  If  it  had  been  used  several  times,  the  high  value  they  obtained 
might  be  accounted  for.  In  the  five  consecutive  experiments  they  quote,  the  excess 
of  the  Rayleigh  over  the  porous  pot  deposits  amounts  to  0’074,  0'080,  0'090,  0‘094, 
0'072  per  cent.  With  the  exception  of  the  last  value  there  seems  some  evidence  for 
a  steady  rise,  as  though  the  solution  employed  were  gradually  getting  aged. 

On  the  whole,  the  weights  of  silver  obtained  with  the  porous  pot  voltameter  are 
slightly  more  concordant  than  with  the  Rayleigh  form,  but  there  does  not  seem  much 

*  The  weights  used  have  also  been  compared  with  a  1-gramme  weight,  the  value  of  which  has  been 
supplied  by  the  International  Bureau  at  Sevres,  Jan.,  1902. 

t  Loc.  cit. 
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advantage  in  this  respect.  The  advantage  of  the  porous  pot  would  j^robably  be  much 
greater  in  those  cases  where  a  larger  weight  of  silver  per  cub.  centim.  of  the  solution  was 
deposited  during  the  electrolysis.  The  porous  pot  voltameter  has  one  disadvantage 
compared  with  the  Rayleigh  pattern  in  that  its  resistance  is  considerable,  and  that 
this  resistance,  unless  suitable  precautions  are  taken,  will  vary  very  considerably. 
Of  course  this  change  of  resistance  will  not  be  of  any  consequence,  when  we  simply 
wish  to  compare  the  weights  of  silver  dej)osited  in  two  voltameters  placed  in  series. 
More  frequently,  however,  the  problem  is  to  use  the  voltameter  to  measure  a  current, 
so  that  changes  in  the  resistance  of  the  circuit,  accompanied  as  they  must  be  by 
changes  in  current,  are  objectionable.  If  the  porous  pot  used  in  the  voltameter  is  dry 
when  inserted  in  the  voltameter  or  has  been  soaking  in  water,  then  for  the  first  hour 
the  resistance  of  the  voltameter  will  decrease  very  considerably  and  irregularly. 
Thus,  it  was  found  that  the  increase  in  the  resistance  which  had  to  be  made  to  keep 
the  current  in  the  circuit  constant,  even  when  the  total  resistance  of  the  circuit 
amounted  to  over  120  ohms,  was  so  great  as  to  make  it  almost  impossible  to  maintain 
a  proper  balance  in  the  potential  circuit.  Further  it  was  impossible  to  adjust  a 
balancing’  resistance,  to  be  switched  out  of  the  circuit  when  the  voltameter  was 
switched  in,  so  that  no  harmful  change  ot  current  took  place  at  the  start  of  a 
deposition. 

The  above  objections  were  to  a  great  extent  got  over  by  keeping  the  porous  pots, 
when  not  in  use,  in  a  jar  of  the  same  solution  as  that  used  in  the  voltameters.  Thus 
the  pores  of  the  porous  jjot  were  filled  with  the  solution  even  at  the  commencement 
of  a  deposition.  The  balancing  resistance  w’as  generally  so  well  adjusted  that  on 
switching  in  the  voltameters  the  current  did  not  differ  from  its  proper  value  by  more 
than  1  part  in  10,000,  and  even  this  small  want  of  balance  could  be  set  right  by 
altering  the  carbon  resistances  in  a  few  seconds.  The  current  was  kejDt  constant 
throughout  the  deposition  by  means  of  these  same  carbon  resistances,  which  as  long 
as  the  plates  are  not  too  slack,  are  to  all  intents  and  purposes  perfect  in  the  way 
they  behave. 

In  the  following  table  are  given  the  w^eights  of  silver  obtained  in  the  various 
experiments,  some  of  which  were  made  before  and  some  after  the  magnetic  observa¬ 
tions.  In  order  to  be  able  to  compare  the  different  measurements  the  E.M.F.  of  the 
cadmium  cell  reduced  to  20°  as  calculated  from  the  weight  of  silver  deposited, 
assuming  the  electro-chemical  equivalent  of  silver  as  0'001118,  is  given  in  each  case. 
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Weights  of  Silver  Deposited. 


Temperature  of — 

Weight  of  Silver. 

E.M.F.  of  cell  at  20°  C.  in  inter¬ 
national  volts  from — 

Cell. 

Resistance. 

1 

Rayleigh 

voltameter. 

Porous  pot 
voltameter. 

Rayleigh. 

Porous  pot. 

°C. 

°C. 

grams. 

grams. 

18-8 

21-7 

1-6381 

1-6383 

1-0189 

1-0190 

18-6 

21-5 

,  1-6386 

1-6385 

1-0191 

1-0187 

19-8 

23-2 

'  1-6384 

1-6380 

1-0192 

1-0190 

18-8 

21-8 

1-6385 

1-6381 

1-0191 

1-0189 

17-6 

19-8 

!  1-6387 

1-6384 

1-0190 

1-0188 

19-7 

21-9 

1-6387 

1-6379 

1-0193 

1-0188 

19-0 

21-0 

1-6383 

1-6380 

1-0189 

1-0188 

16-1 

17-2 

1-6393 

1-6389 

1-0190 

1-0188 

16-6 

18-3 

1-6388 

1-6386 

1-0189 

1-0187 

17-2 

20-2 

i  1-6389 

1-6383 

1-0191 

1-0188 

17-4 

2M 

i  1-6388 

1-6383 

1-0192 

1-0189 

19-4 

20-2 

1-6389 

1-6381 

1-0192 

1-0187 

20-3 

21-0 

1-6387 

1-6382 

1-0192 

1-0189 

20-0 

20-3 

1-6388 

1-6385 

1-0192 

1-0190 

17-6 

18-0 

2-0015 

2-0009 

1-0190 

1-0187 

Mean 

— 

:  — 

— 

1-01909 

1-01884 

The  Magnetic  Experiments. — An  attempt  was  at  first  made  to  carry  out  the 
magnetic  measurements  at  South  Kensington,  the  earth’s  field  being  also  measured 
by  means  of  the  magnetometer  which  supported  the  coils,  which  magnetometer  had 
been  frequently  compared  with  the  Kew  standard  instrument.  It  was,  however, 
found  that  the  magnetic  disturbance  produced  by  an  electric  railway  was  so  great  as 
to  jirevent  observation  except  at  such  time  as  the  trains  do  not  run,  namely, 
between  1.30  a.M.  and  4.15  a.m.  Observations  were  made  during  four  nights,  but 
owing  to  the  short  time  available,  during  which  measurements  of  H  had  to  be  made 
both  with  the  coil  and  with  the  magnetometer,  and  also  probably  to  the  fact  that 
observing  in  the  middle  of  the  night  after  a  day’s  work  does  not  conduce  to  the 
accuracy  with  which  the  magnetometer  settings  can  be  made  (always  a  trying 
process),  the  results  were  not  so  concordant  as  had  been  expected. 

In  this  difficulty  the  Director  of  the  National  Physical  Laboratory  was  good 
enough  to  put  one  of  the  magnetic  huts  at  Kew  at  the  author’s  disjiosal  for  a  week, 
and  so  the  magnetic  observations  were  made  there.  This  arrangement  was  a  distinct 
advantage,  since  it  obviated  the  necessity  of  comparing  the  value  of  H  at  South 
Kensington  and  at  Kew.  No  silver  depositions  were  made  at  Kew,  but  several 
were  made  immediately  before  and  after  the  Kew  observations.  Six  of  the  cadmium 
cells  were  taken  to  Kew  and  were  used  in  turn.  These  cells  were  compared  with 
the  remaining  cells  which  were  left  at  South  Kensington  before,  during,  and  after 
their  use  at  Kew.  The  differences  however  were  always  less  than  1  part  in  20,000. 
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The  following  table  contains  a  summary  of  the  results  obtained.  The  value  of  H 
given  in  the  twelfth  column  is  derived  from  the  reading  of  the  recording  magneto¬ 
graph,  the  value  of  the  base  line  of  the  trace  being  deduced  from  the  sets  of  absolute 
measurements  made  with  the  Observatory  standard  instruments,  by  the  Observatory 
staff,  during  January  and  February,  1901.  The  values  of  H  obtained  wdth  the  coil 
when  using  the  shorter  of  the  two  magnetic  needles,  which  are  indicated  by  an  S 
placed  in  the  ninth  column,  have  been  corrected  for  the  inclination  of  the  magnetic 
axis  of  this  needle.  That  is,  the  values  of  H  have  been  multiplied  by  cos  38'.  This 
reduces  the  value  of  H  by  0 '0000 12. 

In  obtaining  the  value  of  TI,  given  in  this  table,  the  same  values  for  the  resistance 
of  the  coils  have  been  used  as  were  employed  in  deducing  the  E.M.F.  of  the  cadmium 
cells  in  the  talJe  on  p.  455.  Also  the  mean  value  of  the  E.M.F.,  as  deduced  from 
the  llayleigh  voltameter  there  given,  was  used  as  corresponding  to  the  E.M.F.  of 
the  cell  at  20°  C.  Hence  the  value  of  H  given  does  not  depend  in  any  way  on  the 
absolute  value  of  the  resistances,  or  of  the  E.M.F.  of  the  cadmium  cell,  but  only  on 
the  value  assumed  for  the  electro-chemical  equivalent  of  silver,  wJrich  was  taken 
as  O'OOlllS  in  the  case  of  the  Rayleigh  form  of  voltameter. 

Column  1  contains  the  number  of  the  experiment,  col.  2  the  date,  3  the  time, 
4  the  temperature  of  tlie  cadmium  cell,  5  the  temperature  of  the  resistance  coils, 
6  the  temperature  of  the  Helmholtz  galvanometer,  7  the  number  of  cadmium  cells 
which  were  included  in  the  potential  circuit,  8  the  numbers  of  the  resistance  coils 
between  the  terminals  of  which  the  difference  of  potential  was  adjusted  to  balance 
the  E.M.F.  of  the  number  of  cells  given  in  column  7,  9  the  deflection  of  the 
Helmholtz  galvanometer,  10  the  value  of  H  deduced  from  the  galvanometer 
deflection,  11  the  value  of  H  as  obtained  from  the  magnetograph  trace,  and  12  the 
difference  between  the  values  of  H  given  in  the  two  preceding  columns. 
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The- coils  are  so  constructed  that  they  can  be  turned  through  180°  with  reference 
to  the  magnetometer  on  which  they  are  carried.  Observations  1  to  17  and  46  to  63 
were  made  with  the  coils  in  one  position,  and  observations  18  to  45  with  the  coils 
reversed.  The  mean  values  for  the  difference  in  the  two  jDositions  are  0 '000002 
and  0 '0000 13,  which  agree  to  nearly  1  part  in  20,000. 

Since  the  values  of  H,  given  in  column  10  of  the  above  Table,  are  obtained  by 
taking  the  electro-chemical  equivalent  of  silver  as  0'001118,  they  correspond  to 
international  units.  Thus  the  measurements  lead  to  the  result,  that  the  absolute 
measurements  of  the  earth’s  field  made  at  Kew  Observatory  with  the  standard 
magnetic  instruments,  give  a  value  O'OOOOOf  C.G.S.  unit  lower  than  the  value  of  this 
field,  measured  in  international  units. ^ 

The  mean  value  for  the  difference  when  the  6  centims.  long  magnet  was  used  in 
the  Helmholtz  galvanometer  is  0'000008,  while  the  mean  value  obtained  with  the 
3  centims.  needle  is  0 '000006.  It  is  thus  evident  that  the  two  needles  give  the  same 
value,  and  hence  the  neglecting  of  the  length  of  the  needle  in  the  expression  used  to 
reduce  the  observations  is  justified. 

It  will  be  seen  that  the  value  of  H  olDtained  with  the  Helmholtz  galvanometer 
agrees,  within  the  limits  of  errors  of  experiment,  with  the  value  given  by  the  Kew 
Observatory  standard  instruments.  These  measurements  therefore  afford  evidence  of 
the  accuracy  of  the  Kew  instruments,  as  against  the  values  given  by  many  instruments 
of  a  similar  type  which  have  been  compared  with  those  of  the  Observatory.  Since, 
however,  the  accuracy  of  the  values  given  by  the  galvanometer  dej^ends  on  the  accuracy 
with  which  we  know  the  value  of  the  electro-chemical  equivalent  of  silver,  it  is 
necessary  to  discuss  the  measurements  which  have  been  made  of  this  quantity.! 

The  various  values  which  have  been  obtained  for  the  electro-chemical  equivalent  of 
silver  by  different  observers  are  given  in  the  following  table  ; — 

1.  Mascart  (1882) .  0-0011156.  ‘  J.  de  Phys.,’  ii,  1,  109,  1882,  and  ii,  3,  283,  1884. 

2.  Kohlrausch,  F.  and  W.  (1884)  0-0011183.  ‘  Wied.  Ann.,’  27,  1,  1886. 

3.  Eayleigh  (1884) .  0-0011179.+  ‘Phil.  Trans.,’  411,  Part  ii,  1884. 

4.  POTIER  and  Pellat  (1890)  .  .  0-0011192.  ‘  J.  de  Phys.,’  ii,  9,  381,  1890. 

5.  Patterson  and  Guthe  (1898)  .  0-0011192.  ‘Phys.  Eev.,’  7,  257,  1898. 

6.  Kahle  (1899) .  0-0011183.  ‘Wied.  Ann.,’  59,  532,  1896. 


*  Owing  to  a  mistake  in  the  corrections  originally  applied  to  the  weights  used  in  the  silver  depositions, 
the  numbers  given  in  the  al)stract,  which  appeared  in  the  Proceedings  of  the  Eoyal  Society,  vol.  69,  p.  1, 
recpiire  correction.  January,  1902. 

t  By  an  international  ampere  is  meant  the  current  which,  when  passed  through  a  solution  of  silver 
nitrate  in  water  prepared  in  accordance  Avith  a  certain  specification,  deposits  sih'er  at  the  rate  of 
0-001118  gramme  per  second.  The  international  ohm  is  the  resistance  of  a  column  of  mercury  at  the 
temperature  of  melting  ice,  the  mass  of  which  is  14-4521  grammes,  the  cross-section  constant  and  the  length 
106-3  centims.  The  international  volt  is  the  E.M.F.,  Avhich,  applied  at  the  ends  of  a  conductor  of  resist¬ 
ance  one  international  ohm,  produces  a  current  of  one  international  ampere. 

I  The  Aveights  of  sih-er  used  in  obtaining  this  result  are  those  after  the  silver  had  been  heated  to 
incipient  redness.  If  the  AA^eights  after  heating  to  160°  C.  are  taken,  the  value  0-0011181  is  obtained. 


THE  EAETH’S  MAGNETIC  FIELD  IN  INTERNATIONAL  UNITS. 


457 


The  most  probable  value  for  the  electro-chemical  equivalent  of  silver  can  hardly  l)e 
obtained  by  taking  a  mean  of  these  numbers,  for  not  only  is  the  accuracy  attained  in 
some  of  the  measurements  much  greater  than  that  attained  in  the  others,  but  also 
the  condition  of  the  silver  nitrate  solution  employed  was  diflPerent  in  the  different 
cases.  The  measurements  numbered  1  and  4  in  the  above  table  may  at  once  be 
neglected,  for  not  only  do  the  values  obtained  indicate  that  the  accuracy  of  the 
measurements  was  not  very  great,  but  also  this  ojiinion  is  confirmed  by  a  study  of 
the  original  papers.  Of  the  remainder,  numbers  5  and  6  are  the  only  ones  in  which 
any  information  is  given  as  to  the  state  of  the  silver  nitrate  solution.  Rayleigh  and 
Kohlrausch  used  neutral  solution  which  had  not  received  any  special  treatment,  but 
they  do  not  give  any  information  as  to  the  amount  of  silver  which  had  been 
deposited  from  each  cubic  centimetre  of  the  solution,"^  and  so  we  are  not  able  to  tell 
whether  the  solution  was  fresh,  i.e.,  had  lost  very  little  silver,  or  whether  it  had 
already  been  electrolysed  to  such  an  extent  as  to  cause  the  weight  of  silver  deposited 
to  be  greater  than  the  normal.  Patterson  and  Guthe  treated  their  solution  with 
silver  oxide,  since  they  found  that  the  weight  of  silver  deposited  by  a  solution 
treated  in  this  manner  was  more  constant  than  in  the  case  of  an  untreated  solution, 
and  also  with  a  view  to  insuring  that  the  solution  should  always  be  neutral.  They 
did  not,  however,  use  a  fresh  solution  for  each  deposition,  the  used  solution  being  in 
each  case  returned  to  the  stock  bottle,  and  no  mention  is  made  of  the  quantity  of 
silver  which  had  been  deposited  before  the  measurements  recorded  in  their  paper. 
There  is  no  doubt,  however,  that  their  solution  had  been  used  considerably.  Now, 
KahleI  has  shown  that  the  treatment  of  silver  nitrate  solution  with  silver  oxide 
causes  the  weight  of  silver  deposited  by  one  coulomb  to  increase  by  5  parts  i]i 
10,000.  He  bas  also  shown  that  the  addition  of  silver  oxide  does  not  do  away  witli 
the  rise  in  the  weight  of  the  deposit  as  the  solution  is  used.  Its  effect,  as  indeed  is 
the  rate  at  which  the  rise  itself  takes  jilace,  is  quite  irregular.  On  account  of  the 
treatment  with  silver  oxide,  the  solution  employed  will  certainly  give  a  value  for  the 
electro-chemical  equivalent  which  is  liigher  than  the  normal.  Making  use  of 
Kahle’s  value  for  the  effect  of  the  treatment  with  silver  oxide,  the  value  which 
Patterson  and  Guthe  would  have  obtained  with  untreated  solution  would  be 
0'0011186.  Even  this  value  is,  on  account  of  the  solution  employed  being  old, 
probably  considerably  higher  than  would  have  been  obtained  by  these  observers,  if 
they  had  used  a  fresh  solution. 

Kahle  did  not  directly  measure  the  electro-chemical  equivalent,  but  he  measured 
by  means  of  an  electro-dynamometer  the  E.M.F.  of  a  Clark  cell,  and  he  then  used 
this  cell  in  conjunction  with  the  same  resistance  coils  which  had  been  used  in  the 
previous  experiment  to  measure  the  current  which  he  sent  through  the  sih  er 

*  The  quantity  of  silver  nitrate  in  the  solution  remains,  of  course,  unaltered,  l)irt  the  above  is  a  us(4ul 
measure  of  the  amount  a  solution  has  been  electrolysed. 

t  ‘  Brit.  Assoc.  Rep.,’  p.  148,  1892,  and  ‘  5Vied.  Ann.,’  vol.  G7,  p.  1,  1899. 
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voltameter.  In  the  silver  depositions  fresh  solution  was  always  used,  and  the  silver 
was  always  deposited  in  basins  which  had  already  a  coating  of  silver.  The  value  for 
the  electro-chemical  equivalent  obtained  was  0‘0011185.  This  number  has  to  be 
reduced  by  1  part  in  10,000  if  the  deposit  takes  place  on  a  platinum  surface,  as  has 
been  shown  by  Kahle.  Thus  for  a  deposit  made  on  a  platinum  surface  the  value  of 
the  electro-chemical  equivalent  is  0‘0011184.  Kahle  also  measured  the  E.M.F.  of  a 
cadmium  cell  by  comparison  with  the  Clark,  and  then  used  this  cell  to  measure  the 
electro-chemical  equivalent  of  silver.  In  this  way  he  obtained  the  va,lue  0‘0011183 
for  a  deposit  on  silver,  or  0 '001 11 82  for  a  deposit  on  platinum.  Thus  the  mean  value 
for  a  deposit  on  platinum  is  0‘0011183. 

Taking  into  consideration  that  these  measurements  of  Kahle’s  appear  to  have 
been  made  with  great  care  and  with  the  resources  of  the  Keichsanstalt,  and  further, 
that  the  conditions  under  which  the  silver  was  de230sited  are  well  defined  and  are  the 
same  as  those  used  by  the  author,  it  would  seem  that  the  best  available  value  for  the 
electro-chemical  equivalent  at  the  joresent  date  is  0’0011183. 

A  consideration  of  what  has  been  said  alcove  will  show  what  grave  objections  there 
are  to  the  silver  voltameter  as  a  means  of  measuring  a  current  where  an  accuracy 
greater  than  1  part  in  1000  is  required.  For  this  reason  Kahle  has  recommended 
that  a  standard  cell  (Clark  or  cadmium)  together  with  a  known  resistance  is  a  much 
more  trustworthy  means  of  measuring  a  current.  Now  in  the  experiments  described 
in  this  paper  the  resistance  coils  employed  were  compared  together  immediately  after 
the  magnetic  experiments,  and  then  coil  No.  1941  was  sent  to  the  Keichsanstalt  to 
1)e  compared  with  the  German  standards.  Hence,  knowing  the  values  of  the  resis¬ 
tances  used  in  the  potential  circuit,  we  can  calculate  the  current  emj)loyed  in  the 
magnetic  experiments  if  we  know  the  E.M.F.  of  the  cells. 

In  order  to  employ  this  method  a  second  set  of  cadmium  cells'^  and  of  Clark  cells 
were  prepared  according  to  the  German  directions,  from  a  fresh  batch  of  chemicals 
obtained  from  Kahlbaum  by  Mr.  F.  E.  Smith,  one  of  the  Demonstrators  in  the 
Physical  Laboratory  at  the  Ptoyal  College  of  Science.  This  new  batch  of  cadmium 
cells  was  compared  with  the  old  cells,  and  they  were  found  to  have  an  E.M.F. 
0 ‘000 17  volt  higher  than  the  old.  The  Clark  cells  were  compared  with  the  cadmium 
cells  by  means  of  a  potentiometer  arrangement  which  contained  one  standard 
1000-ohm  coil,  three  standard  100-ohm  coils,  one  standard  1-ohm  coil,  and  a  box 
containinof  1  ohm  s.ub-divided  into  tenths.  Two  accumulators  sent  a  current  through 
these  coils  placed  in  series  and  through  a  box  of  resistance  coils  and  a  carbon 
adjustable  resistance.  Two  potential  circuits  were  arranged  which  could  by  means  of 
a  switch  be  connected  to  the  galvanometer  in  turn.  One  of  these  cii'cuits  included 

*  These  new  cadmium  cells  had  as  negative  poles  an  amalgam  containing  12-7  jier  cent,  of  cadmium, 
while  in  the  old  cells  the  amalgam  contained  14  per  cent,  of  cadmium.  The  reason  for  the  change  is 
that  the  amalgam  containing  the  smaller  percentage  of  cadmium  is  more  stable  (see  ‘  Drude  Ann.,’  vol.  3, 
p.  3G6,  1900). 
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the  1000  a.nd  the  300-ohm  standard  coils,  also  a  single  cadmium  cell.  The  other 
circuit  included  two  of  the  100-ohm  standard  coils,  the  1-ohm  standard  coil  and  tlie 
sub-divided  ohm,  which  had  been  calibrated  at  the  Reichsanstalt.  This  circuit  also 
included  two  Clark  cells  placed  in  series  with  three  cadmium  cells,  the  Clark’s  and 
cadmiums  being  placed  so  as  to  oppose  each  other. 

When  jDerforming  an  ex23eriment  the  resistance  of  the  main  circuit  was  adjusted 
till  no  current  passed  in  the  circuit  containing  the  single  cadmium  cell,  so  that  the 
current  was  known  in  terms  of  the  E.M.F.  of  a  cadmium  cell.  Then  the  switch  was 
moved  over  and  the  plugs  in  the  sub-divided  ohm  were  adjusted  till  there  was  no 
current  in  the  circuit  containing  the  two  Clark’s  and  three  cadmiums  ;  when  the 
E.M.F.  of  the  combination  was  equal  to  the  product  of  the  resistance  included  in  this 
potentiometer  ch’cuit  into  the  current  flowing  in  the  main  circuit,  which  was  itself 
known  from  the  previous  balancing.  By  one  or  two  successive  approximations  it  was 
possible  to  arrange  so  that  there  was  balance  for  both  j3ositions  of  the  switch,  or,  at 
any  rate,  that  the  position  of  balance  lay  between  two-tenths  of  an  ohm  in  the  circuit 
containing  the  two  Clark’s  and  three  cadmiums,  when  the  resistance  for  exact  balance 
was  obtained  by  galvanometer  deflections.  This  arrangement  was  found  very 
convenient,  and  by  simply  changing  one  connection,  so  as  to  make  one  of  the 
secondary  circuits  include  only  the  sub-divided  ohm,  it  could  be  used  for  comparing 
the  cells  of  the  two  kinds  among  themselves.  In  this  w*ay  it  was  found  that  the  ratio 
of  the  Clark’s  at  0°  to  the  old  cadmiums  at  20°  was  1‘4227,  and  the  ratio  to  the  new 
cadmiums  was  1’4224. 

From  these  results  it  follows  that  if  the  E.M.F.  of  the  old  cadmium  cells  is  UOIOO!), 
as  found  from  the  silver  depositions,  then  the  E.M.F.  of  the  new  cadmium  cells  at  20° 
is  1'01926,  and  that  of  the  Clark  cells  at  0°  is  1'4498,  the  E.M.F.  being  in  each  case 
expressed  in  international  volts.  Taking  the  mean  of  the  old  and  new  cadmiums,  the 
E.M.F.  of  this  ty^^e  of  cell  is  1‘01917. 

When  considering  the  values  for  the  E.M.F.  of  these  two  tyjDes  of  cells  -we  liave  to 
distinguish  two  classes  of  determinations,  viz.,  tliose  in  which  the  E.M.F.  has  been 
detei'inined  directly  in  absolute  measure  and  those  in  which  the  current  used  to 
measure  the  E.M.F.  has  itself  been  measured  by  means  of  the  silver  voltameter.  The 
results  obtained  by  the  first  class  will  be  exjDressed  in  C.G.S.  units,  while  those  in  the 
second  class  wull  be  in  international  volts.  The  following  table,  as  far  as  the  author 
Is  aware,  contains  all  the  measurements  with  any  pretensions  to  accuracy  whicli  have 
been  made  up  to  the  present  time.  The  class  to  which  the  various  measurements 
belong  is  indicated  by  the  column  in  which  the  result  obtained  Is  set  down.  Thus  all 
the  results  given  in  terms  of  international  volts  were  obtained  by  the  use  of  the  silver 
voltameter. 
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Rayleigh* . 

Glazebrook  and  SkinneuI 

KahleJ . 

Carhaet  and  Guthe§  .  . 

Clark  at  15°.  '  Clark  at  0°. 

Cadmium  at  204 

C.G.S. 

Int.  V. 

C.G.S. 

Int.  V. 

C.G.S. 

Int.  V. 

1-4344 

1-4324 

1-4333 

1-4344 

1-4342 

1-4328 

1-4488 

1-4492 

1-0183 

1-0186 

From  the  above  table  it  will  be  seen  that  the  value  obtained  by  Kahle  for  the 
E.M.F.  of  the  Clark  is  lower  than  the  values  obtained  by  other  observers.  This 
cannot  be  entirely  due  to  a  true  difference  in  the  E.M.F.  of  the  cells  employed,  for 
direct  comparisons  have  been  made  between  the  German  cells  and  those  of  Glaze- 
BEOOK  and  Skinner  and  of  Carhaet  and  Guthe.  In  this  way  it  was  found  that 
the  E.M.F.  of  the  cells  used  by  Glazebrook  and  Skinner,  which  were  of  the  Board 
of  Trade  pattern,  were  O'OOOS  volt  higher  than  the  German  (H-form),  while  the 
cells  used  by  Carhaet  and  Guthe  (H-form)  had  the  same  E.M.F.  to  within  1  part 
in  10,000  as  the  German.  The  difference  seems  to  be  due  to  the  determination  of 
the  E.M.F.  In  the  case  of  the  values  exjiressed  in  international  volts,  this  difference 
is  most  probably  due  to  the  silver  voltameter  used  in  measuring  the  current.  Thus, 
if  the  silver  nitrate  solution  is  not  fresh,  so  that  the  electro-chemical  equivalent  is 
really  greater  than  O’OOlllB,  the  value  obtained  for  the  E.M.F.  on  the  supposition 
that  the  electro-chemical  equivalent  is  O'OOlllS  will  be  too  great. 

Carhart  and  Guthe  used  the  same  instrument  for  measuring  the  current  as  was 
employed  by  Patterson  and  Guthe  in  measuring  the  electro-chemical  equivalent. 
It  consists  of  a  torsion  electro-dynamometer  in  which  the  movable  coil  is  wound  on 
ebonite.  In  addition  to  the  difficulty  in  measuring  with  the  required  accuracy  the 
mean  radius  of  a  coil  of  the  size  employed  (radius  5  centims.)||  there  is  the  further 
objection  that  the  coil  was  wound  on  an  ebonite  reel  which  was  by  no  means  of 
constant  size.  Thus  Carhart  and  Guthe  found  that  the  shrinkage  was  sufficientlv 

O  «/ 

great  to  warrant  them  in  giving  a  set  of  measurements  made  only  four  days  before 
the  measurements  of  radii  only  half  weight.  For  the  above  reasons  the  author  does 
not  consider  that  these  observations  are  of  as  much  weight  as  those  of  Bayleigh  or 
Kahle.  IIayleigh’s  cells  were  prepared  under  very  much  the  same  conditions  as 
those  of  Glazebrook  and  Skinner,  who,  as  a  matter  of  fact,  took  one  of  Rayleigh’s 

*  ‘Phil.  Trans.,’  p.  411,  Pt.  IF,  1884,  and  p.  781,  Pt.  IF,  1885. 

t  ‘  Phil.  Trans.,’  A  183,  p.  567,  1892. 

I  ‘  'Wiecl.  Ann.,’  59,  532,  1896. 

§  ‘Phys.  Eev.,’  9,  288,  1899. 

!l  To  obtain  an  accuracy  of  1  part  in  10,000  in  the  E.M.F.,  the  mean  radius  must  be  known  to  within 
0‘0005  centim. 
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cells  as  a  standard  in  their  determinations.  Hence  we  may  apply  the  difterence  found 
between  Kahle’s  cells  and  those  of  Glazebrook  and  Skinner  to  PtAYLEiGii’s  cells. 
Thus,  reduced  to  the  German  type  of  cell,  the  values  obtained  by  these  two  observers 
for  the  E.M.F.  of  a  Clark  cell  at  15°  are  : — - 


C.G.S. 

Internationiil  volts. 

Rayleigh  .  .  . 

1-4339 

1-4339 

Kahle . 

1-4324 

1-4328 

Difference  .... 

0-0015 

0-0011 

The  divergence  between  the  two  results  is  still  greater  than  one  would  exjiect,  taking 
into  consideration  the  precautions  taken  in  the  exjieriments. 

The  only  experimenter  who  has  made  accurate  measurements  of  the  E.M.F.  of  the 
cadmium  cell  is  Kahle. 

Taking  the  mean  of  Rayleigh’s  and  Kahle’s  values  for  the  E.M.F.  of  the  Clark 
cell  as  being  the  E.M.F.  of  the  South  Kensington  Clark’s,  and  Kahle’s  value  for 
the  E.M.F.  of  the  cadmium  cell  as  corresponding  to  the  mean  of  all  the  cadmium 
cells  set  up  at  South  Kensington,  we  can  calculate  what  is  the  E.M.F.  of  the  old 
cadmiums  as  deduced  from  these  various  data.  The  results,  together  with  that 
deduced  from  the  silver  depositions,  are  given  in  the  following  table. 


E.M.F.  of  the  Old  Cadmium  Cells  at  20°. 


International  volts. 

From  silver  depositions . 

1-01909 

From  Kahle’s  value  tor  Cd.  cells  .... 

1-01855 

From  the  Clark  cells . 

1-01898 

Mean . 

1-01888 

Hence,  giving  ecjual  weight  to  each  of  these  methods  of  obtaining  the  E.M.F.  of  the 
cadmium  cells  used  in  the  magnetic  experiments,  we  get  a  value  0 ’00021  volt  lower 
than  that  used  in  the  reductions  already  considered.  Making  this  change  we  find 
that  the  difference  between  the  values  of  H,  as  given  by  the  coil  and  by  the 
observatoiy  instruments,  is  —  0'00002  C.G.S.  unit. 

Using  all  the  available  data,  we  may  therefore  say  that  the  number  given  by  the 
Kew  Observatory  standard  magnetic  instruments  for  the  horizontal  component  of  the 
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earth’s  magnetism  is  higher  than  the  value  measured  in  international  units  hy 
0 '00002  C.G.S.  unit. 

If  the  true  value  of  the  electro-chemical  equivalent  of  a  fresh  solution  of  silver 
nitrate  is  0'0011183,  as  found  by  Kahle,  then  the  dilference  between  the  galvano¬ 
meter  value  for  H  and  the  Observatory  value  becomes  —  O'OOOOI  C.G.S.  unit  ;  in 
this  case  the  field,  as  measured  by  the  coil,  is  exjmessed  in  C.G.S.  units,  and  the 
number  is  derived  from  the  silver  depositions  only. 

Since  the  observations  with  the  galvanometer  were  made  in  the  new  magnet-house, 
while  the  absolute  measurements  with  the  Observatory  instruments  are  made  in  the 
old  magnet-house,  which  is  at  a  distance  of  about  35  yards  from  the  new  one,  any 
difference  in  the  value  of  H  inside  the  two  houses  will  appear  as  a  difference  between 
tlie  two  methods.  With  regard  to  this  the  Director  of  the  National  Physical 
Laboratory  writes  : — “  Such  observations  as  we  have  do  not  show  any  evidence 
of  a  systematic  difference  in  the  value  of  H  in  the  two  houses.  They  are  not,  how¬ 
ever,  accurate  to  less  than  2y  or  3y  (2  or  3  in  the  fifth  place)  ;  and  the  point  is  one 
which  we  intend  to  investigate  more  fully.  With  regard  to  the  difference  in  the 
values  of  H  as  given  by  the  galvanometer  method  and  magnetometer  method 
respectively,  I  should  like  to  point  out  that  Dr.  Chree  in  some  recent  papers  has 
called  attention  to  one  or  two  sources  of  small  error  or  uncertainty  in  the  magneto¬ 
meter  method  which  may  possibly  go  some  way  to  account  for  the  difference.  He 
hopes  to  investigate  this  point  shortly  ;  when  this  has  been  done  it  would  be 
desirable  to  have  some  further  comparisons  between  the  two  methods,  more  especially 
as  the  temperature  conditions  in  the  early  part  of  February  were  not  well  suited  for 
the  work.” 

In  conclusion,  the  author  wishes  to  olfer  his  thanks  to  Dr.  Glazebrook  and 
Dr.  Chree  for  their  kind  assistance  while  he  was  making  the  observations  at  Kew. 
He  is  also  very  much  indebted  to  his  colleague,  Mr.  F.  E.  Smith,  who  gave  him 
invaluable  assistance  in  making  tlie  observations  at  Kew,  as  well  as  in  the  silver 
depositions  and  the  preparation  of  the  standard  cells.  His  thanks  are  also  due  to 
the  Government  Grant  Committee,  who  defrayed  the  cost  of  constructing  the 
instruments  used  in  the  investigation. 
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XI.  The  Tensity  and  Coefficient  of  Cvhical  Exytansion  of  Ice. 

By  J,  H.  Vincent,  D.Sc.,  B.A.,  St.  Johns  College,  Cambridge, 

Communicated  by  Professor  J.  J.  Thomson,  F.R.S, 


Received  January  22, — Read  February  6,  1902, 

These  are  perhaps  no  subjects  in  the  domain  of  experimental  physics  which  call 
more  urgently  for  attention,  than  investigations  into  the  properties  of  water  in  its 
various  states  of  aggregation.  And  of  the  various  points  which  still  need  studjg 
the  latent  heat  of  fusion  is  without  doulit  the  most  pressing.  The  method  whicli 
promises  to  yield  a  reliable  result  for  this  determination,  requires  a  knowledge  of  the 
density  of  ice  at  0°  C. 

The  Bunsen  Ice  Calorimeter  has,  in  the  hands  of  Dieterici  and  other  Continental 
pliysicists,  recently  become  an  instrument  of  precision,  but  the  results  which  this 
apparatus  is  capalde  in  itself  of  yielding,  are  unavailable  to  Science  owing  to  the 
lack  of  an  accurate  knowledge  of  the  density  and  latent  lieat  of  ice. 

But  as  Griffiths  remarks,  “  There  can  be  but  little  doubt  that  the  mass  of 
mercury  expelled  from  a  Bunsen  Calorimeter  by  tbe  subtraction  of  a  definite  tliermal 
unit,  is  a  quantity  that  can  be  and  doubtless  will  1)e  determined  with  accuracy.” 
(Griffiths,  ‘  Phil.  Trans.,’  A,  vol.  186,  1895,  p.  265.)  It  was  with  the  o1)ject  of 
contributing  something  to  the  solution  of  tliis  proldem  that  the  investigation  to  lie 
detailed  subsequently  was  undertaken. 


Previous  Methods  and  Residts. 

The  first  paper  of  importance,  as  regards  scientific  accuracy,  on  these  subjects  was 
published  by  Brunner  in  1845  (‘ Pogg.  Ann.,’  vol.  140,  p.  113,  1845),  lint  liefore 
treating  of  his  paper,  we  may  glance  at  the  state  of  knowledge  on  the  subject  when 
he  attacked  it.  He  was  led  to  take  up  the  research  by  the  fact  that  Petzholht 
(Petzholdt,  ‘  Beitriige  zur  Geognosie  von  Tyrol,’  1843)  had  announced  that  ice 
expanded  when  its  temperature  was  lowered.  Petzholdt  olitained  this  result 
experimentally,  and  proceeded  to  found  thereon  a  new  theory  of  glacier  action  which 
had  the  effect  of  bringing  his  paper  into  prominent  notice.  The  idea  that  ice  contracted 
on  warming  was  an  old  one,  and  had  been  originally  mooted  by  Musschenbroek, 
(a  310.)  "  13..5.1902 
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a  hundred  years  previously.  (Musschexbeoek,  ‘  Essai  de  Physique,’  Leyden,  1739.) 
Mairan  also  supported  it  by  exjDeriments  published  ten  years  later.  (Maieax, 
‘Dissertations  sur  la  Glace,’  Paris,  1749.)  But  Heixrich  in  1807  had  obtained  a 
positive  coefficient.  (Heixrich,  ‘Gilbert’s  Annalen,’  vol.  26,  ji.  228,  1807.)  His 
result,  obtained  by  the  direct  determination  of  the  change  in  length  of  a  bar  of  ice, 
yields  the  value  ’000024  as  the  linear  coefficient  for  a  degree  centigrade.  This 
observer  also  found  the  density  of  ice  to  be  ’905.  Thus  the  subject  stood  when 
Bruxxer  commenced  his  experiments. 

Bruxxer  started  experimenting  in  the  direction  of  preparing  air-free  ice  from 
boiled  distilled  water,  but  failed  to  obtain  it  free  from  air  bubbles.  Even  when  he 
covered  the  surface  of  the  water  with  turpentine  immediately  after  boiling,  the 
product  had  still  to  be  rejected  owing  to  its  being  full  of  small  cracks ;  so  that  he 
was  led  to  use  selected  pieces  of  river  ice. 

The  method  consisted  in  weighing  the  ice  in  air,  and  in  either  turpentine  or 
petroleum,  which  latter  liquid  had  the  advantages  :  1.  Of  its  smaller  density  ;  2,  Its 
freedom  from  solvent  action.  He  determined  the  density  of  the  liquid  by  weighing 
a  piece  of  glass  in  it  immediately  before  and  after  weighing  the  ice,  and  he  sub¬ 
sequently  weighed  the  same  j^iece  of  glass  in  water  at  different  temperatures.  He 
satisfied  himself  by  direct  experiment  that  by  determining  the  temperature  of  the 
oil  he  also  obtained  the  temperature  of  the  ice  suspended  in  it.  The  whole  of  the 
operations  were  conducted  in  a  laboratory,  the  temperature  of  which  never  rose 
above  freezing  point.  After  making  due  allowance  for  the  buoyancy  of  air,  the 
re.sult  for  the  specific  gravity  of  ice  at  0°  C.,  referred  to  water  at  0°  C.,  was  ’9180, 
or  ’9179  as  the  density  in  grammes  per  cub.  centim.  The  linear  coefficient  of 
expansion  was  ’OOOOSfo,  which  Bruxxer  remarks  was  greater  than  that  pre¬ 
viously  found  for  any  other  solid. 

The  paper  of  Petzholdt  also  set  Struve  to  work  about  the  same  time 
Fig-  1-  (Struve,  ‘  Pogg.  Ann.,’  vol.  66,  p.  298).  He  obtained  the  value  'OOOOoSl 

0  for  the  linear  coefficient  per  0°  C.,  using  long  bars  of  artificial  ice  in  his 


./ 


G 


M 


experiments. 

Marchaxd  (‘Journ.  f  prakt.  Chemie,’  vol.  35,  p.  254),  using  a  dilato- 
meter  of  glass  containing  mercury  and  the  ice  to  be  experimented  on, 
obtained  '0000350  for  the  linear  coefficient,  but  did  not  state  the  kind  of  ice 
used. 

The  dilatonietric  method  was  also  employed  in  1852  by  Plucker  and 
Geissler  (‘Pogg.  Ann.,’  vol.  86,  p.  265,  1852),  who  determined  the  density 
and  dilatation  of  artificial  ice.  They  used  a  dilatometer  of  a  remarkabl}" 
elegant  design  (see  fig.  1).  The  cylinder,  M,  of  thin  glass  is  open  at  the 
liottom,  and  has  a  capillary  tube,  c,  inside  it.  This  tube  is  sealed  into  the 
cylinder,  M,  and  also  into  the  outer  cylinder,  N,  at  one  end.  At  the  other  end 
of  the  outer  cylinder  was  another  capillary  tube,  and  in  the  preliminary  part 
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of  tlie  experiment,  this  tube  reached  as  far  as  o  only.  The  coefiicient  of  expansion  of 
the  glass  was  first  determined  by  preliminary  experiments  with  mercury.  To 
partially  fill  the  inner  cylinder  with  water,  a  bulb  provided  with  a  small  opening  at 
the  top  was  sealed  on  at  c..  This  bulb  was  filled  with  distilled  watei',  and  after  this 
had  been  boiled  for  some  time  the  upper  orifice  of  the  bulb  was  sealed.  During  this 
operation  the  opening  at  o  had  been  closed,  but,  after  cooling,  l)oth  the  upper  sealed 
point  in  the  ljulb  and  o  were  simultaneously  opened.  Water  flowed  into  M, 
expressing  an  equal  volume  of  mercury.  The  trd^e  at  o  was  again  closed,  and  the 
Avater  in  the  fine  capillary  at  c  was  displaced  by  slightly  warming  the  apparatus. 
This  caused  the  mercury  in  Avhich  the  central  capillary  dipped  to  rise,  aiid  the  bulb 
was  then  removed  by  sealing  off  at  c.  Finally  the  capillary  tid^e  fd  o  was  sealed 
on  at  0,  and  the  position  of  the  end  of  the  column  of  mercury  marked  on  tlie  tid)e 
after  the  Avhole  apparatus  had  been  reduced  to  0°  G.  On  fieezing,  the  water  in 
the  inner  glass  vessel  expanded,  and  breaking  the  inner  cylinder,  relieved  itself  from 
constraint. 

T1  le  mean  residt  foi'  the  increment  in  volume  of  unit  of  volume  of  Avater  at  0°  Cf, 
on  changing  to  ice  at  0°,  AA'as  ’09195,  Avhich  is  equivalent  to  ’91507  for  the  density 
at  0°,  Avhile  ’0001585  Avas  olfiained  for  the  coefiicient  of  cidfical  expansion. 

The  next  observations  Avith  Avhich  it  is  necessary  to  deal  are  those  of  Dufour 
(‘  Comptes  Rendus,’  vol.  54,  p.  1080).  Having  previously  experimented  by  finding  the 
density  of  a  mixture  of  alcohol  and  Avater  in  Avhich  ice  floated  in  neutral  equilibiium, 
he  published  in  1802  an  account  of  experiments  in  Avhich  a  mixture  of  chloroform 
and  petroleum  Avas  used  in  preference  to  the  former  liquid,  which  dissoDes  ice.  By 
taking  tlie  mean  of  16  experiments,  he  olfiained  ’9178,  Avdth  a  probable  error  of  ’0005, 
as  the  specific  graxhty  referred  to  Avater  at  0'^  C.  He  employed  the  Amine  ’000158  for 
the  coefiicient  of  expansion  for  reducing  his  results.  The  ice  used  Avas  prepared 

from  Avater  boiled  in  vacuo,  and  although  free  from  air  bidAbles  Avas  “  opaline  ”  in 

appearance. 

Bunsen’s  celebrated  paper  on  Calorimetry  appeared  in  1870 
(‘ Pogg.  Ann.,’  vol.  141,  p.  1,  1870).  Amongst  other  researches 
included  in  this  memoir  is  a  determination  of  the  density  of  ice  at 
0°  C.,  by  a  dilatometric  method  which,  according  to  the  illustrious 
author,  completely  eliminated  the  errors  Avhich  had  rendered  previous 
estimations  uncertain. 

Bunsen’s  dilatometer  is  shown  in  fig.  2.  It  consisted  of  a  thick- 
Avalled  U-tube  of  hard  glass  draAvn  out  at  a,  and  this  A-vas  filled  Avith 

mercury  up  to  the  leA-ml,  h,  Avhich  Avas  boiled  for  some  time.  Boiled 

Avater  Avas  sucked  into  the  apparatus,  and  rested  on  the  mercury 
at  b.  This  water  was  then  boiled  in  the  tube  for  half  an  hour,  the 
end  a  being,  by  means  of  a  rubber  tube  c,  led  under  the  surface  of 
Avater,  Avhich  Avas  also  kept  boiling.  The  dilatometer  Avas  alloAved  to 
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cool,  while  the  vessel  into  ’which  c  dipped  was  kept  boiling  ;  the  side  of  the  tnhe 
a  h  then  became  completely  tilled  with  air-free  water,  and  the  point  a  was  then 
sealed  off.  By  weighing  before  and  after  tilling  with  water,  the  mass  of  water  taken 
was  olffained.  The  other  lindj  of  the  U-tube  ’was  now  filled  with  mercury,  and  the 
water  was  frozen  by  subjecting  it  to  cold  in  such  a  way  that  the  water  froze  ffom 
above  downwards.  The  ice  thus  formed  was  absolutely  clear.  The  cork  and  capillary 
tulje  slnwvii  in  the  figure  ’were  then  inserted,  and  the  whole  apparatus  surrounded 
with  dry  snow.  The  mass  of  the  vessel  B  and  its  contained  mercury  was  noted.  On 
melting  and  again  reducing  to  0°,  re-weighing  the  vessel  B  provides  the  other  datum 
requisite  to  conq)ute  the  density  of  ice  at  0°  C.  Bunsen’s  mean  value  was  ‘DlGfT. 

No  experiments  on  these  subjects  seem  to  have  been  published  again  until  quite 
i-ecent  times,  when  Nichols  brought  out  his  paper  on  the  density  of  ice  in  1899 
(‘Physic.  Beview,’  vol.  8,  January,  1899).  Leaving  the  theoretical  jiortion  of  this 
memoir  out  of  consideration  for  tlie  present,  we  find  that  Nichols  determined  the 
density  of  artificial  and  natural  ice  by  several  methods. 

Method  1.  Specific  Gravitij  Bottle. — The  apparatus  consisted  of  a  specific  gravity 
bottle  fitted  with  a  tube  (see  fig.  3),  round  ’which  a  cylinder  of  ice  was  formed.  The 
unfrozen  water  was  shaken  out,  and  the  whole  again  subjected  to  cold: 
by  Aveig’hing  in  a  laboratory,  whose  teniperature  was  below  freezing  point, 
the  mass  of  ice  taken  ’was  found.  The  bottle  was  now  filled  up  with  cold 
mercury,  the  stopper  inserted,  and  the  whole  left  in  an  ice  bath  oveiiiight 
with  the  stopper  dipping  in  mercury.  Finally,  the  stopper  was  dipped 
iido  a  w^eighed  quantity  of  mercury,  the  ice  permitted  to  melt,  and  the 
Avhole  apparatus  again  reduced  to  U°  Ft  The  loss  of  weight  of  the 
mercury  into  which  the  stopper  dipped,  gave  the  means  of  computing 
the  density  of  the  ice  mantle  at  0°  C.  free  from  any  error  due  to  defoiina- 
tion  of  the  Task  on  filling  with  mercury.  The  result  for  the  density  from  a  single 
experiment  was  ’9 16 1 9. 

Method  2.  Brunner’s  Metliod. — Nichols  employed  refined  petroleum,  and 
weighed  seyeral  varieties  in  it,  again  working  in  a  laboratory  below  freezing  point. 
The  results  were  reduced  to  0°  C.,  by  employing  the  value  '00015  for  the  coeflicient 
of  culiical  expansion.  The  results  obtained  were  - 


Kind  of  ice. 

Densit}^  at  0“  C. 

Kind  of  ice. 

Densit}'  at  h”  C. 

Artificial . 

■91603 

Natui'al . 

■91792 

Natural . 

•91795 

(new  pond  ice) 
Natural . 

■91632 

(icicles) 

(pond  ice,  1  year  old) 

Method  3.  Determination  ofi  the  Volume  oj  the  Ice  hy  Displacement. — Nichols 
next  attacked  the  question  by  the  enqiloyment  of  an  absolutely  original  method.  An 
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iron  box  of  special  construction,  having  a  capacity  of  about  2  litres,  and  rectangular 
in  shape,  was  nearly  filled  by  means  of  a  regular  block  of  new  pond  ice,  and  tlie  rest 
of  its  interior  was  filled  up  with  mercury.  From  the  weighings  of  this  mercury  and 
the  ice,  and  a  knowledge  of  the  volume  of  the  box,  the  density  of  the  ice  at  0°  C.  was 
com2:)uted.  The  ice  contained  a  small  cpiantity  of  air,  the  amount  of  which  was 
separately  determined  and  allowed  for.  The  final  value  for  the  density  came  out  at 
•91760. 

Nichols  next  turned  his  attention  to  the  determination  of  the  linear  coefficient  of 
expansion  of  ice.  No  work  had  been  done  on  the  dilatation  of  ice  since  1852.  The 
method  employed  (‘  Physic.  Review,’  vol.  8,  p.  184,  1899)  w^as  similar  to  that  used  by 
Struve  in  1845.  A  bar  of  commercial  artificial  ice,  which  had  been  manufactured 
some  months  jirevionsly,  was  used,  and  Nichols  again  had  the  felicity  of  working  in 
a  laboratory  which  was  never  warmer  than  —  3°  C.  during  the  work.  The  readings 
were  obtained  l)y  measuring,  by  means  of  a  dividing  engine,  the  distance  between  the 
centres  of  two  tiny  drops  of  mercury  resting  in  dejiressions  in  the  ice  about  40  centims. 
apart.  The  range  of  temperature  was  from  —8°  to  —12°  C.  Four  sets  of  readings 
were  taken,  with  the  mean  result  '0000540  for  the  linear  coefficient. 

Nichols’s  Theory. 

In  order  to  explain  the  remarkahle  discre})ancies  lietween  the  values  oldained  l)y 
previous  observers,  Nichols  put  forward  the  theory  that  in  reality  there  are  two 
kinds  of  ice  which  have  been  under  experiment ;  the  density  of  artificial  ice  being 
about  '9 16,  and  that  of  natural  ice  more  than  one  part  in  a  thousand  greater.  This 
immediately  throws  the  snlyect  into  a  more  tangible  form,  but  the  serious  conse¬ 
quences  of  such  a  dual  chameter  for  ice  demand  most  carefid  consideration.  It  seems 
to  me  that  if  there  are  really  two  kinds  of  ice,  differing  in  density  so  largely,  these 
varieties  would  also  have  different  latent  heats,  and,  what  is  perhaps  more  inq)ortant 
still,  different  melting  points. 

Nichols’s  theory  is,  however,  supported  entirely  by  his  own  work,  and  also  by 
most  of  the  results  of  previous  observers.  In  this  connection  it  must  be  pointed  out 
that,  according  to  one  of  Nichols’s  ex^ieriments,  natural  ice  assumes  a  density 
approaching  to  that  of  artificial  ice  if  the  natural  ice  has  been  kept  some  time. 

The  value  obtained  for  the  density  by  Dueour  for  artificial  ice  is  larger  than  that 
of  other  observers  using  the  same  variety.  But  the  method  of  neutral  equilibrium  is 
far  inferior  in  exactitude  to  the  methods  employed  by  Plucker  and  Geissler, 
Bunsen,  and  Nichols.  Neither  must  the  results  of  Bunsen  be  accepted  as  being  of 
extraordinary  reliability  in  sjiite  of  his  assurance  that  lie  had  eliminated  all  error. 
The  U-tube  dilatometer  suffers  from  the  disability  that  any  small  difference  in  the 
method  of  holding  it  may  cause  considerable  change  in  its  voluminal  contents.  It 
must  also  be  remembered  that  the  ice  in  Bunsen’s  experiment  was  probably  under 
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consideial^le  jjressure,  since  each  new  layer  as  it  was  formed  became  the  vehicle  ot 
transference  of  heat  ujDwards  from  the  underlying  water.  Ice  is  one  of  the  most  con¬ 
tractible  of  solids  l.)y  fall  of  temperature,  and  thus  when  the  whole  of  the  water  was 
frozen,  it  must  have  Ijeen  considerably  denser  than  it  would  he  at  0°  Cf  The  sides  of 
tlie  somewhat  narrow  tube  would  tend  to  jDrevent  the  ice  assuming  its  2:)roper  density 
as  the  temperature  rose  to  0°  C.  It  should  be  noted  that  if  the  mean  temjDerature  of 
Bunsen’s  ice  column  was  4°  or  5'^  below  zero,  this  would  suffice  for  the  somewhat  high 
value  which  he  oljtained.  There  is  another  and  more  serious  objection  to  Bunsen’s 
method.  Any  attempt  to  get  ice  exactly  at  0°  C.  by  surrounding  it  with  an  ice 
jacket  may  result  either  in  the  resulting  temperature  being  lower  than  0°  C.,  through 
the  observer  not  allowing  a  sufficiently  long  time  for  the  ecpialisation  of  temperature 
or,  on  the  other  hand,  may  result  in  some  of  the  ice  melting.  In  either  case  the 
value  obtained  for  the  density  will  be  too  high.  None  of  these  objections  apply  to 
Plucker.  and  Geissler’s  work. 

Barnes  (‘  Physic.  Review,’  July,  1901)  has  recently  determined  the  density  of 
natural  ice  by  weighing  selected  specimens  in  water.  His  results  give  the  same 
density  for  old  and  new  ice.  The  mean  value  ol)tained  (ex])ressed  in  grammes  per 
cid).  centim.)  was  ’9 1649. 


Si/no2:>sis  of  Previous  Worlc. 

In  order  to  facilitate  reference,  the  results  of  previous  workers  have  been  set  out 
in  Table  I.,  which  gives  the  methods  adopted,  the  variety  of  ice  used,  and  the  results 
obtained  ])y  different  observers. 

In  Table  II.  the  results  for  the  two  kinds  of  ice  are  sejDarately  set  forth.  The 
^^■ork  of  Marchand  is  omitted  altogether  from  this  talJe,  as  he  did  not  state  what 
kind  of  ice  he  used.  The  value  of  the  density  obtained  for  old  pond  ice  by  Nichols 
is  also  not  included.  The  mean  result  for  the  density  of  natural  ice  at  freezing  point 
is  '9176  gramme  per  culr  centim.,  while  that  of  artificial  ice  is  '9165  gramme  per 
cub.  centim. 

If,  however,  we  neglect  Dufour’s  value,  we  obtain  the  result  •9162  gramme  per 
cub.  centim.  for  artificial  ice. 

Only  one  estimation  of  the  dilatation  of  natural  ice  is  available.  It  is  •0001125 
for  the  culucal  coefficient  of  dilatation  for  1°  C.,  while  three  results  are  available  for 
artihcial  ice.  The  mean  value  is  •OOOlOO  for  the  cubical  coefficient  of  dilatation 
for  1°  C. 

Only  one  direct  determination  of  the  cubical  expansion  of  artificial  ice  is  to  hand. 
This  was  oljtained  by  Plucker  and  Geissler,  and  is  •0001585  for  the  cubical 
coefficient  of  dilatation  for  1“  G. 

In  both  Tables  I.  and  II.  the  cubical  coefficient  only  has  been  tabulated.  In  those 
cases  in  which  the  linear  coefficient  was  actually  determined,  the  cubical  coefficient 
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1’able  I. 


I  )ate. 

Observer. 

Method. 

Kind  of  ice. 

Densitjc 

Coefficient 
of  cubical 
expansion. 

(grammes  jier 

1  lib.  centim.) 

1845 

Brenner  . 

Weighing  in  liquid . 

Natural 

•9179 

•0001125 

1845 

Str.uve  .  . 

Direct  measnrement  of  linear  co- 

Artificial 

— 

•0001593 

efficient 

1845 

Marciiand  . 

1  lilatometric . 

1 

— 

•0001050 

1852 

Plucker  and 

Dilatonietric . 

Artificial 

•91567 

•0001585 

Geissler 

1862 

Defour  .  . 

Neutral  ec[nilibrium  in  licfuid 

Artificial 

•9177 

— 

1870 

Ben.sen  :  . 

Dilatonietric . 

Artificial 

•91674 

— 

Dilatonietric . 

Artificial 

•91619 

- - 

Artificial 

•9160.3 

— 

Natural 

•91795 

— 

1 

1 

(icicles) 

1899 

NifHOLS  I 

Weighing  in  liniiid . 

Natural 

•91792 

— 

! 

(new  pond  ice) 

I 

Natural 

•91632 

— 

i 

1 

(old  pond  ice) 

1 

4  olume  liy  displacement  .... 

Natural 

•91760 

— 

(new  pond  ice) 

1899 

Nichols 

Direct  measurement  of  linear  co 

Artificial 

•0001G20 

efficient 

1901 

Barnes .  . 

Weighing  in  water . 

Natural 

•91649 

-  ' 

Iahle 


11. 


Natural. 

Artificial. 

Observer. 

Density. 

Co.  of  Cub.  Exjr. 

Density. 

Cu  of  L\\h.  I'xp. 

j 

Brenner  . 

•9179 

•0001125 

Streve  . 

— 

— 

— 

•0001593 

Plecker  and  Geissler  .  .  . 

— 

— 

•91567 

•0001585 

Defoer . 

— 

— 

•9177 

- - 

Bensen . 

— 

-  - 

•91674 

— 

f 

— 

— 

•91619 

— 

— 

— 

•91603 

..  _ 

Nichols . | 

1 

•91795 

•91792 

— 

— 

— 

•91760 

— 

— 

— 

1 

— 

— 

— 

•0001620 

Barnes  . 

•91649 

— 

- - 

— - 

IMean . 

•9176 

•0001125 

•9165 

•000160 

1 

oi* 

•9162 

1 

neglecting 

LH'foer 

i 

i 
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1ms  been  tabulated  as  three  times  tlie  linear,  but  the  legitimacy  of  this  procedure  is 
open  to  grave  doubt  in  the  case  of  a  l)ody  like  ice  Avbich  is  endowed  with  hexagonal 
symmetry  of  structure. 


Principle  of  the  Afethod  employed. 

Since  the  question  of  the  density  of  ice  was  still,  in  spite  of  all  the  labour  that  had 
been  spent  upon  it,  in  a  far  from  satisfactory  state,  and  since  a  direct  determination 
of  the  Cubical  Coefficient  of  Expansion  had  not  been  attempted  since  1852,  1  aa'us 
desirous  of  employing  a  method  which  should  yield  both  results.  In  order  that  the 
work  should  have  any  value,  it  AAms  necessary  to  employ  some  device  f)ther  than  any 
which  had  been  used  previously. 

Tlie  method  of  weighing  ice  in  mercury  was  one  whicli  naturally  sugge.sted  itself 
Eor  the  })urpose  of  a  sinker  tAvo  metals  are  aAmilahle,  tungsten  and  platinum. 
Tungsten  is  difficult  to  Avork,  but  is  readily  procurable  in  any  amount  ;  if  mercuiy 
attacks  tungsten  this  could  be  avoided  l;)y  protecting  it  by  an  iron  shell.  Although 
this  direct  method  AA'asnot  employed,  I  helieA’e  that  the  use  of  a  platinum  or  tungsten 
sinker  for  AA-eio’hino-  ice  in  mercurv  Avoidd  he  Avell  Avorth  the  attention  of  future 
Avoi’kers. 

The  necessity  of  a  sinker  can  Ije  done  aAA'ay  Avith  if  the  buoyancy  of  the  ice  is 
obtained  by  determining  the  tension  of  a  Avire  Avhich  moors  it  to  the  bottom  of  the 
A'essel.  The  tension  of  the  Avire  may  he  found  l)y  passing  it  through  a  small  hole  in 
the  l)ottom  of  the  mercury-containing  A’essel,  Avhich  latter  must  l)e  closed  at  the  top 
so  that  the  mercury  Avill  not  pour  out  of  the  hole  through  Avhich  the  AA’ire  comes. 
This  method  olndates  the  use  of  a  l)alance,  for  a  scale  jjan  may  he  hung  on  the  Avire, 
and  equilibrium  oljtained  by  suitably  adjusting  the  suspended  Aveights.  Joly  has 
used  this  principle  in  the  construction  of  a  l)alance  (Joly,  ‘Phil.  Mag.,’  September, 
1888),  and  my  apparatus  differs  from  his,  in  that  I  introduce  the  material  Avliose 
density  is  to  l)e  determined  and  use  it  as  the  float. 

The  adA’antao’es  to  he  deriA’ed  from  the  use  of  mercury  are  seA’eral.  It  can  easilv 
l)e  obtained  quite  pure,  is  Avithout  soE'ent  action  upon  either  AA'ater  or  ice,  and  its 
coefficient  of  expansion  is  of  the  same  order  of  magnitude  as  tliat  of  ice.  Further, 
this  coefficient  is  known  Avith  greater  accuracy.  Tlie  use  of  a  liquid  Avhose  coefficient 
of  expansion  is  near  that  of  ice  is  lielpful  in  determining  the  density  at  0°  (A,  and 
also  in  the  determination  of  the  coefficient  of  culiical  expansion. 

In  order  to  determine  the  density  at  0°  C.  it  Avould  he  sufficient  under  ideal 
conditions  of  temperature  to  find  the  liuoyaiicy  of  an  iiiA'erted  A’essel  in  mercury,  to 
introduce  air-free  Avater  into  this  Amssel,  to  determine  the  liuoA’ancA"  of  the  A’essel  and 
also  that  of  the  Avater  in  its  liquid  and  solid  state.  The  experiments  Avere  performed 
liy  equilibrating  the  ice  at  temperatures  heloAv  zero,  and  to  find  the  density  at  these 
temperatures  we  must  alloAv  for  the  contraction  of  the  mercury  and  of  the  vessel 
containing  the  ice.  The  equilibration  of  the  Avater  aauis  always  performed  at  zero. 
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Deso'iption  of  Api^aratus. 


Fig.  4. 
(-1  size.) 


The  vessel  wliicli  constituted  the  reservoir  for  the  liquid  used  in  the  hydrostatic 
balance  is  shown  in  section  in  tig.  4.  It  consisted  of  a  funnel-shaped  vessel,  A,  of 
cast  iron.  This  was  turned  up  in  a  lathe,  and  care  was  taken 
to  have  the  inside  surface  quite  free  from  “  lilow-holes.” 

Into  this  vessel  at  B,  a  tube  of  steel,  N,  was  driven.  The 
lower  end  of  this  tube  carried  a  tightly-tittiug  screwed  piece 
C,  the  bottom  of  wliicli  wms  closed,  exce2)t  for  a  central  bole 
about  '4  millim.  in  diameter.  This  hole  was  for  the  wire  to 
})ass  through  doivii wards  to  srqiport  the  scale  pan,  and 
upwards  to  tether  the  vessel  which  held  the  ice  or  water.  The 
vessel  shown  in  fig.  4  may  be  called  (to  save  circumlocution) 
the  funnel. 

Tlie  top  of  the  funnel  could  be  closed  liy  an  accurately 
fitting  steel  circular  plate,  shovui  in  section  as  D.  In  order 
to  fasten  this  plate  dowm  securely  on  to  the  top  of  the  funnel, 
a  three-armed  piece  of  iron,  shown  in  fig.  5a,  was  used.  This 
was  provided  with  three  scinws,  E,  the  lower  ends  of  which 
bt)re  directly  on  the  circular  plate  D,  immediately  over  the 
annular  plane-bearing  surface,  F.  A  central  screw,  G,  with  G 

a  milled  head,  served  to  hold  the  plate  L)  in  position  in  some  manipulations  which 
did  not  require  that  the  surfaces  at  F  slujuld  fit  very  closely.  The  three-armed 
})iece  was  provided  with  three  stout  pegs,  one  of  which  is  shown  as  H  in  fig.  5h, 
which  is  a  section  of  one  of  the  portions  of  the  tri-radiate  clamp  of  which  fig.  ba  is  a 
plan.  These  pegs  could  traverse  round  the  channel,  I,  fig.  4,  and  their  pressure  on 


5a  5b  6  7  8 

(I  size.)  (I  size.)  (f  size.)  (5  times  size.)  (f  size.) 


the  upper  roof  of  this  channel,  provided  reactions  for  the  pressure  of  the  four  screws 
E,  E,  E,  G.  In  order  to  place  the  tri-radiate  clamp  in  position,  tliree  small  gaps 
were  cut  at  angular  intervals  of  120°  in  the  outside  of  the  top  rim  of  the  funnel,  and 
three  similar  gaps  w^ere  provided  in  the  plate  D. 
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I'lie  funnel  ^vus  provided  witli  a  sci'ewed  collar,  J,  wliicli  va.s  permanently  shrunk 
on  to  tlie  cylindrical  portion  of  its  outer  surface.  This  collar  served  to  support  a 
removable  ring  of  iron,  K.  The  walls  of  this  ring  (which  we  may  call  the  mercury 
collar)  were  higher  than  the  toj^  surface  of  D,  when  this  latter  was  in  position.  The 
mercury  collar  ser^"ed  two  purposes  ;  it  provided  a  means  of  sealing  tlie  whole  of  the 
top  of  the  funnel  l)y  hooding  Vvdth  mercury  when  the  closing  plate  D  was  in  230sition, 
the  mercury  it  contained  surrounded  the  bulb  of  the  thei'inometer  which  was  used 
to  tind  the  tempei'ature  of  the  contents  of  the  funnel.  When  the  funnel  was  not  in 
position  foi-  the  actual  determinations  of  buoyancy,  it  could  be  held  in  a  vice  l)y  the 
tlat  surfaces  cut  in  the  thick  metal  at  B. 

The  vessel  Avhich  served  to  contain  the  water  or  ice,  'while  it  and  its  contents 
boated  in  tlie  mercurv  in  the  funnel,  is  shown  in  liy;.  G.  It  was  somewhat  of  an 
umbrella  shape,  and  was  cut  out  of  a  solid  block  of  mild  steel  in  the  lathe.  It  was 
perfectly  smooth,  and  provided  no  lurking  places  for  air.  The  sides.  L,  were  made  of 
decreasing  thickness  downwards  as  also  was  the  central  stem,  M,  which  was  jiierced 
at  its  lower  end  witli  a  hole  which  served  to  attach  the  wire  hy  which  the  scale  pan 
Avas  supported. 

Steel  wires  of  two  diameters  were  used  in  the  experiments — one,  about  '17  mm.  in 
diameter,  Avas  used  in  the  preliminary  investigation  of  the  dilatation  of  the  umbrella, 
the  other,  about  ’2  mm.  in  diameter,  Avas  used  in  the  actual  experiments  Avhen 
the  umbrella  held  ice  or  Avater.  The  Avire  passed  tlirough  the  mercury  in  the  funnel, 
doAAui  the  centre  of  the  tube,  N,  through  the  small  hole  in  C,  and  had  a  specially 
constructed  clamp  attached  to  the  end  outside  C.  This  clamp  aa^is  made  so  that 
Avhen  held  up  close  to  the  hole  o  hy  the  buoyancy  of  the  umljrella  and  its  contents, 
it  coidd  be  enveloped  by  the  screAved  closed  tidje,  P  (tig.  4).  The  clamp  is  shoAvn 
in  tig.  7.  The  peculiarity  in  the  construction  of  this  clamp  Avas  that  it  aaus 
pierced  by  the  holes  Q  and  K,  through  Avhich  the  Avire  passed  as  Avell  as  being  held 
by  tlie  jaAvs.  This  arrangement  made  the  cliance  of  the  AAure  slipping  A^ery  small. 
The  course  of  the  Avire  is  indicated  by  a  broken  line  in  tig.  7.  The  loAver  portion  ot 
the  clanpj  AA^as  also  drilled  A\dth  a  screAved  hole,  S.  This  hole  seiwed  to  receive  a  hook 
hy  Avhicb  the  scale  pan  used  to  hold  the  Aveights  in  the  equilibrations  Avas  supported, 
and  was  screAA'ed  inside  so  as  'to  enable  the  clamp  to  be  attached  to  the  piece  C  (tig.  4) 
ahvays  at  a  definite  distance  by  means  of  a  second  screAved  piece  Avhich  could  be 
attached  to  C.  The  object  of  this  arrangement  A\-as  to  ensure  ahvays  that  the  Avire 
AA'as  tlie  same  length. 

In  tig.  8  an  iron  cylindrical  vessel  is  shoAvn  in  section.  This  reservoir  could  be  put 
on  the  tube  N  (tig.  4),  Avhich  Avas  made  slightly  conical  at  its  loAA^er  end  in  order  to 
lit  into  the  hole  T.  A  bent  Avire,  U,  Avas  fixed  into  the  side  of  the  reservoir,  and 
served  to  keep  the  stojiper,  P,  submerged  AAdien  the  leservoir  Avas  full  of  mercury.  The 
use  ot  this  portion  of  the  apparatus  will  be  referred  to  in  describing  the  process  of 
filling  the  funnel  A\dth  pure,  dry,  air-free  mercury. 
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Tlie  metliod  of  holding  the  funnel  during  the  determinations,  and  the  arrange¬ 
ments  for  surrounding  it  with  ice  or  freezing  mixture,  are  shown  in  tig.  9. 

The  tube,  C  N,  of  the  funnel.  A,  passed  through  an  Fig.  9. 

india-rubber  bung,  V,  which  closed  the  lower  orifice  (v  ®he.) 

of  a  large  glass  jar,  W.  The  funnel  was  supported 
by  a  framework  of  iron,  X,  which  consisted  of  two 
rings  joined  by  three  bent  wires.  The  lower  ring 
rested  in  the  concavity  of  the  glass  jar  and  bore  the 
weight  of  the  funnel.  The  jar  in  turn  was  supported 
by  a  larger  I'ubber  bung,  Y,  which  fitted  into  a  hole 
in  the  bottom  of  the  lower  wooden  box,  Z.  Three 
stout  brass  jjieces,  a,  oidy  one  of  which  is  shown  in 
the  drawing,,  prevented  the  jar  from  tipping  side¬ 
ways. 

The  upper  wooden  box,  />,  rested  on  the  lower  box, 

Z,  while  the  whole  was  surrounded  on  five  sides  by 
the  non-conducting  cases,  c.  These  cases  were  re¬ 
movable  boxes  of  wood  loosely  filled  with  cotton 
wool. 

The  thermometer,  d,  })assed  through  a  piece  of 
ebonite,  e,  which  rested  on  the  top  of  the  non-con¬ 
ducting  case,  througli  a  hole  in  the  case,  down  a 
wide  brass  tube,/’,  in  the  upper  wooden  box,  and  rested  with  its  bulb  in  the  mercury 
in  the  collar,  K,  The  removable  thin  metal  vessel,  (/,  was  supported  by  three  lugs,  //, 
which  were  bent  over  so  as  to  engage  the  rim  of  the  glass  jar.  The  upper  and  lower 
boxes  w^ere  fitted  with  tlie  holes  ? ,  J,  which  could  be  closed  by  bungs. 

The  wdiole  of  the  apparatus  shown  in  fig.  9  rested  on  three  levelling  screws,  wdiich 
in  turn  were  sujjported  by  a  strong  table  having  a  hole  in  its  centre  through  wdiich 
the  ware  from  the  funnel  passed. 

Tlie  lower  surface  of  the  low^er  Ijox  Avas  protected  from  the  access  of  heat  by  filling 
in  the  space  between  it  and  the  table  with  loosely  packed  cloth.  The  description  of 
any  other  parts  of  the  apparatus  which  may  be  necessary  will  be  more  conveniently 
given  Avhen  dealing  with  the  conduct  of  the  experiments. 

Deter uiination  of  the  Buoyancy  of  the  UiiihreUa. — In  order  to  find  the  buoyancy  of 
tlie  ice  and  water,  it  Avas  necessary  to  determine  that  of  the  umlirella  at  different 
temperatures.  If  Ave  knoAv  the  load  on  the  scale  pan  necessary  to  obtain  ecpiilibi  ium 
Avhen  the  umbrella  only  is  tending  to  float  in  the  mercury,  then  the  weights  added 
Avheii  the  umbrella  and  its  contents  are  equilibrated,  gives  us  the  buoyancy  of  the 
contents.  The  funnel  Avas  taken  and  a  thin  steel  Avire  (T7  millim.  in  diameter)  passed 
upAA^ards  through  the  hole  o  (fig.  4)  until  it  could  be  threaded  through  the  hole  in  the 
stem  of  the  umbrella,  Avhen  it  was  fixed  by  tAvisting  the  end  round  itself  This 
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operation  was  done  in  such  a  manner  as  to  ensure  that  the  length  of  wire  thus  used 
in  the  fastening  was  the  same  in  each  experiment.  The  wire  was  then  pulled  tight 
and  the  little  clamp  attached  with  its  jaws  about  1  centim.  distant  from  o  hv  the 
method  previously  mentioned.  The  whole  length  of  wire  used  was  thus  always  the 
same.  The  stopper,  P  (fig.  4),  was  then  screwed  on  C  and  mercury  poured  into  the 
funnel. 

The  mercury  used  throughout  these  experiments  was  first  cleaned  Ijy  the  ordinary 
chemical  methods,  then  boiled  in  air,  and  distilled  twice  in  a  vacuum.  After  being 
used  in  one  experiment  it  was  filtered,  boiled  and  distilled  twice  again  before  being 
used  in  a  fresh  determination. 

The  j)late  D  was  placed  on  the  funnel  and  the  whole  was  turned  on  one  side  to 
enable  any  air  imprisoned  under  the  umbrella  to  escape.  This  was  repeated  until  no 
more  mercury  could  be  poured  into  the  funnel,  when  the  latter  was  heaped  up  with 
mercury  and  the  plate  D  was  slid  on  to  the  top  of  the  funnel  and  firmly  screwed  into 
position  by  means  of  the  tri-radiate  clamp.  It  was  found  necessary  to  carefully 
grind  the  Ijearing  surfaces  of  the  closing  plate  and  of  the  funnel  together  before  each 
experiment  in  order  to  obtain  a  perfect  fit. 

After  thus  filling  with  mercury,  the  funnel  was  remo'S'ed  from  the  vice  and  placed 
in  an  inverted  position  on  a  tripod.  The  stopj^er  was  then  unscrewed  from  the 
tube,  when  the  little  clamp  could  l^e  seen  supported  on  the  top  of  a  straiglit  piece  of 
wire  projecting  a  few  millimetres  througli  the  hole  at  the  end  of  the  tube.  The 
mercury  reservoir  (fig.  8)  was  slijjped  on  to  the  conical  tube  and  the  mercury  in 
the  funnel  was  then  lioiled  l)y  applying  the  flame  of  a  large  Bunsen  ljurner  to  the 
closing  plate.  The  mercury  which  came  out  of  the  small  hole  in  this  process, 
partially  filled  the  reservoir,  which  on  removing  the  flame  was  filled  with  mercurv 
boiled  in  another  vessel.  The  whole  was  left  to  assume  the  ordinary  temperature,  and 
then  the  stopper  was  inverted  and  plunged  beneath  the  mercury  in  the  reservoir, 
where  it  was  prevented  from  rising  to  the  surface  by  the  wire  U. 

The  boiling  was  again  performed,  and  then  the  mercury  in  the  tube  and  reservoir 
was  also  boiled.  Operations  of  alternate  heating  and  cooling  were  continued  until  I 
felt  satisfied  that  no  air  or  water  remained  in  the  funnel.  The  stopper  was  then 
taken  from  the  wire  in  the  reservoir,  and  manipulating  it  so  as  never  to  permit  the 
fingers  to  come  beneath  its  orifice,  it  was  screwed  on  to  the  piece  C,  and  the  funnel 
was  thus  closed. 

The  reservoir  was  then  removed,  and  the  funnel  was  again  put  in  the  vice  ;  this 
time  with  the  mercury  collar  round  it  ready  to  be  screwed  on.  The  tri-radiate  clamp 
and  the  closing  plate  were  removed  and  the  bearing  surfaces  were  covered  with  a 
thin  film  of  vaseline  before  pouring  an  excess  of  recently  boiled  mercury  into  the 
funnel  and  sliding  the  closing  plate  again  into  position.  The  plate  was  then 
fastened  down  securely  and  the  mercury  collar  screwed  on. 

The  funnel  was  then  installed  in  the  apparatus  shown  in  fig.  9,  when  the  collar  was 
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filled  with  mercury  and  the  top  of  the  funnel  thus  completely  sealed.  The  stopper 
was  then  unscrewed  and  a  small  vessel  of  hot  recently  boiled  mercury  was  placed  so 
that  the  hole  o  dipped  beneath  its  surface.  This  caused  the  mercury  in  the  tube 
to  expand  and  to  displace  any  air  from  about  the  orifice  of  the  tube  as  the  exuded 
mercury  flowed  through  it. 

Tlie  funnel  was  now  levelled  by  adjusting  the  screws  on  which  the  bottom  box 
rested,  the  level  being  placed  with  its  legs  on  the  top  of  the  closing  plate.  The  wii’e 
mooi-ino-  the  umbrella  down  then  coincided  vritli  the  axis  of  the  tufje.  In  (U'der  to 
find  the  buoyancy  of  the  umbrella  at  0°  C.,  the  vessel  y  was  not  used,  hut  the  jar  and 
the  boxes  ^rere  filled  with  table  ice,  and  the  cases  c  placed  round  tlie  appamtus. 
Clotlis  were  packed  under  the  lower  box,  and  the  wh(fie  was  left  ovei'iiight. 

When  the  equilibration  was  to  he  performed,  the  small  mercury  vessel  into  which 
C  dipjjed  was  removed,  the  scale  pan  attached,  and  the  weights  adjusted  so  that 
equilibrium  was  attained  when  the  wire  projected  4  millims.  from  the  hole.  The 
reading  having  been  taken,  the  jjan  was  removed  and  the  hole  was  again  closed  with 
liot  mercury. 

In  order  to  get  readings  below  0°  C. ,  the  ice  was  all  removed,  g  was  put  in  position 
filled  with  ice  and  salt,  and  the  boxes  were  filled  witli  the  same  mixture.  Then  the 
thermometer  was  inserted  so  as  to  have  its  bulb  in  the  mercury  collar. 

The  space  round  the  funnel  was  clear  of  the  freezing  mixture,  and  the  funnel  thus 
changed  in  temperature  so  slowly  that  the  thermometer  readings  coidd  be  relied  on 
as  giving  tlie  temperature  of  the  funnel  and  its  contents.  All  readings  were  taken 
witli  the  thermometer  slowly  rising. 

The  thermometer  used  in  these  experiments  was  made  liy  Hicks,  and  liad  the 
portion  which  projected  aliove  the  cotton  wool  case  graduated  from  1°  Ct  to  10°  C.  in 
tenths  of  a  degree.  I  tested  its  accuracy  at  0°  0.,  and  could  find  no  error.  The 
temperature  lose  (after  the  ap})aratus  had  been  left  a  day  or  so)  a])out  a  degree  in 
three  hours,  and  readings  of  the  buoyancy  could  he  ob¬ 
tained  at  intervals. 

Tlie  results  for  the  weights  necessaiy  to  lie  added  to  the 
pan,  which  itself  weighed  aliout  60  grammes,  are  set  out  in 
Table  III.,  and  sliown  also  in  fig.  10. 

It  will  be  seen  that  the  last  weicliino-  taken  after  five 
otliers  agrees  closely  with  the  first,  showing  that  no  air 
gained  access  to  the  umbrella  in  the  process  of  equililiration. 

A  new  set  of  platinized  weights  by  Oertling  was  used 
in  these  experiments.  They  were  tested  after  the  experi¬ 
ments,  and  were  found  to  he  consistent  with  themselves. 

Their  absolute  mass  is  not  involved  in  the  determination. 
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Table  III.  -Biioyancy  of  Umbrella. 


!  Order  of 

!  AVeighing. 

Circximstances. 

Temperature. 

AVeights 

O 

in  grammes. 

1st 

After  15  liours  in  ice . 

0’ 

5-890 

2iid 

After  21  hours  in  1st  freezing  mixtxu’o . 

-  8" 

6-071 

3rd 

After  33  hours  in  1st  freezing  mixture . 

-4“-4S 

5  -  995 

ttlr 

After  15  hours  in  1st  freezing  mixture . 

r-H 

o 

1 

5-895 

Stli 

After  45  hours  in  2nd  freezing  mixture . 

-9° -42 

G-120 

Gtli 

After  72  liours  in  2nil  freezing  mixture . 

o 

1 

5-910 

Determination  of  the  Density  o  f  Ice  at  different  Temperatures. 


"Uie  wire  and  clamp  used  in  equilibiuting  the  water  and  ice  were  not  the  same  as 
tliose  used  with  the  empty  imihrella.  The  values  for  the  buoyancy  of  the  umbrella 
as  read  from  the  unbroken  straight  line  on  hg.  10  are  thus  subject  to  a  correction  of 
•012  gramme,  wliich  must  be  subtracted  from  the  values  thus  found.  The  results 
for  the  huovancv  of  the  undjrella  are  tluis  taken  from  the  broken  line  in  this 
fio'ure. 


Let  W  =  the  number  of  grammes  necessary  to  equilibrate  the  water  at  0°  U 
the  load  in  the  pan  less  the  corrected  buoyancy  of  the  umbrella, 
I  =  the  number  of  grammes  to  equililuate  the  ice  at  —  f  U, 
i_t  =  the  density  of  ice  at  —  f  G., 
uq  =  the  density  of  water  at  0°C., 

—  the  density  of  mercury  at  0°  U, 

Ji_f  =  the  density  of  mercury  at  —  f  U 


LC., 


Then  equating  the  two  values  obtained  from  the  al)Ove  for  i\[,  the  mass  in  grammes 
of  tlie  material  taken;  we  have 


A I  AT 

h,.  -  M  =  W  and  .  ],_t  -  M  =  T  ; 


therefore 


\V  = 


I. 


Let 


K  = 


tv 


and 


a-n 


u\ 


=  <1  > 


then  ?_/ 


ffi-t 

K  +  q  ’ 


which  was  the  foi'inula  used  in  computing  the  results.  Since  the  number  K  only 
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Fig.  11. 
(1  size.) 


depends  on  the  ratio  of  the  weights,  no  correction  for  the  effect  of  the  buoyancy  of 
the  air  is  necessary. 

The  density  of  water  at  U°  C.  was  taken  as  '999884,  and  that  of  mercury  at 
the  same  temperature  as  '135956,  wliile  the  density  of  mercury  at  lower  temjieratures 
Avas  found  from  the  fornuda  of  Chappuis  (‘  Proces-verhaux  des  Seances  du  Comite 
International,’  1891,  p.  3  7).  The  results  needed  were  read  olf  from  a  plotted  curve. 

The  funnel  liaAung  been  filled  vlth  pure  dry  air-free 
mercury  in  the  maimer  already  described,  the  closing  plate 
was  removed  and  air-free  water  introduced  under  the 
umbrella.  This  was  accompli.shed  liv  means  of  the  appa¬ 
ratus  shoAvn  in  fio;.  11. 

This  consisted  of  a  glass  Indb,  J\\  which  had  a  capillary 
tube,  I,  sealed  into  it  aliove,  and  which  terminated  in  a  stout 
tube,  m,  below.  The  whole  could  he  supported  by  fixing  this 
tube  in  a  clamp.  A  flexible  rubber  tube,  n,  communicated 
Av'ith  the  bulb  and  Avith  a  someAvhat  larger  reservoir  not  J 
shoAvn  in  the  figui’e. 

iMercury  Avas  poured  into  tins  resei'Amlr,  and  it  Avas  raised 
until  the  mercury  poured  out  of  the  orifice,  o,  in  the  capillarA" 
tidie,  Avldch  Avas  plunged  into  a  beaker  of  Avater  Avliicli  had  1)een  kept  lioiliug  for  half 
an  hour.  The  reseiwoir  Avas  then  loAvered,  and  the  boiled  Avater  rushed  into  the 
hull),  On  again  raising  the  reservoir,  this  Avater  Avas  expelled,  and  boiled  Avater 
Avas  then  introduced  in  its  j^lace.  This  Avas  repeated  seA-en  or  eight  times,  Avhen  tlie 
mercury  reseiwoir  Avas  raised  and  the  beaker  remoA'ed.  The  Avatei'  spurted  out  of  o  in 
a  rapid  stream,  so  that  no  air  could  pass  hack  into  the  Inilh.  The  point  o  Avas  then 
dipped  into  the  mercury  of  the  funnel,  and  as  tlie  Avater  was  ejected  from  the  capillary 
tulje  it  floated  up  and  occupied  the  upper  portion  of  the  Inside  of  the  umlirella.  This 
Avas  kept  in  position  during  filling  by  a  set  of  three  stout  iron  Avires  fixed  in  a  Avooden 
l)oard,  Avhich  Avas  fixed  on  the  rim  of  the  funnel  so  that  the  loAver  ends  of  the  Avires 
pressed  on  the  fiat  top  of  the  umhrella.  This  Avas  necessary  liecause  the  umbrella 
Avas  only  stable  AAdren  it  contained  more  than  a  certain  quantity  of  Avater.  The 
point  0  Avas  so  made  that  although  the  Avater  Avas-  projected  iqiAvards,  the  point 
offered  no  projection  for  the  rim  of  the  umbrella  to  catch  upon,  so  that  Avheu 
sufficient  Avater  had  been  introduced,  the  tube  could  he  remoA'ed. 

The  Avater  used  in  these  experiments  Avas  prepared  from  ordinary  distilled  AA-ater 
by  re-di.stilling  in  a  neAV  block-tin  still,  the  earlier  products  of  the  second  distillation 
being  rejected. 

After  filling,  the  funnel  and  its  contents  Avere  alloAved  to  cool ;  the  funnel  Avas  then 
closed  Avith  the  closing  plate  as  already  described,  and  Avas  placed  in  the  apparatus, 
fig.  9,  the  boxes  haAung  been  preAnoirsly  Avashed  out  to  get  rid  of  the  salt  from  the 
freezing  mixture.  The  mercury  to  seal  the  top  Avas  noured  into  tlie  collar,  and  the 
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^  1 

h-H*  7  J  + 

r^^  ■=S' 

II 

•916603 

•917780 

•916487 

•915863 

•915509 

•917355 

•916324 

•915903 

•916950 

•916487 

X. 

1 

h..t 

from  fig.  11. 

13-6004 

13-6204 

13'5981 

13-6028 

13-5965 

13-6163 

13-5981 

13-6020 

13-6119 

13-6034 

IX. 

K  +  q. 

([  =  -07938. 

1 

1-17787 

1-17809 

1-17782 

1-17903 

1-17894 

1-17828 

1-17803 

1-17891 

1-17842 

1-17828 

!>  il 

1-09849 

1-09871 

1-09844 

1-09965 

1-09956 

1-09890 

1-09865 

1-09953 

1-09904 

1-09890 

VII. 

I 

l)y  subtracting 
numl)ers  in 
column  VI 
from  those  in 
column  III. 

703-420 

703-563 

703-391 

939-283 

939 • 206 

897-376 

897-171 

865-115 

864-726 

864-623 

! 

VI. 

Buoyancy  of 
uml)rella  at 
-  /°  C.,  from 
fig.  10. 

5- 930 

6- 112 

5-909 

5  •  952 

5- 894 

6- 074 

5  •  909 

5  •  945 
6-034 

5  •  957 

1 

V. 

W 

by  subtracting 
5  •  886  from 
numlmrs  in 
column  II. 

640-354 

854-169 

810-009 

786-804 

1 

IV. 

Temp. 

=  -rc. 

O  I-H  o  i>-  t-  O'!  O  O 

CiO  O  oscc  coo 

1— 1  O  I-H  C-1  00  r—  O  00 

1  ^  1  II  II  111 

rations. 

III. 

Ice  at 
-  t°  C. 

(b)  709-350 
(r)  709-075 

(d)  709  •  300 

(h)  945-235 

(c)  945  •  100 

(h)  903-450 

(c)  903-080 

(b)  871-060 
(r)  870-760 

(d)  870-580 

1 

Ecpiilil) 

/ 

II. 

Water  at 

0°  C. 

(a)  646-225 
(c)  646  •  255 
Mean  of  (a) 
and  (e) 

=  643-240 

(a)  860-055 

{(()  822-495 

(a)  792-690 

J-i  ^ 

Oi  rH 

hM  OJ) 

i-H  CiJ  CO  ^ 
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funnel  was  then  levelled.  The  jar  and  boxes  were  filled  with  ice,  and  the  equilibra¬ 
tion  of  the  water  was  performed  after  waiting  abt)ut  eighteen  hours. 

The  ice  in  the  boxes  was  then  exchanged  for  freezing  mixture,  the  glass  jar  was 
emptied  of  its  ice,  and  the  metal  vessel  g  was  filled  with  freezing  mixture  and  put 
into  the  jar.  After  leaving  for  two  days,  the  ice  was  equilibrated,  and  this  could  lie 
done  at  difierent  temperatures,  as  the  ice  very  gradually  I'ose  in  temperature.  Tlie 
ice  could  then  be  examined,  or  a  new  equilibration  of  the  water  coidd  be  obtained,  by 
allowing  the  ice  to  melt  and  bringing  the  whole  again  to  0^  C. 

The  results  of  the  difierent  equilibrations  and  the  computation  of  tlie  density  of  ice 
for  difierent  temperatures  below  0°  C.  are  set  out  in  Table  IV. 

In  this  table  the  letters  prefixed  to  the  equilibrations  in  columns  II.  and  III., 
indicate  the  order  in  which  these  numbers  were  obtained.  In  finding  the  numbers 
in  column  IX.,  the  values  of  q  is  only  needed  to  four  significant  figures  ;  l)ut  to 
compifie  the  density  of  ice  at  difierent  temperatures  (column  XL)  this  same  (piantity 
q  is  •0793829. 

The  Avhole  of  the  equilibrations  performed  with  the  final  form  of  appai'atus  are 
given  in  the  table.  An  improvement  of  the  filler  was  introduced  sidjsequently  and 
anomalous  results  were  obtained  for  the  only  experiment  carried  out.  This  was 
traced  to  the  fact  that  the  wire  liad  become  damaged  during  the  filling,  and  the 
results  for  this  experiment  were  rejected. 

In  the  case  of  the  first  experiment  tlie  water  was  equilibrated  at  the  beginning 
and  end,  and  the  mean  value  was  used  for  computation.  The  ice  in  this  ex])erinient 
was  not  examined.  In  Experiments  2  and  3,  the  ice  was  taken  out  after  the  last 
equilibration  and  was  found  to  be  free  from  milkiness  and  air  bidjldes,  but  it 
had  fine  circular  cracks  running  round  it  concentric  with  the  central  stem  of  the 
umbrella. 

Tlie  fourth  experiment  was  conducted  differently  from  the  others,  and  the  values 
obtained  proved  unmistakably  that  the  same  specimen  of  water  may  assume  difierent 
densities  on  freezing.  After  the  value  h  had  been  obtained,  the  ice  was  permitted  to 
melt  either  partially  or  completely.  A  fresh  freezing  mixture  was  put  in  tlie 
apparatus,  and  two  subsei^uent  equilibrations  of  the  new  specimen  of  ice  were 
performed.  The  second  specimen  of  ice  had  a  considerably  greater  density  than  the 
first  although  it  was  made  from  identically  the  same  watei'. 

The  results  given  in  column  IX.  are  plotted  in  fig.  12.  The  points  ai'e  marked 
with  numbers  indicating  the  experiment.  The  unbroken  straight  lines  drawn  through 
the  points  give  u.s,  Ijy  extra-polation,  four  values  for  the  density  of  ice  at  0°  C.,  while 
a  broken  line  drawn  parallel  to  the  straight  line  for  Expeiiment  2  through  the  point 
given  by  the  first  specimen  of  ice  in  Experiment  4  furnishes  a  fifth  value.  The 
numbers  thus  obtained  and  tlie  weights  to  be  assigned  to  them  in  computing  the 
mean  are  set  out  in  Table  V.,  the  weight  assigned  in  each  case  being  equal  to  the 
number  of  equilibrations  of  the  ice. 
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Table  Y. 


Experiment. 

I 

•) 

O 

O 

4 

^V  eiglited  meLii 


DcTisity  of  Ice  at  0’  C. 
•916335 
•915460 
•916180 
l'  •915540 
1^916060 

.  .  -9160 


Weiaiht  Assigned, 

O  O 

o 

O 

O 

o 

1 

o 


AVe  tints  obtain  •OlOO  gmmme  per  cub.  ceiitim.  as  tlie  density  of  the  ice  at  0^  C. 
Tins  result  depends  upon  the  assinnption  tliat  the  density  of  ice  is  a  linear  function 
ot  tlie  tent])eratttre  on  a  mercurv-in-glass  thermometer.  Systematic  error  in  the 


Fig  12. 


thermometer,  so  long  as  the  zero  is  correct,  is  eliminated.  The  result  likewise 
depends  on  the  values  assttmed  for  the  density  of  water  and  of  mercury  at  zero,  but 
is  independent  of  the  absolute  mass  of  the  weights  employed. 


TJic  Coefficient  of  Cuhical  Expansion  of  Ice. 

The  errors  of  the  theinionieter  are,  hoAvever,  involyed  in  computing  the  coeHicient 
of  cubical  expansion  wliich  also  depends  upon  the  particular  law  of  dilatation  of 
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mercury  used,  but  these  errors  are  probably  such  as  will  not  affect  the  result  to  the 
accuracy  with  which  it  is  given  below.  Tire  four  values  which  can  Ije  found  from 
the  data  available  are  set  out  in  Table  VI. 


Table  VI. 


Experiment. 

1 


Coefficient  of  cubical  expansion. 

•000155 


3 

4 


•000152  I 

I 

•000153  I 
•000148  J 


Mean  ^000152 


Comparison  of  Results. 

The  value  '9 160  for  the  density  of  ice  at  0°  C.,  is  lower  by  two  parts  in  10,000 
than  the  mean  of  the  results  obtained  by  Plucker  and  Geissler,  Bunsen,  and 
Nichols.  It  is  1  part  in  10,000  less  than  the  mean  of  Nichols’s  values,  but  is  7 
])arts  in  10,000  lower  than  Bunsen’s  value.  The  value  '000152  for  the  coefficient  of 
cubical  expansion  is  4  per  cent,  lower  than  that  of  Plucker  and  Geissler,  the  last 
puldished  value  for  the  directly  determined  cubical  coefficient  of  artifical  ice.  It  is 
5  per  cent,  lower  than  the  mean  value  given  in  Table  II. 


Conclusion. 

The  results  of  this  determination  of  the  density  and  coefficient  of  cubical  expansion 
of  ice  are,  that  Nichols’s  value  for  the  density  is  confirmed,  and  tliat  Bunsen’s  value 
is  probably  too  high  ;  but  as  the  same  specimen  of  water  can  freeze  into  specimens 
of  ice  having  different  density,  the  use  of  the  Bunsen  ice  calorimeter  in  absolute 
determinations  must  be  limited  to  an  accuracy  of  probably  about  1  in  1,000. 

’fhe  coefficient  of  cubical  expansion  seems  to  lie  4  or  5  per  cent,  less  than  the  mean 
of  previous  determinations. 

The  expenses  of  this  research  have  been  in  part  defrayed  liy  a  Government  grant 
from  the  Royal  Society,  and  in  part  by  the  Cavendish  Laboratory.  I  wish  to  thank 
Professor  J.  J.  Thomson,  F.R.S.,  for  his  kind  encouragement,  and  my  thanks  are 
also  due  to  Mr.  Griffiths,  F.R.S.,  through  whom  I  was  led  to  undertake  the 
investigation. 
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0 

1859.  Part 

I... 

2 

10 

0 

-  Partin...  2  10 

0 

1836.  Part 

I... 

1 

10 

0 

-  Part 

II... 

2 

5 

0 

-  Part  lY. . .  1  0 

0 

-  Part 

II... 

2 

0 

0 

1860.  Part 

I... 

0 

16 

0 

1883.  Part  I. . .  1  10 

0 

1837.  Part 

I... 

1 

8 

0 

-  Part 

11... 

2 

1 

6 

-  Part  II...  2  10 

0 

-  Part  III. . .  1  12 

0 

— —  Part 

11... 

1 

8 

0 

l86l.  Part 

I... 

1 

3 

0 

1884.  Part,  I. . .  1  8 

0 

1838.  Part 

I... 

0 

13 

0 

-  Part 

II... 

1 

5 

0 

Part  II...  1  16 

0 

-  Part 

II... 

1 

8 

0 

-  Part  III. . . 

1 

7 

6 

1885.  Part  I. . .  2  10 

0 

1839.  Part 

I... 

0 

18 

0 

1862.  Part 

I... 

2 

14 

0 

Part  II...  2  5 

0 

-  Part 

II... 

1 

1 

6 

-  Part 

II... 

O 

o 

0 

0| 

1886.  Part  I. . .  1  8 

0 

1840.  Part 

I... 

0 

18 

0 

1863.  Part 

I... 

1 

14 

0  ^ 

-  Part  II. . .  115 

0 

-  Part 

II... 

2 

5 

0 

-  Part 

II... 

1 

7 

6 

1887.  (A.)  ....  1  3 

0 

1841.  Part 

I... 

0 

10 

0 

1864.  Part 

1... 

0 

11 

0; 

-  (B.)  ....  1  16 

0 

-  Part 

II... 

1 

10 

0 

-  Part 

II... 

1 

7 

6 

1888.  (A.)  ....  1  10 

0 

1842.  Part 

I... 

0 

16 

0 

-  Part  III. . . 

1 

10 

0 

-  (B.)  ....  2  17 

6 

-  Pai-t 

II... 

1 

2 

0 

1865.  Part 

I... 

2 

2 

0 

1889.  (A.)  ....  1  18 

0 

1843.  Part 

I... 

0 

10 

0 

-  Part 

II... 

1 

5 

0 

-  (B.)  ....  1  14 

0 

1890.  (A.)  ....  116 

6 

-  Part 

11... 

I 

10 

0 

1866.  Part 

I... 

1 

14 

0 

(B.)  ....  1  5 

0 

1844.  Part 

I... 

0 

10 

0 

-  Part 

II... 

2 

7 

6 

1891.  (A.)  ....  2  2 

0 

-  Part 

II... 

1 

10 

0 

1867.  Part 

I... 

1 

3 

0 

-  (B.)  ....  3  3 

0 

1845.  Part 

I  .. 

0 

16 

0 

-  Part 

II... 

1 

15 

0 

1892.  (A.)  ....  2  1 

0 

-  Part 

II... 

1 

0 

0 

1868.  Part 

I... 

2 

5 

0 

-  (B.)  ....  2  2 

0 

1846.  Part 

I... 

0 

7 

6 

-  Part 

II... 

2 

0 

0 

1893.  (A.)  ....  3  14 

0 

-  Part 

II... 

1 

12 

0 

1869.  Part 

I... 

2 

10 

0 

(B.)  ....  2  13 

0 

-  Part  III. . . 

1 

12 

0 

-  Part 

II... 

3 

3 

0 

1894.  (A.)  Pt.  I.  1  5 

0 

-  Part  IV. . . 

1 

12 

0 

1870.  Part 

I... 

1 

10 

o' 

(A.)  Pt.  II.  1  10 

0 

1847.  Part 

I... 

0 

14 

0 

-  Part 

II... 

1 

18 

0 

(B.)Pt.  I.  3  10 

0 

-  Part 

II... 

0 

16 

0 

1871.  Part 

I... 

1 

10 

0 

(B.)Pt.II.  1  11 

6 

1848.  Part 

I... 

1 

0 

0 

-  Part 

II... 

2 

5 

0 

1895.  (A.)  Pt.  I.  1  14 

0 

-  Part 

II... 

0 

14 

0 

1872.  Part 

I... 

1 

12 

0 

(A.)Pt.II.  1  3 

6 

-  (B.)  Pt.  I.  1  15 

0 

1849.  Part 

I... 

1 

0 

0 

-  Part 

11... 

2 

8 

0 

(B.)Pt.II.  0  16 

6 

-  Part 

II... 

2 

5 

0 

1873.  Part 

I... 

2 

10 

0 

1896(A)Vol.l87.  1  19 

6 

1850.  Part 

I... 

1 

10 

0 

-  Part 

II... 

1 

5 

0 

(B)Yol.l87.  0  19 

0 

-  Part 

II... 

3 

5 

0 

1874.  Part 

I... 

2 

8 

0 

U)Yol.l88..  1  9 

0 

1851.  Part 

I... 

2 

10 

0 

-  Part 

II... 

3 

0 

0 

- (B)Yol.l88.  0  19 

6 

-  Part 

II... 

2 

10 

0 

1875.  Part 

I... 

3 

0 

0 

1897(A)Yol.l89.  1  0 

0 

1852.  Part 

I... 

1 

0 

0 

-  Part 

11.  ,. 

3 

0 

0 

- (B)Yol.l89.  0  17 

6 

-  Part 

II... 

2 

5 

0 

1876.  Part 

I... 

2 

8 

0 

(A)Yol.l90.  1  8 

6 

1853.  Part 

I... 

0 

18 

0 

-  Part 

II... 

2 

8 

0 

(B)Yol.l90.  2  5 

0 

-  Part 

II... 

0 

12 

0 

1877.  Part 

I... 

1 

16 

0 

i  1898(A)Yol.l91.  1  16 

0 

Parf.  TTT 

1 

2 

0 

-  Part 

II... 

2 

5 

0 

!  (B)Yol.l91.  1  12 

0 

1  8.‘^4  Part 

T 

A 

19 

A 

Vol.  168  (extra) 

3 

0 

0 

;  1899  (A)Yol.l92.  1  8 

6 

1878.  Part 

I... 

1 

16 

0 

j  (B)Yol.l92.  1  7 

6 

-  Part 

IT. . . 

0 

16 

0 

-  Part 

II... 

3 

0 

0 

!  1900  (A)Vol.l93. 1  10 

0 

1855.  Part 

I... 

0 

16 

0 

1879.  Part 

I... 

2 

0 

0 

i  (B)Yol.l93. 1  5 

0 

-  Part 

II... 

1 

6 

0 

-  Part 

II... 

1 

12 

0 

- (A)Vol.l94.  1  1 

6 

1856.  Part 

I... 

2 

0 

0 

1880.  Part 

I... 

2 

5 

0 

1901  (B)Yo].194.  3  0 

0 

-  Part 

II... 

1 

4 

0 

-  Part 

II... 

2 

0 

0 

(A)Yol.l95. 1  7 

0 

-  Part  III. . . 

1 

4 

0 

-  Part  III. . . 

1 

1 

0 

(A)Yo].196. 1  11 

0 

1857.  Part 

I... 

1 

8 

0 

'  1881.  Part 

I... 

2 

10 

0 

'  1902(A)  Yol.197.  1  15 

0 

hand  exceeds  One  Hundred  Copies,  the  volumes  preceding  the  last  Five 
by  Fellows  at  One-Third  of  the  Price  above  stated. 


BY  HAEEISON  AND  SONS,  ST.  MAETTN’S  LANE, 
AND  ALL  BOOKSELLEES. 
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